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BBEJIEHUE

[lenb naHHBIX METOAMYECKUMX YKA3aHUM — II03HAKOMUTH CTYACHTOB U
npenojaBarenei ¢ marematuyeckuM nmaketoM MAPLE, HayuuTh, Kak ¢ TOMOIIBIO
ATOTO MAKETa pelaTh 3a4a4i, BOZHUKAIOUIME MIPU U3YYEHUN CTAaHJAPTHOTO Kypca
MAaTEMaTUYECKOTO aHAIN3A JIJI1 HHXKEHEPHBIX CHENUATIBHOCTEN.

HacTtopoxeHHoe OTHOLIEHHE K UCITOIBb30BAHUI0 KOMITBIOTEPHBIX TEXHOJIOTHUN
B M3YYECHHHM MATEMAaTHYECKHX IHUCIUIUIMH CBA3AHO IPEXKIE BCETO C NANECKO HE
HaWBHBIM BOIIPOCOM — HE 3aMEHUT JIM ‘‘HA)KaTUE KJIABUII TBOPYECKHUU MPOIECC
NOCTHKEHUSI (YyHIAAMEHTAIbHBIX OCHOB H3y4YaeMbIX JUCUUIUIUH? ABTOPHI
yOeXaeHbl, YTO, €CIU paccMaTpuBaTb MaTeMaTHUYECKHE MAaKeThl KaK MOUIHBIC
BBIYMCIIUTENIbHBIE CPEACTBA, MOMOTAaONMe M30€KaTh PYTUHHBIX BBIYUCICHUN U
0CBOOOXK/IAIOIIME TEM caMbiM BpeMs JUisl OoJiee Cepbe3HOr0, KaueCTBEHHOI'O
[IOAXO0Na K M3Yy4aeMOMY KypCy, KakK CpeICTBa, II03BOJIAIOIIME HATIISAIHO
JEMOHCTPUPOBAaTh  TNyOOKME  MaTeMaTHMYecKHe  pe3yjiabTaThl  (Hampumep,
cX0auMocCTh psiioB Dypbe), TakoM 3aMeHbl He mpousonaer. Kpome npuBuBaHus
MIyOOKHUX TEOPETUYECKUX 3HAHUH, MPEnojaBaTeNd AOJDKHBI HAYYHUTh OYIyIIUX
WHXEHEPOB TMpPU HEOOXOAMMOCTH 3a KOPOTKOE BpeMs MOJy4yaThb OTBET Ha
BBIUMCIIUTENIBHBIE 33/1a4d U3 MAaTEMATHYECKOTO aHajiu3a. be3yClOBHO, CTYAEHT,
YCHEIIHO M3YYUBIIUMN KypC MaTeMaTHUYE€CKOro aHaiu3a, OyleT B COCTOSIHUM U
yepe3 JOBOJBHO MNPOJOKUTEIBHBIA OTPE30K BPEMEHU CAMOCTOSITEIIBHO
BBIYUCIINTh, HapuMep, Kakou-mub6o uHTerpain. OH OyneT BCHIOMHUHATh, KaKue
3aMEHBbI NIEPEMEHHBIX MOYKHO HMCIIOJIb30BaTh JJII BBIYMCIICHHS 3TOrO MHTETPAIIA,
WM CMOTPETh B cOpaBOYHMKaXx. Ho He nydme nau gate eMy BO3MOXKHOCTH
MTHOBEHHO IIOJIyYUTH OTBET.

B »T0li wactu paboThl paccMaTpUBAIOTCS 3a/aud BBIYMCIICHHS TPEEIIOB
(BKJIIOYasi OJHOCTOPOHHME TIpENesbl), MCCICJOBaHUS Ha HEMNPEPHIBHOCTh U
BBEIYMCIICHUS TPOM3BOAHBIX (QYHKIMA OJHOW TiepeMeHHOH. Bce pasaensl
YCTPOEHBI MO e€AuHON cxeme. CHavasla NPUBOAMTCSH KPAaTKH TEOPETHYECKUMI
Marepuan (Kak NpaBUJIO, OCHOBHBIE OMNpPEACIICHMS), a 3aTeM Ha MpUMepax
MOKa3aHbl CIOCOOBI PEIIEHUs 3a]]a4 U3 COOTBETCTBYIOIIUX PA3/ACIIOB «BPYUHYIO»
u ¢ noMolibio makera MAPLE.

Pabora wactuuHo mnojaepkaHa denepanbHOl mporpammort  “UnTerparnus”
[mpoekT N 480].
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I[MTPEAEJI ®YHKIMN

L. BBIYNCJIEHUE ITPEAEJIOB C ITOMOILBIO [TAKETA MAPLE

[Taker Maple V mpenocraBiseT MHMPOKUE BO3MOKHOCTH JIJISI BBIYHACIICHUS
npenenoB  (YHKIUMA OJHOM TMEPEeMEHHOW KaK OJIHOCTOPOHHMX, TakK U
JIBYCTOPOHHHX, B TOYKE UJIM B OECKOHEUHOCTH.

JI71st BBIYMCIICHUS BYCTOPOHHETO Mpeiesia (PyHKITUU B TOUKE CIEAYET B OKHE
KOMaH/J1 rocie npuriamenus Maple (“>) BBecTH ClieIyIolyt0 KOMaH/y:

['imt(<éoyuxums>, <rTouka>),

31ech <(QYHKIUS™> — HEKOTOPOE BBIPAXKEHHUE, COJEpKallee MEePEMEHHYIO,
HaIrpuMmep,

((x"2-2*x+1)/ (x"3-x)),
a <TOYKa> — 3HAYECHUE IEPEMEHHOW, IPU KOTOPOM BBIYMCIAECTCS Ipeled,
HampuMmep,

x=0

[Tocne naxxatus knasumu Enter xomanga 6yner oopadorana u Maple BbiBeneT
otBeT. [IpuMep KOMaHABI U1l HAXOKEHUS ATOTO Mpeena:

[imt(xr2+2*x+1, x=0) ;

Ecnu TpeOyercss HailTu npeaen (GyHKIMKM B OECKOHEYHOCTH, B BBIPAKECHUU
<TOYKa~> CJICAYCT HAIIUCATh

xz=infinity mam x=-infinity
B3aBUCUMOCTH OT 3HaKa OECKOHEYHOCTH, HAaIlpUMeEp,

[Timt(x*3+x, x=infinity);

B cnydae omHOCTOpOHHETO TMpejena, KOMaHAa BBITISAUT CISAYIOUTUM
00pa3oM:

i mt(<éoyuxums>, <rouka>, <CTOpPOHA ),
[Toste <cTtopona> coxepxut cioBo | ef t B ciayuae neBoro nmpenena, wim i ght

B ciiydae npaBoro. [Ipumep BbIUHCIEHUS] OTHOCTOPOHHETO MpeAea;
limt(1l/ x,x=0,left);

II. OCHOBHBIE OITPEAEJIEHNA

Onpeoenenue 1. I[lycmo ¢hynxyus f(X) onpedenena 6 nexomopoti okpecmmocmu

€a= lim f(x)

mouxu Xy. Hucno a — npeden gpynxyuu 'y = f(X) 6 mouxe X, g x@x E’
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ecau 05 mobozo €>0 cywecmsyem maxoe d(€) >0, yumo uz 0 < ‘X- XO‘ <d(e)
cnedyem HepaseHCmeo ‘ f(X)- d <e.

Onpeoenenue 2. Yucno a — npeoen ¢hynxkyuu Yy = f(X) 6 mouke X, cnpasa
(cnesa)

7

e . . o V| .
= lim f0&= lim f(x o, ecau f onpedeieHa 6 HeKomopou
ga X® Xy +0 ( )8 X® Xy-0 ( )¢I ) P P

a
A=

/ 0 Xo-0 X, XgHd "x

Puc. 1. Ilpeoen ¢pynkyuu 6 mouxe

oOKpecmuocmu mouku X, u oas aobozo €>0 cywecmayem maxoe d(€) >0, umo
uz Hepasencmea 0<X- X, <d(e) (- de) <x- x, < 0) cnedyem HepageHCmeo

f(x)- a<e.

a+e

flg)- 2 e

N

Puc. 2. Ilpeden cnesa
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_— X x9+8
a+e Jx)

Puc. 3. Ilpeden cnpasa

3ameuamenbHble npeodeivl:

. sin X
1. Iim =1.
X®0 X

1

.. X 1
2 imF+18 =lima+x)* =e.
X®¥a Xg X® 0

Hpumep 6blUUC/ICHUA 3aMeuameibHblX npedeﬂoe C nomouibio nakema Maple:
>limt(sin(x)/x,x=0);

1
Slimt((1+1/ x) "x, x=infinity);

exp(1)

Cneocmeus u3 Il 3ameuamenvnozo npeoena:
. In(1+Xx

lim ( ) =1,

X® 0 X

X
im& =1
X® 0 X

Ilpumep nposepku c ucnoavzosanuem Maple:
Slimt(ln(1l+x)/x, x=0);

1
>limt((exp(x)-1)/x,x=0);

1
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Onpeodenenue 3. Pyuxkyus a(X) nazvigaemcs Oeckoneuno manou npu X® X,
(obo3nauaemcs a =0o(1)), ecau lim a(x) =0.
X® X,

Onpeoenenue 4. becxoneuno manvie npu X® X, ¢yukyuu a(X) u b(X)

. a(x)
Hazvlearomcsi sxeusarenmuvimu (obosnauaemes a ~b), ecau lim —— =1,
x® %) b(X)
Tabauya Ixeusanrenmuvix 6eckoneuno maawvix npu X ® 0 ynxyuii:
sin X ~ X; e’-1~x;
tg X~ X, X
log, (1+X) ~—;
In X
arcsin X ~ X; 1+X)"- 1~nx;
arctg X ~ X, X
8 Y+ x-1~2;
n
2
X X,
1—cosx~7; \/1+X'1~5,

x*- 1~ xlnx; In(1+Xx) ~ x.
III. METOJbI BBIYMCJIEHWA ITPEJEJIOB

1. ®ynkmus npeoOpaszyercs K BULY, IS KOTOPOTO TIPEAEIT JIETKO HANTH.
Ipumep 1.
x*-2x+1_ . (x-1) . ox-1

lim— =lim = =
x®1 X - X x®1X(X- I)(X+1) x®1x(X+]1)
Ilpumep pewenus c ucnonvzoeanuem Maple:
Slimt((xn2-2*x+1)/ (x*3-x), x=1);
0
Ipumep 2.
. tg3x _ .. 3sin3X _
Iim—=—=lim—— =
X®0 X x®03Xcos3X
Ilpumep pewenusn c ucnonvzoeanuem Maple:
>limt(tan(3*x)/x, x=0);
3

2. B npegenax, coaepKalux UPpaLMOHAIBHBIE BBIPAXKEHUS
a) BBOJST HOBYIO IEPEMEHHYIO JIs MOTYYEHHUS pallHOHATIBHOTO BHIPAXKEHUS.
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. Ax-1-3_ €& u . t-3 t-3 1
10 &t 0=l T 33 6
X X- A oot - t

gx®1opt® 35 (t- 3)t+3)

Ilpumep pewenus c ucnonvzoeanuem Maple:
Slimt((sqgrt(x-1)-3)/(x-10), x=10);

1/6
b) nmepeBOAAT UPPALMOHATILHOCTh U3 3HAMEHATENSI B YUCIIUTEb MJIK HA000POT.
Ipumep 4.

poar- 1 (T L x 1
X® 0 X X® 0 x(«/x+1+1) X®0x‘\/x+1+1) 2
Ilpumep pewenus c ucnonwvzosanuem Maple:
Slimt((sqgrt(x+1)-1)/x, x=0);

1/ 2
3. llpy BBIYMCIECHUM MOPEACIIOB BHUJA hm Ux)V™, rze limU(x)=1,
® X x® X
lém V(X) = ¥ , ucnonb3yercs Il 3ameuarenbHbIil Opeaen.
x® X
IIpumep 5.
x2
lim g—v = lim¢ + = lim¢l+—— =
x®¥axX- 2 g x®¥a X-2 g ><®¥e X- 2@
_5(2x+)
lim ————=
:ex®¥ X-2 :elo.

Ilpumep pewenus c ucnonvzoeanuem Maple:
Slimt(((x+3)/(x-2))M(2*x+1),x=infinity);

exp(10)

4. BpruuciieHue npcaciIoB C MOMOIIBIO 3aMCHBI Ha 59KBUBAJICHTHLBIC OCCKOHEYHO

MaJible (PYHKIIUH:

Ilpumep 6.
lim 4x* - 1 _? :t+%g_lim 42 +4t+1-1 _@rcsin(- 2t) ~ (- 2t)g_
« L arcsin(l- 2x) € ® 0 0 w@oarcsin(l- 2t-1) S® 0 i
2 d u
+
=1im4t(t D =-2lim(t+1)=-2.
t®0 - 2t t®0

PDF created with FinePrint pdfFactory trial version http://www.fineprint.com



http://www.fineprint.com

Ilpumep pewienus c ucnonvzosanuem Maple:
Slimt((4*x"2-1)/arcsin(l-2*x),x=1/2);
-2

IV. OJHOCTOPOHHMUE ITPEAEJIbBI

Ilpumep 7.
1 1
lim 2+x)x =2%0 =2*¥ =+¥;
X® 0+0
Ilpumep pewrenus c ucnonvzosanuem Maple:
Slimt((2+x)"(1/x),x=0,right);
infinity
Ilpumep 8.
1 1
lim 2+x)x =2-0=2"% =0,
X® 0-0
Ilpumep pewrenus c ucnonvzosanuem Maple:
Slimt((2+x)"(1/x),x=0,1eft);
-infinity

HEIIPEPBIBHOCTDb ®YHKIMHU B TOYKE.
TOYKHU PA3PLIBA

L. NCCIIEAOBAHUE HA HEIIPEPBIBHOCTH C ITOMOILBIO ITAKETA
MAPLE

JUiss HaxoXIeHHs TOYeK paspeiBa (YHKIUH MOXXHO BOCIIOJIB30BATHCSA
cienyromei komauao Maple:
readl i b(singul ar): singul ar(<¢pynxums>, <nepeMeHHasT>)
rae <QyHKIus> — uccienyemas (QyHKIUS, <HEepeMEHHas™ — IMepeMEeHHas, IO
KOTOpPOH HEOOXO0IMMO HalTH pa3pbIBhl. [lapameTp <nepeMeHHas™ MO>XHO BOOOIIE
He yKa3biBaTh. Toraa Maple BbIBeleT Ha 3KpaH BCE BO3MOXKHbIE TOUKH pa3pbiBa
(yHKIMU 10 BCEM MEPEMEHHBIM, OT KOTOpPBIX OHa 3aBUCHUT. [IpuBenem mpumep
HAaXO0XIEHUs TOYEK pa3pbIBa:
readl i b(singular): singular(2*(x/(9-x"2)), X);
Maple BbIBeZET Ha SKpaH CIEIYIOUINI HA0OP TOYEK:
{x=3}, {x=-3}.
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L. OCHOBHBIE OITPEJEJEHUA

Onpeoenenue 1. Oynxuus Y= f(X) wuenpepvisna 6 mouxe X,, eciu
npeneabHOe 3HAYeHUE dTOW (PYHKIIMU B TOYKE X,CYIIECTBYET U PABHO YACTHOMY
3Havyenuto f(X,), wmm:

1) dynkuus y = f(X) onpenenena B TOUKEe X, M HEKOTOPOH €€ OKPECTHOCTH;

2) cymectByeT lim f(X);

X® Xo

3) lim f(x)=f(X).
X® Xq

Onpeoenenue 2. Touka X,, B KOTOpOMl (PYHKIMS HE 00JIaJAET CBOMCTBOM
HENPEPBIBHOCTH, Ha3bIBACTCS moukou paspviea gyuxyuu Y = f(X).

Onpeoenenue 3. Touka X, HA3BIBACTCS MOUKOU YCMPAHUMO20 pA3pPbled,

ectn lim f(X) cymectByer, HO (QyHKIMS HE OmMpeleNeHa B TOYKE X, WIH
X® X,

HapymieHo ycinoBue lim f(X) = f(x,).
X® X

Onpeodenenue 4. Touka X, HasbIBaeTCs moukou paspviea | pooa, ecin

lim f(X) He cymecTByeT, HO MPU 3TOM CYIICCTBYIOT KOHCYHBIC OJJHOCTOPOHHHE
X® X,

npexensl  lim f(X) mw lim f(X) , HepaBHBIC IpyT ApyTYy.
X® X +0 X® X5- 0

Onpeoenenue 5. Touka X, HaszblBaeTca moukou paspviea |l pooa, ecnu

XOTs OBl OJMH M3 OJHOCTOpPOHHHX mpeaenoB lim f(X), lim f(X) He
X® Xy +0 X® Xy-0

CYILIECTBYET UJIM PaBEH O€CKOHEUYHOCTH.

L. ITPUMEPHI UICCJIEJOBAHMS ®YHKII HA HEITPEPBIBHOCTh

HccnenoBath QYHKIIMIO HA HENPEPHIBHOCTD, OMPECTUTh XapaKkTep pa3phiBa.
X
Ipumep 1. f(x)=2%%".
OyHKIUS HE ONpe/esieHa B TOYKaX X =3, yXe HapylIeHO MEpPBOE YCIOBUE
HEMPEPHIBHOCTH, CIEA0BATEIbHO, B 3TUX TOUKAX (DYHKIIHUS UCIIBITHIBACT Pa3phIB.
JInsi BBISICHEHHSI XapakTepa pa3pblBa HYKHO BBIYUCIHUTH OJIHOCTOPOHHHE
MpeIeibl B TOYKax X = £3.

_x -3
lim 29X =2-0 =2¥ =¥y
X® -3-0
10
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X -3
. 2 N -
lim 29X =20 =2"% =0,
X® -3+0
Tak kak JeBbIA mpeaen B TOYKE X =-3 paBeH OCCKOHEUHOCTH, TO B HeH
pa3psiB I pona.
X 3

lim 29-% =20 =2¥% =¥
X® 3-0

X 3
lim 29-% =2-0=2"¥% =,
X® 3+0
Tak kak mpaBbld Tpeaena B TOUKE X =3 paBeH OCCKOHEYHOCTH, TO B HEH
paspsiB Il pona.
Ilpumep pewenus c ucnonvzosanuem Maple:

> readlib(singular): singular(22(x/(9-x"2)), x);
{x=3}, {x=-3}
> limt(28M(x/ (9-x72)),x=-3,left);
infinity
> limt(2M(x/(9-x"2)),x=-3,right);
0
> limt(2M(x/ (9-x72)),x=3,left);
infinity
> limt(2M(x/ (9-x"2)),x=3,right);
0

i-1, -¥<x<0,
Ilpumep 2. f(X)=|l 0, x=0,
L, 0<x<+¥

@yHKIMA ONpesiesIeHa Ha BCEN YHUCIIOBOU MPAMOM, HO IIPX 3TOM OHA HE SIBISAETCS

HenpepbIBHOM, Tak kak lim f(X)=1, lim f(x)=-1, f(0) =0, T.e. mpaBsIii u
x® 0+0 X® 0-0

JIEBBIN TIpEJIeNibl B HYJIE HE PAaBHBI MEKIy COOOM M HE pPaBHBI 3HAUCHUIO (PYHKITUN
B HyJIC, HAPYIIEHbl 2 U 3 YCIIOBUA HENPEPHIBHOCTU. TaKk Kak MpaBblil U JIEBBIN
Ipezelibl B HyJle CYHIECTBYIOT U KOHEYHBI, TO 3TO pa3phIB I posa.

sin X
Ilpumep 3. f(X)=——.
X
OyHKIMs HeopeaeieHa B HyJIe, CIISOBaTeNIbHO , X = (0 — TOYKa pa3phIBa.
. sinX . sin X
Tak kak lim =lu lim
X®0+0 X X®0-0 X

MOKHO B HYJIE TOONPEAECTUTD “TI0 HEMPEPBIBHOCTH *, TIOJI0KHUB PABHOW €IMHUIIE.
11

=1, TO 3TO yCTpaHUMBIN pa3pbIB, PYHKIIHIO
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Hpumep peutenun u e2o 2paqbuttec1<ozo npedcmaeﬂeuuﬂ C ucnoib3zoeanuem

Maple:

> readl i b(singular): singular(sin(x)/x,Xx);
{x=0}

> limt(sin(x)/x,x=0,left);
1

> limt(sin(x)/x,x=0,right);
1

> pl ot (sin(x)/x,x=-30..30);

oO—__00
o

|:|2_-_

-20 R \\_—/11:: v DE v 11{_/ szn e “a0

.|:|_2_--

12
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