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OINTIABJIEHUNE

IIpequciioBre K MIECTOMY UBHAHUIIO . . « o« « o« « w v u v e e e e e e .
W3 mpenmcioBUst K TEPBOMY MBHAHWIO . - « « « = « ¢ o o o v o w e e e e

§ 1.

FTABAI

KITACCUPUKAIINA NNOPEPEHIIMAJIBHBIX
YPABHEHNU C YACTHBIMMU ITPON3BOJHBIMMN

Kiaccupukanus ypaBHeHU ¢ YaCTHBIMU NMPOU3BOOHBIMU 2-TO IO-
193 516 T

1. IuddepeHnranbHbIe YPABHEHUSI C OBYMs HE3aBUCUMBIMU II€DEMEHHBI-
vu (15). 2. Knaccupukanmss ypaBHEHHE 2-TO MOPSOKA CO MHOTMME He-
3aBucuMbIME mepeveHHbIME (22). 3. Kasommueckme (HOPMBI JIMHEHHBIX
yDaBHEHMII C HOCTOSHHBIME KO3 dumentamu (24).

Bamaum x ramase I . . . . . . L L Lo

§ 2.

1*

'IABA I
YPABHEHWVA I'MITEPBOJIMYECKOI'O TUITA

IIpocreitmue 3amaqn, mpuBonsIize K ypaBHEHNAM IIIepOOInIecKo-
ro tuma. [IoCTAaHOBKA KPAEBBIX 3ALAT . « « « « o + ¢ o o v o 4 . s

1. YpaBHeHue MaJsIbIX IONEPEYHEIX KOse6anmil cTpyHs! (27). 2. YpasHeHue
IPOROJIBHEIX Koyie6anmil crepxuell u ctpyH (31). 3. OHeprus kosebanmit
crpyHsl (32). 4. BelBom ypaBHEHUS 3JI€KTPUYECKUX KOJI€GAHUN B IIPO-
Bomax (34). 5. Ilomepeunsie komeGanus MeMGpaHsl (35). 6. YpaBHeHus
CUAPOOVHAMUKA ¥ akycTuku (38). 7. I'paHMUHBIE U HAUAIBHBIE YCIIO-
Bust (43). 8. Pemykums o6mesn 3amaam (48). 9. ITocTaHOBKa KpaeBBIX
3amad miIs Cilydas MHOrux mepemesHbix (49). 10. Teopema enuHCTBeHHO-
cru (50). Bamaunm (53).

MeTonm paCnpOCTPAHSIIOIIAXCS BOTH . « « « o ¢« o o o v e u o o e

1. ®opmyna Hanambepa (54). 2. Pusuueckas unTepnperamus (57).
3. IIpumeps: (59). 4. Heomroponuoe ypasrenue (62). 5. Y cTOMIIBOCTE pe-
menmit (64). 6. IlomyorpaHnueHHAs IPSMas X METOZ IPonoJikeHuit (68).
7. Bamaun mis orpanmuensHoro orpeska (74). 8. Hucnepcus Boan (78
9. MuTerpamsHoe ypasHeHue konebanuit (79). 10. Pacupocrpanenue pas-
PBIBOB BIONIb XxapakTepucTuk (83). Samaum (85).
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15

26
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54



4 OI'TABJIEHUE

§ 3. Merom pa3smeNeHMsI MEPEMEHHBIX . « . « . « o« o o o w e a e o o .

1. Ypasrenue cBoGonHbIX KOseGammii crpyrbr (87). 2. WmTepmperamms
pemenus (93). 3. IIpencrasiieHne MPOU3BOIBHBIX KOJIEOAHWI B BUOE Cy-
nmeprosunun crosanx BoiH (96). 4. Heomuopomubie ypasmenums (101).
5. O6uras mepsas kpaesas 3amada (108). 6. Kpaesble 3amaum co cTa-
OUOHAPHBIME HeonHOpomHOoCcTsaMmu (109). 7. 3amaum 63 HAYAIBHBIX yCIIO-
sumit (111). 8. Cocpemorouennas cmita (116). 9. O6mas cxema meTona
pasnesenus nepemenssix (119). Bamaan (126).

§ 4. 3amaua ¢ DAHHBIMU HA XaPAKTEPUCTUKAX . . - . = . « . o . . . . .
1. Hocranoska 3amaun (128). 2. MeTox IOCIEAOBATEILHBIX IPUGIIVKEHNI
s 3anaau Lypea (129). Samaun (135).

§ 5. Pemenue oOmUX JIMHEAHBIX yPABHEHUI IUIePOOINIECKOTO TUIIA

1. Conpsxennsle nuddepeHmanbabie omeparopsl (135). 2. MHTerpasin-
Has popma pemenns (136). 3. Pusnueckas maTepnperamms yHkum Pu-
mana (139). 4. Ypasrernus ¢ nocTosHHbBIMU KodbdunuenTamn (143).

Bamaum xk rrase IT . . . . . Lo Lo
IIpumoxenus xk rmaBe II . . . . ... ... .. ... ... ..
I. O xome6aHum CTPpYyH My3BIKAJIBHBIX MHCTPYMEHTOB . . . . . . . . . . .
II. O x0ye6aHUU CTEPHKHEI  « . « « ¢ v v e v e v e e et e e e e e e e e s

ITI. KoneGanus HATPYKEHHOR CTPYHBL . « « o « o v o v o v v v v o a v o e

1. Ilocranoska 3amauu (155). 2. Co6GcTBeHHBIE KOIEGAHUS HACPYXEHHOM
crpynsl (156). 3. Crpyna ¢ rpysom Ha koHue (161). 4. IlompaBku miis
coGCTBeHHBIX 3HaueHun (161).

IV. ¥YpaBuenus ra3omuHaMuKy u TEOPUS YOAPHBIX BOIH . . . . . . . . .

1. YpaBHeHUs rasoquHaMUKY. 3aKOH cOXpaHeHus sHepruu (162). 2. Ynmap-
HBIE BOJIHEL. Y CJIOBUS AMHAMIYECKOU coBMecTHOCTH (165). 3. Cabrie pas-
peiBEL (170).

V. JuHaMuka COPOIUM TA30B .+ « + v v v v v v v e v e v e e e e e e e s

1. YpaBHeHUs, ONXCBIBAIOIIME MIpOLecCe copbuu rasa (174). 2. Acummnro-
Traeckoe pemenne (178).

VI. Qusuyueckme aHAIOTM . . .« v v v v v v v e v e e e e e e e e

I'IABA III
YPABHEHVA ITAPABOJINMYECKOI'O TUITA

§ 1. IIpocreiimime 3amadun, IPUBOLAINNE K YPABHEHISIM IaPA00IINIECKOr0
Tuna. IIoCTAaHOBKA KPAEBBIX 3ALAT . « » « « & v v o o v v v .

1. JInneitnas 3amada o pacupocTpanenun temia (189). 2. Ypasuenue nud-
¢ysun (193). 3. Pacopocrpanenue Tema B npocrpancTse (194). 4. I[Tocra-
HOBKa KpaeBbix 3ana4 (196). 5. [Ipuanun MakcumasbsHoro 3uadeHus (202).
6. Teopema enuucTBensocTu (205). 7. Teopema exmHCTBEHHOCTH HiLst Gec-
KOHeuHOI mpsmoit (208).

§ 2. Meroxm pasmereHus MePEMEHHBIX . . . - . . « « o« o oo o . . ..

1. Onnoponsas kpaesas samaua (209). 2. ®ymkums ucrounmka (213).
3. KpaeBble 3a1a4u ¢ Pa3pEIBHEIME HAUAIBHEIME ycioBumsamu (215). 4. He-
ONHOPONHOE ypaBHEHUe TersonpoBogHocTu (222). 5. Obias mepsas Kpa-
eBas 3amada (225). Bamaum (227).
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OI'NTABJIEHUE

§ 3. 3amauum HA GECKOHEUHOM MPSIMOM . . . - . . .« « . o o o oo v oo ..

1. PacnpocTpanenue Temia Ha 6eCKOHeYHOM npsiMoi. DyHKIMS NCTOYHUKA
11 HeorpaHmaeHHOM obmactu (228). 2. Kpaesble 3amauu njist HOIIyorpa-
HUYEHHON mpsamoir (242).

§ 4. 3amauu 6e3 HAYAIBHBIX YCIOBHML . . . - . . . « . o« o oo o o o ..
Bamaum x rmase IIT . . . . . . . . . . . ...
IIpunoxenus x ramase IIT . . . .. .. .. ... ... ........
I. TeMnepaTypHBIE BOIHBL . . + v« v v v v v vt e v e v e e e e e e e
II. Bausane pagroak THBHOTO paclafia Ha TEMIEDATYDPY 3€MHOU KODHI

III. MeTon momo6ust B TEOPUY TEIJIOMPOBOMHOCTH . . « « « « « « « o . . .

1. ®ynknms ncToIHNKA A1 6eCKOHETHOIM npsmoit (264). 2. Kpaessie 3ana-
M 71 KBA3WIIMHEMHOrO yPaBHEHNs TeIIonpoBoaHocTu (267). 3. Pexxumsr
¢ obocrpermeM. DddekT nokammzanuu Temia (274).

IV. 3agaua 0 Ga30BOM HEPEXOLE . « .« « v v v v v v vt e e e e
V. Ypasuenue Ounmreitna— Konmoroposa . . . . . . . . ... oL L

VL 0-OyHKITST . . . . o o ot i e e e e e e e e

1. Onpenenenne §-¢pysxuun (286). 2. Pasnoxenne §-¢pynxumu B psn Dy-
pue (289). 3. [Ipumenenue d-GyHKIMM K NOCTPOEHUIO GYHKIN MCTOUHM-
ka (291).

'IABA IV
YPABHEHWS QJINIUIITUYECKOT'O TUIIA
¢ 1. 3amauw, npuBomsiuve x ypasHeHuio Jlammaca . . . . . . ... . ..

1. CramuoHapHoe TemioBoe mojie. IlocTaHOBKa KpaeBbIx 3amad (295).
2. ITorernmanpHOEe TeueHme XUAKOCTHU. IlOTeHIMAN CTAIMOHAPHOTO TO-
Ka M 5IeKTpocTaTmieckoro mons (296). 3. Ypasmenue Jlamtaca B kpu-
BOJIMHENHOM cucTeme koopauHaT (298). 4. HekoTOpEIE YaCTHBIE PELIeHMs
ypasrenus Jlammaca (301). 5. 'apMonnueckue GyHKINN U AaHAIATUIECKHAE
¢dyskmmu KomiutekcHOro nepemensoro (303). 6. IIpeo6GpasoBanue oGpart-
HBIX PanuycoB-BeKTOpOB (305).

§ 2. OOume CBOMCTBA FAPDMOHUYECKUX QYHKIMIA . « + o v o v o v o o o .

1. ®opmyns: I'puna. MaTerpansioe npencrasienne pemrenus (307). 2. He-
KOTOpBIE OCHOBHBIE CBOMCTBa rapMoHmdeckux ¢byukuumii (313). 3. Exun-
CTBEHHOCTBh M YCTOWYMBOCTEL DEIIEHUs NEePBOM BHYTPEHHEH KPaeBOM 3a-
naam (317). 4. 3amaum ¢ paspHIBHBIMU FDAaHWYHBIMEU ycjoBmsmu (318).
5. M3ommposannsie 0co6bie Toukm (319). 6. PerysspHOCTS rapMOHIYECKOR
GyHKIME Tpex mepeMeHHBIX B GeckoHeuHoctu (321). 7. Buemnume kpae-
BbIe 3a0aun. EQMHCTBEHHOCTD PeIIeHus OBYX- M TPEXMEPHEBIX 3amad (322).
8. Bropas kpaesas 3amada. Teopema enmHCcTBeHHOCTH (325).

¢ 3. Pewrenue xkpaeBBIX 3a0a4 I IPOCTEAIIUX 06IIaCTE METOLOM Pa3-
IEJIEHUS MEPEMEHHBIX .+ .« « v« o v o v v e o u e e v e n e e e s

1. IlepBas kpaeBas 3anada nisi kpyra (328). 2. Uurerpan Ilyaccona (333).
3. Ciyuail pa3pbIBHBIX TDAHUYIHBIX 3HaUeHU (336).
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6 OI'TABJIEHUE

§ 4. DOYyHKOMS MCTOTHMKA . . - o o o oo v oot e e e e e e e e oo

1. ®yskums mcrounmka miist ypaBHeHuss Ay = 0 u ee OCHOBHBIE CBOII-
crBa (338). 2. MeTon »ieKTPOCTATHIECKUX M300paKeHN 1 QyHKIIS 1C-
Tounnka A chepsr (343). 3. OyHKIMSI MCTOYHUKA I Kpyra (346).
4. dyHKUUA UCTOYHUKA I MOIIyNIPOCTPAHCTBA (347).

§ 5. TeOpHSI MOTEHLHAIIA . .« » v v v v v v v o v e ot e et e e e

1. O6bemuniit norenmman (348). 2. IInockas 3amada. Jlorapubmuaeckit
morennman (351). 3. HecoGcrsennwie muTerpansl (353). 4. Ilepsbie
IpoM3BOOHEIE 00BbEMHOro moreHuumasia (360). 5. Bropele mpousBomHbIE
obwvemuoro norenmuana (363). 6. IloBepxHocTHEIE mOTeHImAabl (367).
7. Ilosepxmoctn m kpuseble Jlsmymosa (371). 8. Paspeis moTeHnmasa
nsomuoro cios (374). 9. CeoiicTBa MmOTeHIMANa NPOCTOro cios (377).
10. IIpuMeHeHNe HOBEPXHOCTHBIX IOTEHIMAJIOB K PEIIEHNIO KPAEBBIX 3a-
nax (380). 11. MHTerpasbHBIE yDABHEHUS, COOTBETCTBYIOIINE KPAEGBBIM
3anauam (386).

Bagaum xk rmaBe IV . . . .. oL o
IIpunmoxenuss xk rmase IV . . . . . ... .. o oL
I. AcuMnTOTUYECKOE BHIDAXKEHUE OOBEMHOTO MOTEHITUAIIA - - - . . . . -
II. 3amaum SIIEKTPOCTATHRIL . . . « « « o v v v e e e et e e e e e e e e s
III. OcHoBHAsI 3a7aYa BIEKTPOPA3BEIKI - « « « « « o o+ o o o e e e o o e
IV. OnpeneneHre BEKTOPHBIX HOEH . .« « « o v o o o v v e o e e e o e e
V. [Ipumenenne MeToma KOHGOPMHOTO NPeOGPA3OBAHMS B SJIEKTPOCTATUKE

VI. IIpumenerue MeTOma KOHGOPMHOTO MPeoOpPa30BAHNSI B TUAPONUHAMU-
0

VII. BUTapMOHMYECKOE YPABHEHME . . . . . o « o« o v o v v o e oo o s

1. EnuncreensocTs pemenus (423). 2. IlpencrasieHne GUrapMOHIIECKUX
¢dyuKmmi yepe3 rapmonmaeckue Qyukmun (424). 3. Pemenne 6urapmoHn-
9EeCKOro ypaBHeHuUs miis kpyra (425).

I'IABA V
PACIIPOCTPAHEHUWE BOJIH B IIPOCTPAHCTBE
§ 1. Bamaua ¢ HAUAIBHBIMU YCHOBUSME .« « « « « o o o o v o v o v o o o

1. YpaBuenue koneGanmii B mpocTpancTBe (427). 2. Merom ycpemue-
Husa (429). 3. Popmyna IIyaccona (430). 4. Meron cmycka (433). 5. dn-
suueckas uHTepnperamus (434). 6. Meron orpaxenus (436).

§ 2. WaTerpasbHas GOPMYIIA . . « ¢ v v v e v e e e e e e e e e e

1. BeiBon uHTerpasisHon hopmysst (437). 2. ClencTBus U3 MHTETrPATILHOM
dbopmysr (441).

§ 3. Komebanus OrpaHMYEHHBIX O0BEMOB . « « « o ¢ v o v v v v v v o o

1. O6mas cxema MeTona pasneseHus nepemeHnsix. Crosume BonHbL (444).
2. Kone6anus mpsamoyronsHOit MeM6pansl (450). 3. Kome6Ganus Kpyrion
MeMGpansr (454).
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OI'NTABJIEHUE

Bamaum k TimaBe V. . . . . . L e e e e e e e e e
IIpumoxenuss xk rmaBe V. . . . . . . oo
I. IIpuBenenve ypaBHEHUI T€OpUM YIPYTOCTU K YPABHEHUSIM KOjeOaHM

II. YpaBueHUS 5IIEKTPOMATHUTHOTO IOIISL  « « « « + ¢ 4 o o v v v v o v o s

1. YpaBHEHUs 5I€KTPOMArHUTHOrO IOJIS M TDAHWIHBIE ycsosus (464).
2. IToTeHUMAJIBl 9IEKTPOMArHUTHOrO nous (468). 3. DiexTpomarHmTHOE
mosie ocuraTopa (470).

I'IABA VI
PACIIPOCTPAHEHUE TEIIJIA B ITIPOCTPAHCTBE
§ 1. PacmpocrpaHenme Temia B HEOTDAHMYIEHHOM IPOCTPAHCTBE

1. ®yukums reMneparypHoro Bnusuus (477). 2. PacupocTpaneHnue Temna
B HEOTDAHWYIEHHOM IIpocTpaHcTBe (481).

¢ 2. Pacmpocrpanenue Temia B OPPDAHUYEHHBIX TEIIAX . . - « . . . . . .

1. Cxema MeTona pasneneHus nepeMeHHbIX (486). 2. OcTHIBaHME KPYTIIOTro
mwmaapa (489). 3. Onpenenenne xpurmaeckumx pasmepos (491).

¢ 3. Kpaesble 3amaun nsis o6iacTeil ¢ HIOABUXKHBIMUA TPAHULAMA . . . .

1. ®opmyna I'puHa 011 ypaBHEHUS TEIJIOIPOBOTHOCTY U QYHKIMS MCTOY-
Huka (493). 2. Pemenue kpaesoil 3amaun (498). 3. ®yHKIMS MCTOYHMKA
s orpeska (500).

§ 4. TemmoBBIE MOTEHIMAIIBL . . . « = « ¢ « ¢ o e v e e e e e e e e e oo

1. CBoiiCTBa TEIUIOBBIX MOTEHIMAJIOB IPOCTOrO0 M ABOMHOrO cios (502).
2. Pemenne kpaeBbix 3amad (505). 3. Yci0BUA JIOKAIN3AINM FPAHIYHBIX
pexumoB ¢ o6ocTperuem (507).

Bamaum k roraBe VI . . . Lo oo
IIpumoxenuss xk rmase VI . . . .. .. ... .. ... . ... ..

I. uodysms obmaka . . . . . . . . . ..o

II. O pasMarHuYUBaHUM OUIUHAPA C OOMOTKOM . . . . + « o o« o o . . .

IFIABA VII

YPABHEHWS QJIJNIUIITUYECKOT' O TUIIA
(npomomxenue)
¢ 1. OcuoBuble 3amauu, npuBonsIme K ypasHeHuo Av + cv =0

1. Ycranosusmmecs xomnebamms (519). 2. Huddysus raza mpu HaImaum
pacnana m npu nenHbix peakmusax (520). 3. Huddysus B mBEXKyIneics
cpene (520). 4. IlocTaHOBKAa BHYTPEHHUX KPAEBBIX 334 VIS yDABHEHUS
Av+cv =0 (521).

§ 2. DyHKUUU BIUSHUS TOYETHBIX UCTOYHUKOB . . . . . . . . . . . . .

1. OyHKIMK BINAHWS TOYEUHBIX MCTOUHUKOB (522). 2. MuTerpambHOe
mpencrasienue pemenus (525). 3. ITorenmmans (528).
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8 OI'TABJIEHUE

¢ 3. 3amaum nus HeorpaHmueHHOH obnacTu. [IpuHunn w3myvenus

1. Ypasrerue Av + cv = —f B HeorpanmdeHHOM npocrtpanctse (531).
2. Ipmamnn npenensrOro norsomenns (532). 3. IpuHnun mpememsHON
ammuaTynsr (534). 4. Ycnosus usnyuenus (535).

§ 4. 3amaum MmaTreMaTUYeCKOl Teopuu NUPAKIUAA . . . . . . . . . . .

1. Iocrasoska 3anaun (541). 2. EAMHCTBEHHOCTH DeLIEHMs 3aMa4M OU-
¢paxumn (542). 3. Iudppaxuns HA cdepe (545).

Bamaum x rmase VII . . . . . . . ...
IIpunmoxenus xk rmaBe VII . . .. .. ... .. .. ...
I. BonmHBI B MUAMHAPUYECKUX TPYOAX . . . . . o« o v v v v v oo

II. OnexTpomMarHuTHLIE KOIE6AHUS B MOJBIX PE30OHATOPAX - . . . . . . .

1. Co6GcrBenHble KoneGaHMs LUIMHIPUYIECKOrO SHAOBUOpaTopa (565).
2. DnexTpoMarHuTHas 3HeEprus coGcTBeHHBIX KoseGammit (569). 3. Bos-
GyxmeHve xoseGanuii B sHnoBuGpaTope (572).

III. Cxumu-nddexT . . . . . . . .. .. o

IV. PacnpocTpaneHue pamgmoBOJIH HAJ MOBEPXHOCTHIO 3€MJIA . . . . . .

OJOIIOJNIHEHUE I
METOII KOHEYHbBIX PA3HOCTEM

§ 1. OCHOBHBIE HOHSITEISL . « » « v v v o o v et e ot e et e e e

1. Cerkn u cerounsie pyrkummm (586). 2. Annpokcumanus mpocTeidmmx
muddepennmanbabix oneparopos (587). 3. PasuoctHas 3amaua (593).
4. YcroiruusocTs (594).

§ 2. PasHocTHBIE CXEMBI [JIs yPABHEHUS TEIJIONPOBOLHOCTHA . . . . . .

1. Cxems! 115 ypaBHEHUs C IOCTOSHHEBIME KOd(bdunuenTamn (597). 2. ITo-
rpemHoOCTs annpokcuManmu (599). 3. OuepreTumueckoe ToxmecTso (601).
4. YcroiransocTs (605). 5. CxoqumocTs n TouHOCTE (608). 6. PasHocTHbIE
CXeMBI IJIs yDaBHEHWII ¢ mepeMeHHbIMu koddduumentamu (609). 7. Me-
Ton Gasnanca. Koncepsarusnsie cxemsr (610). 8. JIByXCIIOMHBIE CXEMBL JIs
yDaBHEHMs TEIUIONPOBOLHOCTU C HE€PEeMeHHbIMEU Kod(pdumentamu (614).
9. Tpexcmoitusie cxemsr (620). 10. Pemenne cucreM pasHOCTHBIX ypaBHe-
Huit. Merox nporouku (622). 11. PasHOCTHBIE METONBI PELIEHUS KBa3u-
JIMHEWHBIX ypaBHeHm (624).

¢ 3. Meron KOHEUHBIX PA3HOCTEN IJIs pelreHus 3amadun Jupuxie

1. PasmocTHas amnpokcumanus oneparopa Jlammaca (628). 2. Ilpmanun
MakcumyMa (632). 3. OumeHka pemieHus HEOTHOPOLHOTO ypaBHeHUs (635).
4. CxonmMOCTB pemeHns: pasHOCTHOU 3amaqau Hupuxie (636).

¢ 4. PasHocTHBIE MeTOHNLI DELIeHUs 3a[ad C HECKOJIBKUMU [IPOCTDPAH-
CTBEHHBIMU IEPDEMEHHBIMI . . « « « « « « o v o v o o o v e e e o

1. Muoromepssie cxeMbl (638). 2. OkoHoMuunbie cxeMbl (640).
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IMPEONCIIOBUAE K ITIECTOMY U3OJAHWUIO

[Iporio mouTu 50 sreT MOCHe BHIXOMA B CBET 1-10 M3MaHUS DTOW KHUTH
u 6ostee 20 sreT mocse Beixona H-ro. KHura mpoiiia ncusITaHusi BO MHOTUX
BBICIINX YUIeOHBIX 3aBEIEHUSX B HAIlleW CTpaHe U 3a pybexoMm, Oblia mepe-
BemeHa Ha 11 MHOCTPAHHBIX S3BIKOB, ChIIPaJia OOJIBIIYIO POJIb B IIOATOTOBKE
CHEIUAINCTOB 10 IPUKIIATHON MaTeMaTUKe.

3a nocrenuue 50 16T B HayKe MpOon30nuIr GONBIINE U3MEHEHUS B CBSI3U
¢ HeOOXOOMMOCTBIO PEIIEHWsT TAKUX KPYIHBIX HAYYHO-TEXHUIECKUX IIPO-
OreM, Kak:

1) oBiameHue ANEPHOR U TEPMOSANEPHON SHEPIUEH;

2) cosmaHve BBICOKOCKOPOCTHBIX JIETATENbHBIX AIIapaToB (caMoie-
TOB, DAKET);

3) usyueHue QU3MKY [UIA3MEL B CBSI3U C IPOOIIEMON YIIPABIIIEMOTO Tep-
MOSIIEPHOT'O CUHTE3A;

4) npoGiieMbl PUCKa 1 GE30MACHOCTH B CBSI3M C U3YUEHUEM OKPYKAI0-
IIe Cpenbl, CO3MaHNeM HOBBIX TEXHOJIOT UM, 0€30MACHBIX IJISI OKPY XKAOIIEH
cpenbl («9KOJIOTUIECKN YUCTHIXS), U AD.

Baxwuerier 3amaueil HAyKy CTAJIA 331343, AHAJIN3a CIIOXHBIX (DU3UKO-
XUMUYECKUX IIPOIIECCOB U TEXHUIECKUX CUCTEM U YIPABIIEHNIE UMU Ha, OCHO-
BE 3HAHUI.

CosmaHue BBIUUCIUTENBHON TEXHUKU KOJIOCCAJIBHO PACIIUPUIO U
yrIyOMIio HAyUYHBIE UCCIICNOBAHUS, MPUBEIO K PA3BUTUIO BBIUUCITUTEIb-
HEIX METOMOB, IOSIBIIEHUIO METONOIIOTUY MATEMATIIECKOTO MOIETINPOBAHNS
¥ BEIYUCIIITEIIHHOTO HKCIEPUMEHTA KaK HOBOU, O0JIee BRICOKOW CTYIIEHN Te-
OPETUYIECKOTO UBYUECHUS SIBIICHUIH.

MaremaTuueckoe MONEINPOBAHIE ONMUPACTCS HA TPUALY «MATEMAaTHU-
YecKas MOIETb — BBIUUCITUTEILHEIN QJITOPUTM — IPOTPAMMA, A1 KOMITBIO-
TEPA>.

MaTeMaTn4eckue MONENU — 3aMKHYTas CUCTEMa yPaBHEHWU (ajre-
OGpanueckux, NubGepeHInaIbHEX, UHTEMPAILHBIX U Op.) Ui XapaKTep-
HbIX QyHKIUA uzyyaemon 3amadn. OHU OMUCBHIBAIOT, KAK IPABUIO, HEKO-
TOPBIE 3aKOHBI IPUPOALL (HATIPUMED, 3AKOHBI COXPAHEHUS YHEPTUHU, MACCH,
UMIIYJIbCA U T. I.) U BKIIOYAIOT UHOOPMALUIO O CBOMCTBAX Cpenbl (Hampu-
Mep, B BUAE KOYDDUIMEHTOB yPABHEHN ).

[Tpormeccrr GU3MKM 1 TEXHUKYN XapaKTEPU3YIOTCS OOMBITIMY TUATIA30-
HAMU M3MEHEHUsI OCHOBHBIX TEPMONWHAMUYECKUX BEIIMYNH — TEeMIEePaTy-
PBI, CKOPOCTHY, IJIOTHOCTY U T. A. 71 UX ONUCAHUS UCTIOML3YIOTCS JTNHEH-
HBbIE U HEJIIMHENHbIEe MOJIeNIN, TOYHee, NEPAPXUS MOAEJIeR PA3HON CIIOXKHOCTH
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(momuoTH). Henuueitnsie Monenu BKIo0UaoT B ce0sl HelMHENHBIE nudde-
PeHIuAIbHEIE yPABHEHUS. T aKre MONEIN UCCIEAYIOTCSI BCEMU NOCTYTHBIMI
CPeNCTBAMM, KaK aHAIMTUIECKIMY, TaK U YUCIIEHHBIMU.

[ousiTue «pemuTs 33181y PACIIKPUAIIOCH: TPEOYeTCs He TOIBLKO NATh
IPABUILHYIO MAaTEMATAIECKYIO IOCTAHOBKY 330a9M U UCCIENOBATD €€ aHA-
JIUTUIECKUMU METONAME (B TOI MEpE, B KAKOU 5TO BO3MOXKHO) — MOKA3aTh
CYILIECTBOBAHUE U €OUHCTBEHHOCTD PEILICHUS 331a4l, HAUTH ee YaCTHEIE I
o011Ire pelreHns, HO U NaTh YUCIEHHOE DEIIeHre B HYKHOU 0OJIacT! n3Me-
HEHWs BXONHBIX JAHHBIX (HAYAIBHBIX U KPAEBHIX NAHHBIX, KO3(DOUINEHTOB
YyDABHEHUll, OPABBIX YaCTell yPABHEHUil), T. €. IPOBECTU BLIYUCIIATENb-
HBIA DKCIEpUMEHT. I MpaKTUKU — HAWNTU ONTUMAIILHOE (B HEKOTOPOM
CMBICJIE) pelleHue, 4To TPebyeT M3ydeHWs KIacca 3a0ad C PA3IIMIHBIMA
BXOOHBIMU JAHHLIMU.

Maremaruueckas pru3mka — HayKa O MATEMATUIECKAX MONEIIX Gu-
suku. OHA HOCUT MEXOUCHUMIUHAPHBIA XapakTep. OmHE U Te Xe Moie-
s (nuddepeHInaIbHBE YPABHEHN) MOTYT ONUCHBATE IPOLECCH PA3HON
npuponsl. Tax, HanpuMmep, ypaBHEHNE 1apaboInIecKOro TUIA MOXKET OIu-
CBIBATH IIPOLECCHl TEIIONPOBOTHOCTH, nuddy3nun, GuiabTpaln, HaMarHu-
grBanus u Ap. [losToMmy MOxkHO rOBOpUTE O 6A30BBIX 334aUaX MATEMATHU-
9ecKOil Gpusuku. Y paBHEHUs apabOIMIecKoro, FrurepOboInIecKOro U HIIiii-
IITUYECKOTO TUIIOB SBJISIOTCS IpuMepaMu 6a30BBIX 331a4.

CitoxHbie pu3nIecKre TporecChl OMUCHIBAIOTCS MOLEIISIMU, SIBIISIOIIY-
MUCSI, KaK IPABUII0, OO beNMHEHNEM HECKOTLKIX 6a30BBIX 3a0a4. T UIIIHLIE
0a30BBIE 33aUN I PACCMATPUBAIOTCS B JAHHON KHUTE.

Marepuasi 5TON KHUTY — KJIACCUIECKU, YCTOABIINAACSI, COBEPIIIEHHO
HEOOXOOUMBIN ISl CHEeIUAJIICTA JI000T0 PAaHTa IpU M3YyUEeHUN 3309 Pa3-
JINYHOW CII0KHOCTU. MHOrOJIeTHYE UCIIBITAHNS B [IEAArOTMIECKON IPAKTHU-
K€ MOKa3aJi, YTO OH «HE CTAPEET» U SIBJISIETCS COBEPIIIEHHO HEOOXOMMMON
OCHOBOI COBPEMEHHOTO 0Opa30BaHUS MO ClieHuaIbHOCTsIM «MaTremaruyae-
ckas pusukas> u «MaremMaTuueckoe MOMEINPOBAHIES.

JluneitHble MoOmenu, KOTOpHIE METATBLHO WM3YUalOTCSI B KHUTE, IIO-
IIpEeXXHEMY UT'PAIOT BAXKHYIO POIIb IPU PEIIeHNN 33034 JII000M CIOXHOCTH.
Nx usyuenune (MaTeMaTuuecKas MOCTAHOBKA 330a4M, IPOGIIEMa CYIIIECTBO-
BaHUS U ENVMHCTBEHHOCTU DPEIIeHUS, TUMWYHLIE AHAJIUTUIECKAE METOIbI
UCCIIENOBAHNSI, OTHICKAHME YACTHBIX DEIICHUN 330a4) HyXKHO IJIS IIOHU-
MaHUs GUNIECKUX [IPOLECCOB, 8 CAMU YACTHBIE PEIIEHNS UCIOITB3YI0TCS B
Ka4eCTBEe TECTOB IJIsl BEIUYUCIATEIHHBIX aJITOPUTMOB.

B kauectse Hononuenus I 8 3-e uznanve kuuru (1966 r.) 6611 BBEmEH
pasmen «MeTonm KOHEUHBIX PA3HOCTE», B KOTOPOM HAHLI B MPOCTEHIIEH
opme cBemeHUST O METOIE KOHEUHBIX PA3HOCTEH NI PEIIeHNs TUINIHBIX
YPaBHEHUIN MATEeMATUYIECKON (DU3WKWN U BBEOEHBI OCHOBHBIE ITOHSTUS TEO-
puz pasHoCTHHIX cxeM. Bosee monpoOHbIe CBENEeHMsI [0 TEOPUK PA3HOCTHBIX
CXEM U ee IPUMEHEHUSIM U3JI0XKEHBI B ITUKJIe KHUT:

Camapckuit A. A. Teopus passHocTuex cxem. M.: Hayka, 1989.

Camapckuin A. A. Beemenue B uucnenusie meronsl. M.: Hayxka,
1987.

Camapckuir A. A, Tynuua A. B. YcroiluuBoCTh Pa3HOCTHBIX
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ypasueruit. M.: Hayxka, 1973.

Camvapckuit A. A, Tynun A. B. Hucnennsie metonst. M.: Hayxka,
1989.

Camapckuirt A. A., Augpeen B. B. Pasnocrase Mmeronsr pere-
Hust dimunTrdeckux ypasuenui. M.: Hayka, 1978.

Camapckuin A. A, ITonos 0. II. Pa3HOCTHBEIE CXEMBI T'a30BOIl
nuaamvuku. M.: Hayka, 1990.

Camapckuint A. A., Hukomnaen E. C. Meronsl pelesns ceTod-
woix ypasuenuii. M.: Hayka, 1978.

Crenyer OoTMETUTB, YTO 5T KHUTU [0 CTUWIIO UM METONOJIOTUU MPU-
MBIKQIOT K HACTOSIIEMY U3OAHUIO.

B psime yueGHBIX mOCOGUIL, HAIMCAHHBIX HA Ty XK€ TEMY B MOCIEIHUE
TOMBI, M3IIOXKEHIIE C CAMOI0 Havajia OCHOBAHO HAa (hopMasn3Me 0600IIIeHHBIX
perennii. B mannoit xe kaure 0600IIEHHBIE PEIIeHNs] BBIHECEHBI B Jomoi-
umerue 1T «O6o0IEHEBIE DeleHns KPAEBBIX 3a[0ad», U 9TO HE APXAU3M:
KHUTA, TIPEAHA3HAYEHA, VI TIPUKITAMHUKOB ((DU3MKOB, MHKEHEPOB), KOTO-
pBIe IOIXKHBI HE TOIBKO YMETh NOKA3BIBATH TEOPEMBI CYIIECTBOBAHUSI, HO
7, B IEPBYI0 OYEPENb, OBNAMETh TEXHUKOU DEIIEHUS 33034 C MOBEICHUEM
II0 OTBETA B BUAE (GOPMYIIBI WM BEIYUCIATEIHLHOTO AJITOPUTMA U YUCIIA.

B 6-e uzmanve KHUT Y BHECEHBI PEIAKIIMOHHBIE UCIIPABICHUS U HEKOTO-
phIE MOMOJTHEHUSI, U3 KOTOPBIX OTMETHUM DAa3IENbl, MOCBAIIEHHBIE KPAEBBIM
3ajaYaM [JIsl KBASUIMHENHOIO yPABHEHUS TEILIONPOBOMHOCTHU, PEXUMAM C
obocTpenneM u 3hHeKTOM JIOKAIN3AINN TeITa, OOHADYXKEHHBIM aBTOPAMU
C COTPYIHUKAMIU.

Teoperuyecknuil MaTepuas KHUTU «Y DABHEHUS MATEMATUIECKON G-
3UKI®»> WHIIOCTPUPYETCS MPUKIIAOHBIMA 330aUaMU B IPUJIOKEHUSIX K Ka-
xkmout u3 rias. Kpome Toro, umeercs « CO0pHUK 32034 TI0 MATEMATUIECKOM
dusuke> (aBroper— B. M. Bynak, A. A. Camapckuii, A. H. Tuxonos), 4-¢
M3naHre KOTOPOrO HAXOMUTCS B II€YATH, TIE CONEPXKUTCS BOIBIIIOe YNCIIO
3a/1aY HA BLIBOI YPABHEHUN U TPAHUYHLIX yCIIOBUI, a TAKXe HA IPUMEHe-
HU€ PA3IMYHBIX METONOB PEIIeHUs] OCHOBHBIX KPAEBBIX 33144 MATEMaTHU-
9eCKON (PU3UKM.

B sakmrouenune Beipaxkaro Tiy6okyio 6rmaromapaocTs B. A. Unbuny u
E. 1. Mownceeny 3a HeoneHUMyo nomMorns npu Hanucaunum Homomaenns 111

B nonroroeke 6-ro uzmanus xauru npuanmaiau yyacrtue 1I. H. Babu-
mesnd, B. A. Tanaktuonos, H. H. Kanurkusn, FO. JI. Jlesuran, A. C. Bon-
napes, H. I'. Cuporenxo, E. B. llunsuukos, U. B. AGanakun, u oco6eHHO
6ompiron Bkian npunamiexut C. B. Homsakoy.

[Tpm noaroToBKe K NEYATH MPEAIIECTBYIOIIUNX NU3NAHAN KHUTY OKA3a 1
6onpinyo nomomis A. I'. Ceemnukos, B. JI. Apcenun, B. B. Kpasnos,
A. ®. Hukudpopos, . C. I'ymus.

Bcem um BeIpaxkaio rirybokyo 6IaromapHOCTb.

1999 r. A. A. Camapcexrui
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N3 IIPEONCIIOBUYA K ITEPBOMY U3OAHWIO

Kpyr BompocoB maremaTrnueckoil (GpU3MKM TECHO CBSI3aH C U3y JIEHU-
eM pa3nuuHbIX pusmueckux mporeccoB. Cooma OTHOCSITCS SIBICHUS, U3Y-
JaeMble B TUAPONUHAMUKE, TEOPUU YIPYTOCTH, SIEKTPONVMHAMUKE A T. 1.
Bo3srukarorne npy 5ToM MaTeMaTAIECKUE 3a0a4UN CONEPKAT MHOTO OOIITIX
5JIEMEHTOB U COCTABIISIOT IMIPEAMET MATEMATUIECKON DUBUKU.

Meron uccienoBaHusi, XapaKTepU3yIOIUN 5Ty OTPACIL HAYKH, SIBILS-
€TCS MATEMAaTUUECKAM II0 cBoeMy cyurecTBY. OOHAKO MOCTAHOBKA 337a
MaTeMaTUIeCcKou Gu3uku, Oyaydu TECHO CBSI3AHHOW ¢ M3ydeHueM Quimde-
CKUX MPOOJIeM, UMEET CHenubuIecKue IepPTHL.

Kpyr BOmpocoB, OTHOCAIINXCS K MaTEeMaTUUECKOU (DU3UKE, UPE3BLI-
JaiHO mrPOK. B mpemiaraemMoi KHure pacCMaTPUBAIOTCS 331a4YN MAaTEMa-
TUYECKOW DU3UKU, TPUBOAIIINAE K YPABHEHUSIM C YACTHBIMU MTPOU3BOMHBI-
MH.

Mgl CTpeMUNUCH TOOUYNHUTE BEIOOD U U3JIOXKEHUE MATEPUAIIa, XapaKTe-
PUCTHUKE TUNWIHLIX GU3NIECKUX MPOIECCOB, B CBA3U C UEM DPACIIOJIOXKEHIE
MaTepuasia COOTBETCTBYET OCHOBHLIM THUIIAM YDAaBHEHUMN.

N3yuenne xaxnoro Tuma, ypaBHEHUN HAUNHAETCS C IPOCTEAIINX HU3U-
YECKUX 33144, IPUBOAIINX K YPABHEHUSAM paccMaTpuBaeMoro tumna. Oco-
60e BHIMAHUE yIEISIeTCS MATEMATUIECKOH IOCTAHOBKE 3a1a4, CTPOTOMY
U3JIOXKEHUIO PEIIeHUs MPOCTERIINX 33034 U GU3MIECKON WHTEPIPETALNN
[IOJIy9aeMbIX Pe3ysIbTaTOB. B KaX[oW riiaBe IOMEIEHBI 330a4u, Ipecie-
OYIOIIe B OCHOBHOM IIEJTb PA3BUTUS TEXHUUYECKUX HABBIKOB. HekoTopnie
3amadn camu 1o cebe mpencTaBisioT GU3MYecKwili mHTepec. B KoHIe Ka-
XKOOW TJIABBI MOMEIIEHBI MPUIOXKEHNS, B KOTOPBIX MAI0TCSI MPUMEPHI MpU-
MEHEHUS M3JI0XKEHHBIX B OCHOBHOM TEKCTE METOJIOB K PEIICHUIO PA3TIMIHBIX
3anad GQU3MKU M TEXHUKM, & TAKXKE [IPUBOLUTCS PSI IPUMEDPOB, BBIXOLSI-
IIIUX 33 PAMKU 33034, PACCMATPUBAEMBIX B OCHOBHOM TeKCTe. BEIOGOD Takxux
[IPUMEPOB, HECOMHEHHO, MOXHO CUJIBHO BAPbUPOBATh.

Knura comepXut auine 9acTh MaTEPUAIa, BXOMSIIETO B KypC METO-
OB MaTEeMaTUIeCKOU Gu3nku. B KHATY He BXOOST TEOPUS MHTErPAJTLHBIX
YPaBHEHUI U BapUAXOHHBIE METOALI. [IpubiInKeHHbIe METOMBI N3II0XKEHBL
HEIOCTATOYHO IOJTHO.

B ocuoBy xHUrY OBIIN OIOXKEHEI JIEKIIVY, YATABIINECS CBBIIIE OECSITH
set A. H. TuxonoBbIM Ha dusuueckom dakymbrere MIY. YacTuuno comep-
JXKAHUE HTUX JIEKIN OBLIO OTPaXEHO B KOHCIEKTAaX, M3MAHHLIX B 1948 —
1949 rr. B npemaraemoil kHure MaTepuasl KOHCIIEKTOB ObLI DACIINDPEH U
TIONIBEPTHY T KOPEHHOU mepepaboTKe.

Mz1 pamsl BO3MOXHOCTY BBEIPA3UTE OJIArONaPHOCTD HAIINM YIEHUKAM
u Toapuiiam o pabore A. B. Bacumberoir, B. B. I'macko, B. A. Unwuwny,
A. B. Jlykesuosy, O. U. ITaneruy, B. JI. Poxnecreenckomy, A. I'. Ceem-
umkoBy u II. H. YeraeBy, 6€3 moMoII KOTOPBIX MBI BPSII I CMOLIIN ObI
MIOATOTOBUTE K MEYATH KHUTY B KOPOTKUU CPOK, a Takxke FO. JI. Pabuno-
BUYY, IPOYUTABIIEMY PYKONNUCH U CHEJIABIIEMY DS [EHHBIX 3aMEUAHUIM.

1951 r. A. H. Tuzonos, A. A. Camapcruii



FIABAI

KITACCAU®PUKAIIUA TNOPEPEHIITNAJIBHBIX
YPABHEHHU C YACTHBIMMU ITPON3BOIHBIMN

Muorue 3amaur MATEMATHIECKON (GUBUKHN MPUBOOAT K nuddepeHIn-
aJIbHBIM YPABHEHUSM C YACTHBIMU mpou3BonubiMu. Haunbosee qacTo BCTpe-
vaforcsa nuddepeHnnalibHbe ypaBHeHUs 2-10 mopsanka. B HacTosimei riase
MBI PACCMOTPUM KJIACCUDUKAIINIO 3TUX YPABHEHUN.

§ 1. Knaccudukanus ypaBHeHU
C YaCTHBIMU NPOU3BOAHBIMU 2-T'0 MOPSAKA

1. NuddepeHnuanbHbie ypaBHEHUS ¢ OBYMSA HE3aBUCUMBIME
nepeMeHHBIMU. [lamum HEOOXOMUMEBIE OMpENEICHIS.

YpaBHeHUEM C JYACTHBLIMU ITPOU3BOOHBIMU 2-TO HOPSIOKA C OBYMS He-
33aBUACAMBIMYU IIEPDEMEHHLIMU T, Y HA3BIBAETCS COOTHOIIEHUE MEXIY Hem3-
BECTHOU PyHKUUeR u (Z, y) U ee YaCTHBLIMU IPOU3BOLHBIMU L0 2-T0 IOPSA-

Ka BKHIOqHTe.HBHOl):
F (x, Y, Uy Uy, Uy, Ugg, Ugy, Uyy) =0.

Anamormuso 3anmceIBaeTCA YPpaBHEHUEC U OJI1 OOJIBLIIIErO UMCIa HE3aBUCH-
MBIX IIEPEMEHHBIX.

ypaBHeHI/Ie Ha3LIBAETCA JTUHEWHBIM OTHOCUTEIBHO CTap-
IINX ITPOU3BOMOHEIX, €CJIX OHO IMEET BUL

11Uz + 2a12umy + A22Uyy + Fl (fE, Y, U, Ug, Uy) = Oa (1)

roe ai1, a12, G22 SIBASIOTCI QYHKIUSIMUA T U Y.

Ecnu xosddpunmenTs a11, G12, G2z HE TOIBLKO 3aBUCAT OT T W Y, a
ABJIAIOTCS, MONOOHO FY, GYHKIMAMU T, Y, U, Ug, Uy, TO TAKOE ypABHEHUE
HA3BIBAETCS KBA3UJIMHENHBIM.

1) Mget IIOJIB3yEMCs CJIeNY FOIITIMI 0003HaYEHUSIMI IJIA IPOU3BOOHBIX:

_ Ou _ Ou 8u u 8u

Uz =70 Uy—a—y, uﬂvw:W7 Uwyzma Uyyza—yg

u T. O
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YpaBHeHUE HA3LIBAETCS U H € I HBI M, €CJIU OHO JIMHENHO KaK OTHOCH-
TENbHO CTAPIINX MPOU3BONHEIX Ugz, Ugzy, Uyy, TAK 1 OTHOCUTEIILHO (QyHK-
UM U ¥ €€ IEPBEIX NPOU3BONHEIX Uy, Uy:

A11Ugz + 2012Ugy + A22Uyy + D1ug + bouy +cu + f =0, (2)

rome aii, Gis, G223, b1, be, ¢, f—odyHKnuum Tonbko x um Y. Ecmm ko-
5pOUIUEHTE ypaBHeHUs (2) HE 3aBUCAT OT & U Y, TO OHO MPENCTABIIAET
€000t MUHEWHOE YPABHEHVE C TOCTOSIHHLIMI KOYDOUImeHTaMu. Y paBHEHIE
HA3BIBAETCI OLHOpPOLHEIM, ecinu f(z, y) =0.

C nomortipio TpeobpasoBaHus IePEMEHHBIX

§=op(z,y), n=1v(z,y),

IOy CKAOIIEro obpaTHoe mpeobpa3oBaHMe, MBI IIOJIYyIaeM HOBOE ypDaBHE-
HIE, YKBABAJICHTHOE NCXOOHOMY. KCTeCTBEeHHO TOCTABUTH BOIPOC: KaK BBI-
6pate & m 7, YTOOBI ypaBHEHWE B STUX [EPEMEHHBIX MMEo Hamboiee
npoctyio dopmy?

B »TOoM myHKTE MBI MaAUM OTBET HA TOCTABIIEHHBIA BOIPOC IJTS yPaB-
HEHWIA, JIMHENHBIX OTHOCUTEIILHO CTAPIUINX IPOU3BOAHbIX Buaa (1) ¢ aByms
HE3aBUCUMBIMU IEPEMEHHBIMUI & U Y:

A11Ugg + 2012Ugy + G2oUyy + F (2, Y, U, ug, uy) = 0.

[Ipeo6pasyst mpou3BOnHBIE K HOBBIM [IEPEMEHHBIM, [OJIyYIaeM

Ug = Ug & + Uy Nz,

Uy = g &y + Un 1y,

Upe = Uge E% + 2u§ﬂ &Mz + Unn 77% + ug §oa + Uy Nz, (3)
Ugy = Uge Ealy + Ugn (Eamy + EyNa) + Uny MMy + Ue Eoy + Un Nay,

uge & + 2ugy EyTly + g My + ug Eyy + Uy Ny

Uyy

Moncrasnsas sHavenus npoussonubix u3 (3) B ypasaenue (1), Gynem umers

a11 uge + 2412 Ugy + Q22 Uyy + F= 0, (4)
rmoe
a11 = a11 &2 + 2012 6,6y + ax 65,
a12 = a11 &Mz + a2 (&ﬂ?y + nzgy) + a22 &y,

aza = a117; + 2012 127y + a22 ”7;7

a ¢yukuus F He 3aBUCHT OT BTOPBIX MIPOU3BOMHBIX. 3AMETUM, YTO E€CIIU
UCXOOHOE YpaBHEHUE JIMHEWHO, T. €.

F(.CL', Yy, U, Ug, uy) = blux + b2uy + cu + f,

TO F' umeer Bunm

F(f, n, u, ug, U’n) - ﬂlug +,82U/r, + yu + (5,
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T. €. ypaBHEHME OCTAETCS IMHEHHBMY) |

Bribepem mepemennvie ¢ u 1) Tak, 4TOObI KO>PPUUMEHT G17 OBLI
paBeH Hymi0. PaccMOTprM ypaBHEHHE C YACTHBIMEM ITPOU3BOOHBIMEU 1-r0
MOPSIKA

a1 22 + 2a;s ZyZy + Q22 zz =0. (5)

Iycte z = ¢ (z, y) — kakoe-HUOYOb YACTHOE PELIEHWE STOrO yDABHEHU.
Ecmu nomoxuts € = ¢ (x, y), TO KO3OOUIUEHT G171, O4EBUAHO, OyOET pa-
BeH Hymo. TakuM 06pa3oM, yIOMSHYTAas BBIIIE 3a0a4a O BLIOOPE HOBLIX
HE3aBUCUMBIX [IEDEMEHHBIX CBA3aHA C perneHueM ypasueHus (5).
IMokaxeM CIemyoIme JIeMME.
1. Ecau z = ¢ (z, y) A64TEMCT 4ACTIHBIM DEULEHUEM YPABHENUT

2 2
a11 2, + 2012 202y + a2 Zy = 0,

mo coommnowenue @ (z,y) = C npedcmasagem cobol obwui unmeepas
00bIKHO0B8ENH020 JuPPepenyuaibrno2o YpasHenua

a11 dy® — 2ay12 dz dy + ass dz® = 0. (6)

2. Ecau ¢ (z, y) = C npedcmasagem coboti obwuti unmezpas o0bik-
HOBENN020 JuPPepenyuaibrno20 YpasHenud

a1 dy2 — 2(112 dz dy + a9 d.CL'2 = 0,

mo Pynruug z = @ (z, y) ydosaemeopaem ypasnernuto (5).
Hoxkaxem nepsyio semmy. Ilockonbky dyakuus z = ¢ (z, y) ynosie-
TBOpsieT ypaBHeHUO (5), TO PABEHCTBO

2
a1 (ﬂ> — 2a12 (- ﬂ) +az =0 (7)
Py Py

ABIIAETCS TOXKACCTBOM: OHO YIOBIETBOPSAETCS IJI BCEX Z, Y B TOM 0ba-
cru, rae 3amano peuenue. CoorHomernue ¢ (z, y) = C sBisercs obmm
UHTErpaJioM ypasHeHus (6), eciiu GYHKIUA y, ONpENeSICHHAs U3 HESIBHOTO
coorrowmenus ¢ (z, y) = C, ynosunersopser ypasaeruto (6). Ilycrs

y=f(z, C)
€CTb 3Ta (QYHKIUS; TOTIA
dz G e

rme kBanparHble ckoOku u uapekc y = f (z, C') ykasblBaioT, 4TO B mpa-
BOM YaCTU PaBEHCTBA (8) MEpEeMEHHas Y He SBIAETCA HE3ABUCUMOU IIe-
pPeMeHHO, a uMmeeT sHauenue, pasuoe [ (z, C'). Orcioma cremyer, 4To

1 OrmeTnM, 9TO eciu Ipeobpa30BaHue IEPeMEHHBIX uHernHo, To F' = F', Tak

Kax BTOpbIe npomsBonusie oT £ m 1) B dbopmynax (3) pasusl nymo n F ne noiy-
YaeT MOIOIHUTEIbHBIX CIaraeMbIX OT IPeoOpa30BaHMS BTOPBIX IIPOM3BOMHBIX.

2 A. H. Tuxonos, A. A. Camapckuit
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y = f (z, C) ynosmersopsieT ypasuenuw (6), Tax kax

dy\’ d
a1 (_y) — 2a12 Yy a2 =

dz dz
2
a (- ﬁ) — 2a12 (- &> + az2
Yy Yy y=f(z,C)

MOCKOJILKY BBIPAXKCHNE B KBANPATHBEIX CKOOKaX PABHO HYJIIO IPU BCEX 3HA-
YeHuaX T, Y, a He Tonbko npu y = f (z, C).

Hokaxem Bropyio semmy. Ilycrs ¢ (z, y) = C'—obmmit uaTErpas
ypasHenus (6). ITokaxem, 4To

=0,

a11 @5 + 2a12 Pupy + a2 90;2, =0 (7)

s roboit Touku (z, y). Hycrs (zo, yo) — Kakas-HUOYIb 3a0aHHAS TOU-
ka. Ecnu MBI mokaxkem, 94TO B HEdl yIOBIIETBOPSAETCs paBeHCTBO (7'), TO OT-
CIOIa B CUILy TMPOU3BOIBHOCTHU (o, Yo) OYHET CIEMOBATDL, YTO PABEHCTBO
(7") ects TOXmECTBO U OYHKIWS @ (%, y) ABIAETCS PEIIEHNEM yDaBHEHUS
(7). Iposemem uepes Touky (Zg, Yo) UHTErPAILHYIO KDUBYIO YDABHEHUS
(6), momaras ¢ (o, yo) = Co u paccmarpusas kpusyio y = f (x, Cp). Oue-
BUOHO, uTO Yo = f (To, Cp). I BCex TOUEK HTOU KPUBOU MMeeM

dy\’ d
a1 (_y) — 2a12 Yy a2 =

dz dz
L4 ? L4
a (- —w> —2a12 (- —x> + as2
Py Py

[lomaras B mociemseM paBeHCTBE T = T, [OILydaeM

a11 @5 (T, Yo) + 2a12 @z (To, Yo) @y (To, Yo) + a2z SOZ (zo, yo) = 0,

=0.
y=f ('t7CO)

4TO 1 TPeBGOBAIIOCH NOKA3ATH L.

Ypasuenue (6) HA3BIBAETCA XAPAKTEPUCTUIECKUM Ui yPaB-
menus (1), a ero UHTErpajibl—XapPaKTEPUCTUK A M.

Homaras ¢ = ¢ (x, y), rme ¢ (z, y) = const ecTb OOIIUA UHTETrPAI
ypaBaernus (6), Mbl obpaiaeM B Hylb KO3((UIMEHT mpu uge. Eciu
¥ (z, y) = const sBiseTca mpyruMm OOIIUM WHTErpasiom ypasaeHus (6),
HE3aBUCUMEIM OT ¢ (Z, y), To, nonaras 1 = ¢ (z, y), Mbl OOpATUM B HyJIb
TaKXe 1 KOODOUINEHT IPU Upyy,.

) Ycranopmennas cBasb ypapHeHmit (5) u (6) sKxBUBAJIEHTHA U3BECTHON CBSI3W
MEeXIy JIMHEAHBIM YPAaBHEHUEM C YACTHBIMU IPOM3BOLHBIMU 1-TO IOPSAOKA U CU-
cremoit 00bIKHOBEHHEBIX nubdepernuunanbubix ypasaenuit (cm.: Crenarnos B. B.
Kypc mudpdepennmansueix ypasmenmit. M., 1959. C. 314; Cmupuos B. U.
Kypc Beicment marematuku. T. II. M., 1974. C. 67.). B sTom MmoxHO ybenuTscs,
pasmaras JeByIO JacTb ypasHeHEs (D) B mpow3BeneHwme OBYX JuHEXHBIX nudbe-
PEHUUAJILHLIX BEIPAXKEHU.
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Ypasuenue (6) pacnamaeTcsa Ha OB yPABHEHUS:

d Va2, —
ay _ a1z ++/ag a11a22’ 9)

dzr a1l
@ _ Q12 — a%z — @11G22 (10)
dzr a1l ’

3HaK MONKOPEHHOTO BHIPAXKEHUS ONpeneser Tul ypasuenus (1)
a11Ugzge + 2(141211,3”1 + A22Uyy + F =0.

OTO0 ypaBHEeHUE MBI OyneM HA3BIBATH B TOuke M ypaBHEHUEM

runepboOTMYECKOT O TUMa, eciau B Touke M afz —a11a922 > 0,
6 M a2, — =0
mapabodMYeCKOr 0 THUIA, ECIM B TOUKE ajs — a11022 = 0,

BAMUNTUUECKOTrO THUMA, eciu B Touke M aly — arjags < 01).

Herpynuo ybenuThbCs B MPaBUILHOCTY COOTHOIIIEHUS
_2 2 2 _
a1s — Q11022 = ((112 - (111022) D*, D=¢ Ny — Nz fy,

”3 KOTOPOTO CIIEAyeT MHBAPUAHTHOCTL TUIA, YPABHEHUS MU MpPeobpas’o-
BaHUU [EPEMEHHBIX, TAK KaK ()YHKIMOHAJIBHBIN ONPENeNUnTeNb (SKOOaH)
D 1npeobpa3oBaHms MEPEMEHHBEIX OTIWYEH OT HyJsa. B pasmudHBIX TOY-
Kax O0JIACTU OMPENeNIeHNs YPABHEHNE MOXET MPUHAMIIEKATH PA3IIUUHBIM
TUITAM.

Paccmorpum obmactes (G, BO BCEX TOUKAX KOTOPOUN yPABHEHUE MMe-
€T OmMuH M TOT Xe Tuil. depes kaxmyio Touky obmactu G IPOXOmAT IBE
XapaKTEPUCTUKN, IPAYEM LI yPABHEHUN rUNIePGOIMIECKOTO THITA XAPAK-
TEPUCTUKY NEACTBUTEIBHBI U PA3IINYHEL, I YPABHEHUN SIUTAMTUIECKOTO
TUITa — KOMIIJIEKCHBL M PA3JIMYHEL, & IS yPABHEHUN MapaboImIecKoro Tr-
ma 06e XapaKTEePUCTUKN NEeACTBUTEIIHLHEI U COBIIAIAIOT MEXIY COOOM.

Pasbepem Kaxmulil 13 STUX CIIy4YAE€B B OTHOEILHOCTH.

1. [lns ypaBHeHWs TUMepGOIMIECKOr0 THTA a2y — G110 > 0 1 mpa-
Bole uacTu ypasHenuit (9) u (10) meficTBuTenbHBI U pasmuasbl. O6uwe
uarerpaisl ux ¢ (z,y) =C u 9 (z, y) = C onpenensior neicTBATENb-
HbIE CeMEeNCTBa XapakTepucTuk. [lomaras

E=vl(z,y), n=v(zy), (11)
NIPpUBOOUM YDaBHEHUE (4) IIOCJIE OEJICHU Ha KOBq)(l)I/IIII/IeHT Ip! Ug¢n K BAOY
F
uén:q)(f: 777 ’LL, U’ﬁaun)a roe (I):__—
2&12

U Dra TEePMUHOJIOTUS 3aMMCTBOBAHA U3 TEOPUY KPUBBLIX 2-T'O MOPSOKA.

2*
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OTO— Tak HA3LIBaEMasi KAHOHU YECK asl GOPMa, yPABHEHUN rurepOoIim-
weckoro tuna Y. YacTo monb3yoTes BTopoil KaHOHIIecKoi hopmoit. Ilomo-
KUM

€:a+/67 n:a_ﬂa

T. €
&+ &=
a - 2 ) 16 - 2 )
roe « u [3— HOBBIE IepeMeHHLIe. Torna
1 1 1
ug = 5 (o +up), uy =5 (o —up), Uy = 7 (Uaa — usp)-

B pesynbrare ypasuenue (4) npuMer BuI
Uoa — UBB = ‘I>1 (‘I>1 = 4@)
2. Ilnsa ypaBHeHUWiT mapabOIMuecKoro TUIa a2, — a0z = 0 ypaBHe-

Hus (9) u (10) coBmamaioT M MBI MONyYaeM ONUH OOIIMI MHTErPAJl ypas-
Henus (6): ¢ (z, y) = const. Ilonoxum B sTOM citydae

E=p(@,y) n n=n(zy),

roe 1 (z, y) —mobas bynkuus, HesaBucuMas oT . Ilpu Takom BeIGOpE
epeMeHHBIX KO3(phuImeHT

@11 = a11 &2 + 2a12 £,€y + an fz = (Va1 & +/an £)? =0,

D) Ilns Toro 4To6b 6BIIO0 BO3MOXKHO BBEIEHWe HOBBIX mepeMeHHbIX § U 1)
uepe3 byHKIUE ¢ M P, HAOO yOEOUTHCSI B HE3ABUCHUMOCTU STUX (DYyHKIIWNA,
IOCTATOYHBIM YCJIOBHEM Y€ro SBIISETCSA OTIIMYME OT HyJIsI COOTBETCTBYIOILIErO
dyrukuonanbaOro onpenenuress. [IycTs yHKINOHANBHEIA OIPeNeInTeNb

Pz 1/)z
oy Py

B HekoTOpoi Touke M obparaercs B Hysib. 10rma HOMXKHA UMETHh MECTO IIPO-
MOPUUOHAIILHOCTE CTPOK, T. €.

P Yz

T T

Py by
9TO, OMHAKO, HEBO3MOXHO, TAaK KaK

/ 2 2
O a12 +1\/ajy —aiiaz2 P a12 — \/ a7y — a11a22
Pz _ _ u 2z

Py ail thy ail

2
(a12 —aiiazy > 0)

(upm 5TOM MBI cumTaeMm a1 # 0, 9TO He ABIAETCA OrpaHWYEHUEM OOIIHOCTH).
Tem caMbIM HE3aBUCUMOCTDL DYHKIUN (© ¥ 1) YCTAHOBJIEHA.
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TaK KaK G12 = /011 /G22; OTCIONA CIEOYET, UTO

G12 = G11 gmnx + a1z (gmny + fynx) + a22 gyny =

= (Vo & + Va2 &) (Vai e +v/axmy) = 0.

[ocne nenenus ypasueHus (4) Ha KO3OOUIMEHT IPU Uy, IOIYINM KAHO-
HUYECKYIo HOpMy O YpaBHEHUS IapabOoIMiecKOoro TUIa

F
U,Tm:@(f, 7, u, u§,un) <(I>:__>

Ecau B mpaByio 4acTh He BXOOUT Ug, TO BTO ypaBHEHHe Oyner OOBIKHO-
BeHHBIM AUGGEPEHIINAIBHBIM YPABHEHNEM, 3aBUCIIIUM OT & KakK OT Ia-
pameTpa.

3. it ypaBHEHUsI SIIANTUICCKOrO TUIIA, a%2 — a11a922 < 0 u paBbIe
vyactu ypasHenuit (9) u (10) xommmekcusr. IlycTs

p(z,y)=C
— KOMIUIEKCHBIN naTerpasi ypasuenus (9). Torma
¢ (z,y) =C,

re " — COnpsiXKeHHas K ¢ (YHKIUA, OyneT NpeAcTaBIsITh COOON ObImit
uaTerpad conpsikensoro ypasaenus (10). Ilepeiimem K KOMIUIEKCHBIM Iie-
DEMEHHBIM, TI0JIAras

_ _ *
E=¢(@,y), n=y¢"(z,y).
[Ipu 5TOM ypaBHEHUE SITUNITUIECCKOrO TUIA IPUBOOUTCI K TAKOMY XK€ BU-
Iy, 9TO U TUIepboImIecKoe.
LITO6])I HE UMETh Oejia C KOMIIJIEKCHBIMU IIEPEMEHHBIMU, BBEOEM HOBEIE
epeMeHHble @ U (3, PaBHBIE

*

2 7 2

TaK 4TO
{=a+if, n=a—if.
B sTom ciyuae

a11 & + 2012 £,y + a2 EZ =
= (a1 ai + 2a12 azoy + a2 0472!) — (a1 ﬂi + 2a12 BBy + as2 ﬁ;) +

+2i (afll awﬂm + a2 (amﬂy + ayﬁx) + ag2 ayﬁy) =0,
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Ypasuenue (4) mocne meneHus Ha KOIDOUIUEHT NOPU Ugq NPUHAMAET
B )

F
Uaa +ugs = @ (a, B, u, Uq, ug) <q> = _ _> )

Taxum 06pa3oM, B 3aBUCUMOCTH OT 3HAKA BBEIDAXKEHUS a%z — a11022
UMEIOT MECTO CJIeLyoIye KaHoHrdeckue Gopmel ypasaerus (1):

a3y — a11a22 > 0 (TUIEpOONMIECKMIT THM) — Uyy — Uyy = @ wm ugy = @,
a3y — a11a22 < 0 (IUIMOTHYECKUH TUI) —  Ugyy + Uyy = P,
a%y — a11az2 = 0 (mapaGomuaeckuit Tum) — Upe = .

2. Knaccupukanus ypaBHEeHUiA 2-TO MIOPANKa CO MHOTMMU He-

3aBUCUMbBIMU MepeMeHHbIMU. PaccMOTpuM nMuHeHoe ypaBHEHUE C TeH-
CTBUTENbHBEIMU KO3 hUITIEeHTAMNI

n n n
E E Qijlga; + E bivg, +cu+ f=0 (ay; =aj), (12)
j=1 i=1 i=1
roe a, b, ¢, [ aBusorca PyHKIUAMU L1, T2, ..., T,. BBemEeM HOBLIE He-

3aBUCUMBIE IIePEMEHHbIE &}, HOJIaras

&h=%& (1, 22, ..., zy) (K=1,...,n).

Tormna
n n o n n
Ug, = Z Ug;, Ak U’-Ti-"vj = Z Z Ugy & ik OjL + Z Ug,, (gk).’ti.tja
k=1 k=1 1=1 k=1
rmoe
= O
i = —.
¢ (’)a:z

[Toncrapimsist BEIpaXeHUs [ IPOU3BOMHBIX B MCXOQHOE YPAaBHEHUE, IIOJLY-
UM

n n n
Z Za’klu5k5l + nguﬁk +cu+ f=0,
k=1

k=11=1

1) Mono6moe npeobpa3oBaHUe 3aKOHHO TOJILKO B TOM Cilydae, eciu K0d3(duu-

enThl ypasuenus (1) —anamurwueckme Qyuknmm. ledcTBATENBHO, eciu a%z -
—aj1a22 < 0, To mpaeble wactu ypapreHuir (9) m (10) KOMIIEKCHEBI, a cie-
[OBATEIbHO, PYHKIUs Y [OJXKHA UMETh KOMIUIEKCHbIe 3HaueHwus. O peureHun
S5TUX yPaBHEHUM MOXHO T'OBOPUTH JIMIIb B TOM CiIydYae, Korma KodpobunueHTH
a;r, (T, y) OIpPEemeseHBI I KOMIUIEKCHBIX 3Ha4YeHuil y. [Ipw npusemenum ypas-
HEHUS UM TUIECKOrO0 TUNA K KAHOHUYIECKON (popMe MBI OTPAHUIMMCS CIIyIaeM
AHAIIATUIECKUX KOdDPUITMEHTOB.
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rme
n n n n n
Qg = E E ajjoukogr, by = E by, + E E ij (&k)ao;-
i=1 j=1 i=1 i=1 j=1
PaccMoTpuM KBagpaTuiecKyo GopMmy

n n
Z Zagjyiyja (13)

i=1 j=1
KO3(pPUIueHTE KOTOPOU PABHEI KO3(PPUIUEHTAM a;; MCXOOHOTO ypPaBHE-

Hus B HeKoTOpoit Touke Mo (z?, ..., 20). Ipomssens Ham mepeMeHHLIME
Yy JUHENHOe Mpeobpa3oBaHUIe

n
Yi = Z Qik Tk
k=1

TIOJIYYUM IUIS KBAOPATUIECKON (hOPMBI HOBOE BBIDAXKEHUE

n n n n
-0 ~0 0
E E Mk, TAe Qg = E E :aijaikaﬂ'

k=11=1 i=1 j=1

Taxum obpaszoM, K03bOUIMEHTHI INIABHOW YACTH YPABHEHUS WU3MEHSIIOT-
CsI AHAJIOTWYHO KO3hPUIIMEeHTaM KBaIPATUIECKON (OPMBI IPU JIMHENHOM
mpeobpa3oBaHUM.

Kak m3BecTHO, BEIOOPOM COOTBETCTBYIOIIETO JIMHEHHOTO MPEOOpPa3o-
BaHUS MOXHO IIPUBECTU MaTPUILY (a?j) KBAJApPaTUIECKON (DOPMBI K TMATO-
HAaJIBHOMY BHIY, B KOTODOM

|ag] =1 mmbo |ag;| = 0;

al; =0 (i#j, i, j=12,...,n).

CorsacHo 3aXKO0HY MHEPIUH HUUCIO TIOJIOKATENBbHBIX, OTPUIATEIHHEIX
1 PaBHBIX HYJTIO KO3)OUIMEHTOB dY; B KAHOHWYECKOM BUIE KBAJAPATUTHONR
(hOPMBI MHBAPUAHTHO OTHOCUTENIHHO JIMHENHOTO TPEeO0OPA3OBAHNS.

Hasosem ypasuenue (12) B Touke M, ypaBHEHHEM D JIJIUITUYEC-
KOT O TWNA, eCIM BCe 1 KO>)PUIMEHTOB @); OMHOTO 3HaKa; rumep 6o u-
YeCKOT O THUHA (WM HOPMAJNBHOTO rUunepBOoInIeCKOr O THUIA),
eciiz n — 1 x03bOUINEHTOB (z?i UMEIT ONWHAKOBBIN 3HAK, & OOWH KO3Dbhu-
IIMEHT TTPOTUBOIOIIOKEH UM IO 3HAKY; YIbBTPATHHIEPOOTUIECCKOT O
TUIIA, €CIIU CPpenu d?i uMeeTcss m KO3(hPUIIEHTOB OOQHOTO 3HAKA I 1L — M,
KOS(h(PUIMEHTOB TIPOTUBONOIIONKHOTO 3HaKa, (m, n—m > 1); mapaGomu-
YeCKOTO TUIA, eI XOTS OBl ONUH U3 KO3 UINEHTOB @); paBeH HyIlo.

Brifupas HOBLIE HE3ABUCUMEIE NEPEMEHHEIE &; Tak, 4TOOLI B TOYKE
My

651@ 0

Qi = 55— = Qyg,

roe a?k—Kos(p(pnuneHTbI Ipeobpa30BaHMS, MIPUBONSILErO KBALPATIUIE-
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ckyro dopmy (13) k xamomueckomy Bumy (Hampumep, mojlaras & =
=Y ad.r;), nomyuaem, 9To B Touke M, ypaBHEHHE B 3ABHCHMOCTH OT
TUIA TPUBOMATCS K OMHOU U3 CIENYIOIIMX KAHOHMUIECKUX (HOpM:

n =
Upizy + Uzgzg + o+ Uspa, + @ =0 (ssmmunrugeckuit Tum),

n
Upyzy = E Uz;e; +®  (rumepGomuaecknmit Tuim),
i=2

(ynbrparunep6o-
JMYECKUI TUII),

Zuzm = Z Uge; + (M >1,n—m>1)
=1 i=m+1

n—m

Z (fug;a;) +® =0 (m >0) (mapabGomudeckmit THI).
i=1

M&uI He OCTaHABIMBAEMCS TIPU STOM Ha 60jiee MONPOOHOM HENEHUU ypaB-
HeHUM 1apaboInIecKOro TUIA Ha YPABHEHUS SINIUII THIECKU-TIapaboImIec-
Kue, runepboInIecK-napadoTmIecKe m T. 1.

Taxum obpasom, eciu ypasaerre (12) B nekoropoi Touke M npuHam-
JIEXXUT K OIPENeNIeHHOMY TUIY, TO €rO MOXHO IPUBECTU K COOTBETCTBYIO-
el KAHOHUYECKON (hOopMe B HTOU TOUKE.

Paccmorpum mompobree BOIpPoC O TOM, MOXKHO JIM IIPUBECTH yDaBHE-
HIE K KQHOHWYECKOU popMe B HEKOTOPOW OKPECTHOCTH Touku M, eciu BO
BCEX TOYKAX dTON OKPECTHOCTH YPABHEHUE IPUHAMIIEXKUT K OTHOMY U TOMY
XKe TUILy.

Ins npuBeneHus ypaBHEHUSI B HEKOTOPOM OOIACTH K KAHOHUIECKOMY
BUAY HAM IPUIUIOCH Obl dyukuuu &; (1, To, ..., Z,) (1=1,2,...,n)
MOMUUHUTE MubGEePEHINAILHEIM COOTHOMEHUIM Gy = 0 mmsa k # [. Yu-
ci10 sTUX ycuoBuil, pasuoe n (n — 1)/2, npeBocXomUT N — YUCIO Ompene-
ssieMbrx GyHkmun & mpu n > 3. Hus n = 3 HenwaroHaJIbHBIE HIIEMEHTHL
MaTpuisl (d;), BOOOIIE TOBOPS, MOXHO OBIIO ObI OOPATUTHL B HYJIb, HO
IIPU 5TOM OMATOHAJIBHLIE BJIEMEHTHI MOT'YT OKa3aThCs PA3JIMIHBIMI.

CrenoBaTenbHO, IPU 7, > 3 YPABHEHUE HEJIB3sI IPUBECTU K KAHOHUUE-
ckomy Buny B okpectHocTu Touku M. Ilpu n = 2 moxHO 0O6paTuTh B HYIbL
eIVMHCTBEHHBIN HEQUATOHAILHBIN KO3G(PUINEHT U yOOBIETBOPUTH yCIIOBUIO
PABEHCTBA, IBYX NUATOHAJILHBIX KOY(MGUIMEHTOB, UTO U OLIJIO CHCTAHO B
m. 1.

Ecmu xosddunuentsr ypasaenus (12) mocrosHus, TO, npusens (12) k
KaHOHMYIECKOU GopMe B OMHOW Touke M, MBI TOMyYUM ypaBHEHUE, IPUBeE-
IEeHHOe K KAHOHWYECKOU (hopMe BO BCell 00IacTU OIpenesieHus ypaBHEHMS.

3. Kanonnueckue ¢bopMbl JIMHEMHBIX YPABHEHMUI C IIOCTOIH-
HBIMU Ko3bdunuentaMu. B cioydae OByX HE3aBUCUMBIX MEPEMEHHBIX
JIMHEWHOE yPaBHEHUE 2-T0 MOPSOKA C MOCTOSHHBIMU KO3(PhUIUEeHTaMU NMe-
€T BUI

A11Ugz + 2012Ugy + G22Uyy + DUy + bouy +cu + f (2, y) = 0. (14)
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EMmy cooTBeTCTByeT XapaKTEpUCTUUECKOE YPABHEHUE C MOCTOSHHBLIMU KO-
spdunmenramu. [losTomy xapakrepuctTuky OyayT IPSIMBIMA JINHUSIMIU:

2 p)
a12 + /a7y — G11G22 a12 — /G715 — 11022
y= T+ 01, Yy = x + Cs.

a11 a11

C mOMOIIIBIO COOTBETCTBYIOIIETO MPEOOPA30BAHNS [IEPEMEHHBIX YPABHEHNE
(14) npusBonuTcs K OmHOU U3 HpocTerux Gopm:

Uge + Uy + brug +bouy +cu+ f =0 (smnunruuecknmit Tum),  (15)

Ugy + brug +bouy +cu+ f=0
i (runepbonuueckuit Tum), (16)
Uge — Upp + Drug +bouy +cu+ f=0

uge + biug +bouy +cu+ f=0 (mapabonuueckuit Tum). (17)
HJ'IH I[aJ'IBHeﬁHIeFO yopoumeHusda BBegeM BMECTO U HOBYIO (byHKHI/IIO v:

w = e THn . v,

rme A\ U [ — He OIpenesieHHBIE MOK3, MOCTOsSHHEBE. Torna,

ug=e T (v + M),

Up=e T (v, + o),

uge=e T (vee + 2Mve + Xv),

Ugn=€FHT (e, + Ny + pve + Apw),
(vy

Upy=€ T (v, + 200, + p2v).

HoncTapiiss BLIDAXKEHUS [ IPOM3BOAHBIX B ypasHernue (15) u cokparias
3areM Ha eM1TH momyuaem

Vee + Uyy + (b1 + 2X) ve + (b2 + 2u) vy +
+ W+ 2+ b A +bopt+c)v+ fL =0.

MapameTrpsr A u p BuIGEpaeM Tak, YTOOBI ABA KOYDOUIMEHTA, HATIPUMED
[IPU [EPBHIX IPOU3BOMHBIX, OOPATUNNCH B HYIb (A = —by/2; u = —by/2).
B pesyabTare momyuum

Vg + Uy +yv + f1 =0,

e 7y — IOCTOSHHAS, BHIPAKAIOIIAACS depes ¢, by u by, fi = fe~ (A&tum),
[IpowsBoxns aHATOrMUHBIE onepauy u ais ciydaes (16) u (17), mpuxomum
K CIICIYIOLIMM KAHOHUIECKUM (GOpMaM I yPABHEHUN ¢ IIOCTOSHHBLIMU KO-
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3hunrueHTaMu:

Vee g+ v+ f1=0 (smmunTreckuit TuIm),

Vep +yv+ f1 =0 .
unu (runepGonuueckuit Tum),
Veg — Vg +70+ f1 =0

Vee +bavy + f1 =0 (mapabomuyecKuii THI).

Kak 6bu1o oTmMeueHo B 1. 2, ypaBHEHUE C IOCTOSIHHBIMU KO3(DDUIIIEeHTaMK
B CIIy4Jae HECKOJIbKUX HE3aBUCUMBIX ITEPEMEHHBIX

Zza”um ” +Zb Uy, +cu+ f=0

i=1 j=1

IIPY IOMOILIY JIMHENHOT'O MPe0Opa30BAHNS IEPEMEHHBIX IIPUBOAMNTCS K KAHO-
HUYECKOMY BHIY OTHOBDPEMEHHO IIJISI BCEX TOUEK OOJIACTH €r0 OINPENeIIeHN.
Beomst BMecTO u HOBYIO DyHKIUIO ¥:

u = ve}\1$1+)\2z2+...+)\nzn

7 BHIOMPAs] HYXHBIM CIIOCOOOM \;, MBI MOXKEM HAJIbIIE YIPOCTUTL YPaB-
HEHUE, YTO MPUBOAUT HAC K KAHOHUIECKUM HOPMAM, CXOMHBIM CO CIIyIAeM
n=2.

S3AODAYM K I'NTABE I

1. Hasttu obmactu rumepbOIuIHOCTH, SIUIAITHIHOCTE U MapaboIMIHOCTH
YPaBHEHNUS Ugz + YUyy = 0 ¥ IpUBECTH ero K KaAHOHWYECKOMY BHUAY B 00IacTm
runepboInIHOCTH.

2. IIpuBectn k Ka.HOHI/I‘IeCKOMy BULYy yPaBHEHUS:

a)

6) yum—xuyy—i—uz + yuy = 0;

B) e ugy + 2" ﬂ’uggy+e Yuyy =0;
m) Mzz+2\/_yuacy+yuyy—uw =0;

e) (& —y) tzz + (2y —y° — 2 +y) tay = 0;
%) Y use — € uyy + up = 0
3) sin? YUgr — e2 Uyy + 3ug — bu = 0;
u) Uzz + 2uzy + 4duyy + 2us + 3uy = 0.
3. [IpuBeCTH K KAHOHMYECKOMY BUIY ¥ MAKCHMAIILHO YIPOCTUTE yDAaBHCHIE

Uz + 2aUzy + atyy + bug + cuy + v =0; a, b, c— mocrosHHEIe.

4. Bens dynxmmo v = ue *THY i BLIGIpas COOTBETCTBYIOMMM 06pPa3OM
mapaMeTrpel A U f, YIPOCTUTH CIELYIOIIE YPABHEHUS C IOCTOSHHBIMU KO-
punmenTaMM:

1
a) uzz + uyy + auz + Buy + yu = 0; 6) um:ﬁuy+au+ﬁux;

1
B) Uz — o2 Uyy = 0tz + Buy + yu; T) Uzy = Uz + Buy.
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YPABHEHUWA I'MIIEPBOJINYECKOT'O TUITA

YpaBHEHUS C YACTHLIMU MPOU3BONHBIMIU 2-TO MOPSOKA TUHIEPOOTAIe-
CKOT'0 THIIA HamboJlee IacTO BCTPEUAIOTCI B (PU3NUIECKUX 3a0a4UaX, CBI3aH-
HBIX ¢ mpoueccamu kosrebauuii. [Ipocreiiiiee ypaBHeHne rumepboImIecKkoro
THUTI,

Ugg — Uyy = 0

OOBIYHO HA3BIBAIOT YpaBHEeHUEM KojebaHUHN cTpyHB. B Hacto-
IR TyIaBe, KaK M B IOCJIENYIOIINX, MBI OTDAHUYMMCS DACCMOTPEHUEM
KJIaCCa JINHENHBIX YPABHEHUM.

§ 1. Ilpocreiiimme 3agaun, TPUBOLALINE K yPAaBHEHUAM
runepbosmmyeckoro tumna. IlocraHoBka KpaeBbIX 3amad

1. YpaBHeHue MaJibIX IMONepedYHbIX KoseGaHuii crpyubl. Ka-
KOV TOYKY CTPYHBI IJIMHBI | MOXKHO OXapaKTepu30BAaTh 3HAUCHUEM
ee abcuuccel z. Omnucanume mporecca KoiebaHUs CTPYHBI MOXeT OBbITH
MIPOBEIEHO TIPU MOMOIIU 33MAHUS MOJOXEHWS TOYEK CTPYHBI B PA3IAU-
Hble MOMEHTHI BpeMeHU. I ompeneseHus MONOXKEHUsS CTPYHBI B MO-
MEHT BpeMeHu ¢ [OOCTATOYHO 330ATh KOMIOHEHTHI BEKTOPA CMEILEHUS
{u1 (z, t), uz (z, t), uz (x, t) } TOuKM B MOMEHT t.

Mzer paccMoTpuM HauboJiee MPOCTYIO 3a4a4y O KONEeOAHUSIX CTPYHBI.
Bynem mpemmonarars, 9TO CMEIEHUs] CTPYHBI JIEXAT B OMHOW MIIOCKOCTHU
T, % ¥ UTO BEKTOpP CMEIIEHMs U
NEPIEHAUKYIISIPEH B JII000I MOMEHT
K OCH x; TOorma mpolecc Koneba-
HUS MOXHO ONNCATH ONHOW (DYHK-
uueit u(z, t), XapakTepusyolei
BEPTUKAILHOE NEPEMEIIeHIe CTPY-
Hbl. Bynem paccMaTpuBaTh CTPyHY
Kak rubKyo yupyryo HuUTbH. Mate-
MaTHUYEeCKOE BBIDAXKEHUE MOHSITUS Puc. 1
rubKOCTH 3aKII0YAETCSI B TOM, YTO HANPSXKEHUS, BO3HUKAIOLINE B CTPYHE,
BCEr/Ia HAIPABIIEHBI [0 KACATENILHBIM K €6 MIHOBEHHOMY mpoduito (puc. 1).
D70 ycioBue BEIpaxaeT co00i TO, YTO CTPYHA HE CONPOTUBISIETCS U3rUby .

0 r1T2 {
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BeJ'II/I‘{I/IHa, HaTSI)KeHI/ISI, BO3HUKAKILIETO B CprHe BCJIEOCTBUE pryI‘O—
CTH, MOXET OBbITh BBIUKUCIIEHA IIO 3aKOHY FyKal). Bynem paccmarpuBaTh
MaJible KOJieOaHusl CTPYHBI U TPeHeOperaTsb KBAAPaTOM U, IO CPABHEHUIO
C eOUHUIIEH.

[Monb3ysick >TuM ycioBIEM, MONCYNTAEM YIJUHEHUE, UCILITHIBAEMOE
yYaCTKOM CTPYHHL (1, Z2). HiuHA Myru 5TOrO yuyacTKa paBHA

T2
S':/\/l—l-(ux)zd:c%xz—xl =38.
zy

Taxum 06pazom, B Ipenesax MPUHITON HAMA TOYHOCTY YIJIMHEHUS yIaCT-
KOB CTPYHEL B IIpOIecce KOjeOaHWs He IPOUCXONUT; OTCIONA B CHILy 3aKOHA
I'yka cnemyeT, YTO BeTMUNHA HATSXKEHU 1 B KaXIOW TOUKE HE MEHSIETCS
co BpemeneM. [lokaxem Takxke, YTO HATSXKEHNE HE 3aBUCUT U OT X, T. €.

T (z) = Ty = const.
Haiinem npoekuunu natTsekenus Ha ocu ¢ u u (o6osnauum wx T, u T,):

T ~
T, (z) =T (z)cosa = m >~ T (z),

T.(z) =T (z)sina 2T (z)tga =T (z) ug,

IIe — yroJl KacaTeNbHOW K KpuBou u (%, t) ¢ oceio x. Ha yuacTok
(21, T2) HEACTBYIOT CUITBI HATSXKEHUS, BHEIIHUE CUJIIBI U CUJIIBI WHEPLIUMU.
CyMMma npoekuuil Bcex Cuil Ha OCb Z HOJKHA OBITH DaBHA HYJIIO (MBI pac-
CMaTPUBAEM TOJILKO TOMepeuHbe Komebanus). Tak Kak CUIIbl UHEPIUUN 1
BHEIIIHUE CUJIBI, IO MPENIIONIOXEHNIO, HAIIPABIIEHLI BIOJIbL OCA U, TO

TI (112’2) —Tz (112’1) :0, nim T(l‘l) :T(CL'Z) (].)

Orciona B cuily TPOM3BOJNIBHOCTU L7 W I CIEOYET, 4TO HATSXKEHUE He
3aBUCUT OT T, T. €. IJIS BCEX 3HAUEHUN T u ¢

T (z) = Tp. (2)

ITocne cmenaHHBIX MPEOBAPUTENLHBEIX 3aMEUAHUN HePERIeM K BEIBOLY
YPaABHEHUS MOMEPEeYHLIX KojieOaHuil cTpyHbl. Bocnomb3yeMcess BTOPBIM 3a-
KOHOM HbIOTOHa.. COCTaBHHIOH.[a&I KOJINYEeCTBa OBUXEHNUSL yqaCTKa CprHbI
(21, T2) O ocu U paBHA

T2

/ ut (€, £) p (€) de,

r1

1 Crpenkos C. II. Mexanuka. M., 1975.
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e p— JIUHEWHAs MJIOTHOCTH CTPYHHI. lIpupaBHSIEeM M3MEHEHWE KOJIIUe-
CTBa NBUXKEHUS 38 IPOMEXYTOK BpemeHu At = to — t;

T2

/ p(©) [ue (6, t2) — ug (€, 1)) dé

Tl
IMIIYJIBCY ﬂeﬁCTByIOH_[HX CHJI, CKIIAOBIBAIINXCA U3 HATAXKECHUA
To ug |m:x2 —To Uﬂc|m:x1

B TOUKAX To W T1 U BHEIIHEHW CUJIBI, KOTOPYIO OyIeM CcUuTaTh HEIPEPhIB-
HO DACIPENEICHHON C IJIOTHOCThIO (Harpyskoir) F (x, t), paccumTaHHOI
Ha eMUHWIY IJIHBL. B pesynbTare mogydyuM ypaBHEHUE IOMEPEYHBIX KO-
se6aHUN 3J1eEMEHTa CTPYHBI B MHTErpaiIbHOU hopMe

T2

/ b (€, t2) — e (6, 12)] p (€) dE =

T

ty zg tg

:/To[uz (23, T) — Uy (:vl,T)]dT+//F(€, T)d{dr. (3)

t1 z1 t1
s mepexona K nquddepeHnraabHOMy YPABHEHUIO IPEOIONIOXNIM CY-

II[ECTBOBAHME ¥ HEIPEPLIBHOCTH BTOPHIX MPOM3BOMHBIX oT u(z, t)1). To-
rma dopmysna (3) mocHe DBYKPATHOTO MPUMEHEHUS TEOPEMBI O CPEMHEM
IpUMeT BUI

uge (&, 1) p(€7) At Az = {To [ugo (7, 1) + F (£, £7) } At Aw,
roe
£, &7, 87 € (71, m2), a ¢, 17", 17 € (11, t2).

Cokparu Ha. At Az u nepeins K npemeny upu T — Ty, ty — t1, MOIy-
unM nudHEPEHINATHFHOE YPABHEHNE TIOMEPEUHBIX KOJIeOAHUN CTPYHEI

To Uye = puy — F (2, t). (4)
B ciyuae MOCTOAHHOU MIIOTHOCTH p = CONSt 5TOMY YPABHEHUIO OOLIYHO
MPUOAIOT BUI

T
U = AUy + f(z, t) |a= 70 , (5)

1) Ienas npenmnomnoxenre o nBykpaTHOR nuddepeHuupyeMocTy Gy KNI, MBI
axTUIEeCKH yCIOBINBAEMCSI O TOM, YTO OyZmeM pacCMaTpUBATH JIMILIb GYHKIINN,
06JIamaoNIe STUM CBOMCTBOM. TakuMm 06pa3oM, mMOmOGHOIO THUIIA IIPEOITIOIIOXKe-
HUE CBSI33HO C OI'PAHUYEHUEM KDyra KM3ydaeMbIX GU3MUECKUX SBIIEHUU U HE CO-
nepXuT B cebe yTBEPKOEHNs, UTO He CyIIeCTByeT GYyHKIUN, YIOBIIETBOPSIOIIIX
UHTErPAJIbHOMY YPABHEHUIO KOJEOAHUN ¥ HE MMEIOIINX BTOPBIX IPOM3BONHBIX.
Takve GyHKUMM CYIIECTBYIOT M HPENCTABISIOT 3HAUUTENBbHBIN IPAKTUIECKIT
unuTepec. [logpobree cm. 06 sTom § 2, m. 9.
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raoe
1

€CTh IJTIOTHOCTH CUJIBI, OTHECEHHAs K eNUHuIle Macchl. IIpm oTcyTcTBUI
BHEIITHEN CUJIBI IOJIYYUM OTHOPOMIHOE YPABHEHUE
_ 2
Utt = A" Ugy

I

Upe —Uyy =0 (y = at),
ONUCHIBAOIIEE CBOOOMHBIE KOIEOAHUSI CTPYHBI. JTO YDPABHEHUE SIBIISIETCSI
IIPOCTENIINM IPUMEPOM YPABHEHUS MUIEPOOINIECKOTO TUTIA.

Ecmu B Touke 7o (1 < To < T2) NPUIOKEHA COCPENOTOUCHHAS CUIIA,
fo (t) (puc. 2), To ypaBHenue (3) sanumercs Tak:

T zg to

/p(€) [ue (&5 t2) — ue (&, tl)]df—//f(g, ) dé dr =

T zy t1

to to

:/To s (22, 7) — e (1, 7)] dr+/fo (r) dr.

[TocKONmBKY CKOPOCTHU TOYEK CTPYHBI OTPAHWIEHEL, TO IPUH Z1 — Lo U Ly —
— Ty MHTErpaybl B JIEBOI YACTU STOTO PABEHCTBA CTPEMATCS K HYIIIO I
paBeHCTBO (3) IPUHUMAET BUL

to

/TO [tz (zo + 0, 7) — uy (g — 0, 7)]dr = — / fo (1) dr. (7)

IMosnb3ysick TeopeMoit 0 cpemHeM, Cokpalias 06e yacTu paBeHcTBa Ha, At u
nepexons K mpenesny npu to — t1, HOIy-

v qaeM

fo (t) zo+0 1

Ug (T, 1)

zo—0

l OTCIOI[a BUOHO, YTO B TOYKE IMPUIIOKECHUA

0 7o I ¥ coCpenoTOYEeHHOU CUIIBL ITIEPBIE IPOU3BOI-
HBIE NIPETEPIEBAIOT Pa3phIB U nuddepeH-
Puc. 2 [UAIbHOE YDAaBHEHUE TepseT CMBICI. B

5TOU TOYKE NOJIKHBI BBIIIOIHITHCS IBA YCIOBUS COIPSIXKEHUS:

u(xo+0,t) =u(zo—0,t),

1 (8)
um($0+0) t)_uz(on—O, t) = _?Ofo(t)a
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TIEPBOE U3 KOTOPHIX BEIPAXKAET HEMPEPHIBHOCTEL CTPYHBI, BTOPOE OTIPEEs-
€T BEJIMYMHY U3JI0Ma CTPYHBL B TOUYKE Ig, 3aBUCALLYIO 0T fo (t) u HaTs-
xeuus Tg.

2. YpaBHeHUe MPOMOJILHBLIX KOJIeGAaHWI cTepXHell M CTPYH.
YpaBHEHUs POMOJIBHBIX KOJIEOAHUN IJjisi CTPYHBI, CTEPXKHS U TPYKUHEI
3aMKACHIBAIOTCS. ONWHAKOBO. PaccMOTPUM CTEDXKEHb, PACIIOIOXEHHBIA HAa
orpeske (0, 1) ocu z. IIporecc mpOmONBbHLIX KOIEOGAHUA MOXKET OLITH OIT-
caH omHOW (GyHKuued u (z, t), IPENCTABIAIIIE B MOMEHT ¢ CMELIEHUEe
TOYKU, UMEBIIIEN B I[IOJIOXEHUN PABHOBECUS aOCHUCCY & n, [Tpu npomoms-
HBIX KOJIeOaHUIX 9TO CMEIIeHne IPOICXOAUT BIONL cTepkKHs. IIpu BuIBOIE
ypaBHeHus: OymneM MpPe[oiaraTh, YTO HATSKEHWS, BO3HUKAIOIINE B IIPO-
mecce KosebaHms, ClenyioT 3akony I'yka.

[Moncunraem oTHOCUTENBHOE yAIUHEHKE dileMeHTa (Z, £ + Az) B MO-
MeHT t. KoOparHATEHI KOHIIOB 5TOrO JIEeMEHTA B MOMEHT ¢ WMEIOT 3Hade-
HUSI

z+u(z, t), +Az+u(x+ Az, t),
a OTHOCHTEJIBHOE YIJIMHEHNE PABHO

[Az 4+ u(z + Az, t) — u(z, t)] — Az
Az

=, (z+0 Az, t) (0<6<K1).

Mepeiins x mpemeny mpu Az — 0, mOLy9InM, 9TO OTHOCHTEIHLHOE
yIUIUHEHUE B TOYKE T OmpenesseTcs GyHKimend u, (z,t). B cuny sako-
ua ['yka marsaxenve T (z, t) paBHO

T (z, t) = k() us (z, 1), (9)

rme k (z) —wonyns FOura B Touke z (k (x) > 0).

1 Bribpannas 3mech reoMeTpuveckas IEPEMEHHAsI T HA3LIBAETCS IEPEMEHHON

Jlarpanxa. B mepemennnix Jlarpamxka kaxmas Gu3mdyeckas TOYKA CTEPKHS B
TedYeHUe BCero IIpoIecca XapaKTePU3yeTCs OOHOM M TOH e reOMeTPUIEeCKO! KO-
opmuHaToir r. PU3muecKas TOYKA, 3AHIMABLIAS B HAYAJIBHBIL MOMEHT (B COCTO-
SIHUY PABHOBECHUs) IIOJIOXKEHWE T, B JIIO0OM IOCIEAYIOMNM MOMEHT ¢ HAXOLATCS
B Touke ¢ koopmuuaTolr X = = + u (z, t). Eciu mbr dukcupyem HekoTOpyIo reo-
MeTpuYecKyio Touky A ¢ xoopamuaToir X, TO B Pa3IMYHBIE MOMEHTHLI BDEMEHNI
B DTOI TOUKE OyIyT HAXOMUTHCS PA3IIAIHBIC DU3MIECKUE TOUKY (C PASHBIMU JIa-
FPAHXEBBIMA KOODAMHATAMHA ). JacTO MOIB3YIOTCS TAKXE MEPEMEHHBIME -
mepa X, t, rme X —reomerpuueckas koopauHaTa. Ecm U (X, t) — cmemenue
TOYKY C BUAJIEPOBON KOOPAMHATON X, TO JArpaHXKeBa KOOPOUHATA

z=X-U(X,t).

IIpumep ucmonb3oBanus KOOpAMHAT OWepa IPUBELEH B II. 6.
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[Tonb3ysich TeopeMoit 06 N3MEHEHNY KOIMIECTBA, IBUXKEHUS , IOy IaeM
MHTErPAIIbHOE YPAaBHEHUE KOleOaHUI

T2

/ b (€, t2) — e (6, 12)] p (€) dE =

= ]2[k (z2) uy (T2, T) — K (21) up (21, 7)) dT + /7217 (& 7)dgdr,  (10)

t1 1 ty

rue F (z, t) — NI0THOCTH BHEIIHE CUIBL, PACCINTAHHAS HA SIWHUILY [[JIN-
HEL

[TpenmnonoXum CyIeCTROBAHNE W HEMPEPEIBHOCTL BTOPHIX MPOM3BOI-
Helx Qyuknuu u (z, t). Ipumenss Teopemy O cpemHeM U COBEPLIAS IIPe-

IENTLHBIN TIePEeXO]I ) mpu Az =1z5 — 21 — 0 u At =t —t; — 0, mpuxonum
K nuddepeHInaILHOMY YPABHEHUIO IPOOOJILHBIX KOIEOAHU CTEPKHSI 2)

[k (z) ugle = pus — F (2, t). (11)

Ecmu crepxens onuoponen (k (z) = const, p = const), To 5T0 ypaBHEHUE
3aMMCHIBAIOT CIECMYIOIM OOPA3OM:

ugt = a’ugy + f (7, 1) =/=1, (12)

roe

o,y = 22D

€CThb IJIOTHOCTH CUJIbI, OTHECEHHAs K €IUHUIE MAaCCHL.
3. DHeprusa kojie6aHUii cTpyHBI. HalimeM BhIpakeHue JIs SHEp-
Tuu monepevHbIx konmebanuit ctpyusl F = K + U, roe K — xuHeTUYECKAs
u U —noTeHnrajibHas SHeprus. QJIEMEHT CTPYHBI dI, OBUXYIIUHACS CO
CKOPOCTBIO ¥ = Uz, ODJIAJaeT KMHETUIECKON HYHEPTUEH
1 2

5 :%p(:v)d:v(ut)2 (m = pdx).

(13)

UB IallbHeUIeM Mbl OyeM OIIyCKaTh MOLPOOHOCTH, CBSI3aHHBIE C NIPENeIbHbI-
MU IepexXomaMu, KOTOpbIe ObIIN Pa300pPaHBI IPX BEIBOIE YPABHEHUS IOIEPEYHBIX
Koyie6aHUI CTPYHEL.

2) YcroBre MATIOCTH KOMeGAHMi B TAHHOM CiIydae CBA33HO TOJILKO C TDaHULER
npuMeHrMOCTH 3ak0HA ['yka. B obmem cinywae T =k (, Uz ) ¥e, ¥ MBI IPUXOOUM

K KBa3WJIMHENHOMY yPaBHEHUIO

[k (iL’, uz)uz]z = pUtt — F(.T, t).
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Kuneruueckas sHeprus Bcelt CTPYHBI PABHA,

NJI»—A

1
/p ) [ue (z, t)]? d. (14)

IMoTernnanbHAs SHEPTUA MOMEPEUHEIX KOACOAHNA CTPYHBI, MMEOIIEH
npu t = tg dopmy u (z, to) = up (z), paBHA paboTe, KOTOPYIO HAMO COBEP-
IIMTh, YTOOBEI CTPYHA TEPEIIa U3 TOJOXKEHUS PABHOBECUS B MOIOXKEHUE
uo (z). Hycrs dyuknus u (z, t) naer npodmib CTPYHLI B MOMEHT ¢, IIpU-
gem

u(x, 0):07 ’U,(CE, tO) = Uo (.CL')
OnemeHT dz O HEACTBMEM PABHONENCTBYIOLIEH CUIJT HATSIKEHUS

ou
T oz

z+dz

3a Bpemsi dt unpoxomuT nyTh Ut (z, t)dt. Pabora, mpousBomumas Bcei
CTPYHOU 33 BpeMst dt, paBHA

!
/Toumutdx dt = Tougpug| —
0

0

l
/Toux Uge dz p dt =
0

l

!
d
— /Tg (uz)? dz + To vy ug dt.
dt o
0

DN | =

Wurerpupys no ¢t or 0 mo iy, momyduaem

l
w3 e
0

to I

to
+ /TO Uy Up
0

0

dt =
0

MI»—A

1 to

/TO ug (z, to)]? dx—l—/Touxut

0 0

l

dt.
0

l\:>|>—A

HeTpynHO BBIACHUTL CMBICI TOCIENHErO CIAraeMOro IPaBOMl YACTHU
sroro pasercrsa. [eicrBurensro, Tpu,|y=0 €CTh BEIMYMHA HATIKEHUS
Ha koHue cTpyHul = = 0; wug (0, t) dt — mepeMelnieHne 5TOrO KOHIIA, & WHTE-
rpaJ

to
/To Ug Ut| =0 dt (15)
0

IpencTaBisgeT paboTy, KOTOPYIO HANO 3aTPATUTHL HA MepeMellleHre KOHIIA
2z = 0. AHAJIOTUYHBIA CMBICIT UMEET CIIATAEMOE, COOTBETCTBYOIEe T = [.

3 A. H. Tuxonos, A. A. Camapckuit
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Ecnu KOHIBI CTPYHBI 3aKpEIJIEHBI, TO paboTa Ha HUX OyIEeT paBHA HYIIO
(mpu sTom u (0, t) =0, uy (0, ¢) =0). CrnenoBarensHO, IPU HEPEMELIEHUN
3aKPEMJICHHON Ha KOHIIAX CTPYHBI U3 MOJIOXKEHUs paBHOBecus u = (0 B mo-
noxeHue ug (z) paboTa He 3aBUCAT OT cHOCO0A MEPEBONA CTPYHBI B 5TO
[IOJIOXKEHUEe U PABHA,

l
- % / Ty [l ()] da, (16)

0

MIOTEHINAJIBLHON SHEPIrUM CTPYHBI B MOMEHT t = fp C OOPATHBLIM 3HAKOM.
Taxum 06pa3oM, MOTHAS YHEPTUS CTPYHLI PABHA,

1

/ Ty (u2)® + p (&) (ur)?] . (17)

0

E =

DN | =

CoBepliIeHHO AHAJIOIUYHO MOXKET ObITH MOJLYYEHO BBIPAKEHUE IS [IOTEH-
IMAJTLHON HYHEPTUU IPOIONILHBIX KOIeba !t CTepXKHS. BipoueM, ero MOXHO
MOy IUTh TAKXKe, UCXOAs 13 GOPMYIBI Ol MOTEHINAIILHON SHEPT UL YIIPY-

TOro CTEpPXKHs
1. [1—1)\2
U=-k I
2 ( lO > 0,

roe lop— HAYAILHAS IJIUHA CTEepXKHs, | — KoHeuHas muuHa. OTCIoma Hermo-
CPENCTBEHHO CIIeMyeT

l
U= % /k(umdx.
0

4. BpiBon ypaBHEHUS 3JIEKTPUUYECKUX KOoJjieGaHUII B IPOBOAAaX.
[Ipoxoxmenue 5I€KTPUIECKOrO TOKA IO IIPOBOLY C PACIPEIeICHHBIMI I1a-
paMeTpaMm XapaKTepU3yeTcs CUIION TOKA ¢ U HAMPSXKEHUEM v, KOTOPBIe
SIBILSIFOTCST (DYHKIUSIMIY [TOJIOXKEHUSI TOUKU & U Bpemenu t. [Ipumensis 3akon
Owma x yyacTKy mMiauHOA dr, MOXHO HANUCATH, YTO HANEHUE HAIPSIKEHUS
Ha, DJIEMEHTE MPOBONA, dI PABHSIETCS CyMME DJIEKTPOMBUXKYIIINX CUJII:

— vy dz =iRdz + i Ldz, (18)
roe R u L — conporusieHue n KO3bOUIUEHT CAMONHIYKIUY, PACCIUTAH-
HBIE HA €MHAIY AJTMHBL

KonuuecTBo simekTprdecTBa, IPUTEKAOIIEE HA DIIEMEHT MIPOBOHa dr
3a Bpems dt,

[i (z,t) —i(z+dz, t)]dt = —i, dzdt (19)
PABHO CyMMe KOJIMUECTBA DK TPUUECTBA, HEOOXOMUMOTO IS 3aPAIKU BJIe-

MEHTa d.fL', I KOJINYECTBa, TEPAOILIECTOC BCIICACTBUE HECOBEPIIIEHCTBA U30-
JIAITN:

Clv(z,t+dt)—v(z,t)]de +Gdx-vdt = (Cv + Gu) dz dt, (20)
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rone C u G —x0>QPUIMEHTHI EMKOCTH W yTEUKN, PACCUNTAHHEIE HA, €IU-
HUIlY IJIMHEBL, IPUYEM BEIMYUHY HOTEPb MBI CUATAEM MPONOPIUOHAILHOM
HAPSIKEHUIO B PACCMATPUBAEMON TOUKE TPOBOMA.

W3 dopmyan (18) — (20) nonyuaem cucremy

ie+Cuvi+Gv=0,

. . (21)
vy + Lig+ Ri =0,

HA3BIBAEMYIO CUCTEMON TenerpadHBIX ypaBHEHUN D,

YT06BI MOMYYNTL OMHO YPABHEHUE, ONpEnensioniee GyHKINO 4, IPO-
nuddepeHnupyeM nepeoe paBeHcTBO (21) mo z, BTopoe—10 ¢, yMHOXWB
ero Ha (. IlpousBensi BLIUMTAHME B MPEANOIOXKEHUU TOCTOSHCTBA KO3(D-
unrenTOB, HaIEM

izz +GUI —CL’l:tt —CRit =0.

3ameHsas v, €ro 3HaUEHWEM U3 BTOPOro ypasHeHus (21), momydaem ypas-
HEHMe [JIs1 CUIIBI TOKA,

ize = CLiy + (CR+ GL)4: + GRI. (22)
AHAJTOrIYHO BEITIIAOWT ypABHEHUE IS HAIIDKCHII:
Vge = CLvg + (CR+ GL) vy + GRw. (23)

Ypasuenue (22) (unu (23)) mHaseiBaeTcs TenerpadHLIM ypPaBHEHUEM.
Ecnu MoxHO npeHe6Gpedsb MOTepsIMI 9epe3 M30JISLII0 I €CII COIPOTUBIIC-
Hue oueHb Masio (G = R 2 0), TO Mbl IPUXOOUM K U3BECTHOMY yDPABHEHUIO

KoJre6aHmt
Vg = a4V a = —_— (24)

5. Ilomepeunblie Kojtle6aHuss MeMOpaHbl. MeMOPaHO! HA3LIBAETCS
IUTOCKAsI IIJIEHKA, HE COMPOTHUBILSIONAascs u3ruby u coeury. Paccmorpum
MeMOpaHy, HATAHYTYIO Ha miockuil kouTyp C. Bymem msyuars morme-
peunbie kosiebaHusT MeMODAaHBI, B KOTOPHIX CMEIIEHUE IePIeHINKYIISIPHO
K IJIOCKOCTY MeMOpaHBbL.

IIyctes ds—»snemeHT myru HEKOTOPOrO KOHTYPA, B3STOTO HA [IOBEPX-
HOCTU MeMOpaHBI M Ipoxomsiero depe3 touky M (z, y). Ha stor sne-
MeHT mercTByer HaTskeHue, paBaoe T ds. Bexkrop T BcmencTsue oTcyT-
CTBUSI COIPOTUBIIEHUS N3rUOy U COBULY JIEXKUT B KACATEIIHLHON IFIOCKOCTH K
MT'HOBEHHO! TTOBEPXHOCTU MEMODAHBI U MEPIEHIUKYIISIPDEH K DJIEMEHTY ds.
Mo HO MOKa3aTh, YTO OTCYTCTBUE COMPOTUBIICHUS CABUTY IPUBOOUT K TO-
My, ITO BEJINYNHA HATSKEHUS He 3aBUCUT OT HAIIPABIEHUS BJIEMEHTa dS,
Tak uTo BekTOp HaTaxkenus T = T (z, y, z) aBnaserca GyHKIuen z, y u

U Dru YPaBHEHUS SIBIISIOTCS IPUOINKEHHBIMY B PAMKaX TEOPHUU JIEKTPOMAr-

HUTHOTI'O IIOJISI, TOCKOJIBKY OHU HE YUYMTHIBAIOT 3JIEKTPOMArHUTHBIX KojieOaHU B
cpene, OKPY2KaloIel IIPOBO.I.

3*
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t. Otu cBoiicTBa BekTopa T CIyXaT MAaTEeMATUYECKIM BBIDAXKEHUEM OT-
CyTCTBUS COIPOTUBIEHNS N3ruby u

CIBUTY.
B D c Bynem m3yuars mamnbie xoste-
y=vz2r-——- Oanuss MeMmOpanbl, npeHebperas

KBaIPATAMU MEPBLIX MPOU3BOMHBIX

Uy U Uy, TOoe GyHkomsa u(z, y, t)

Y=y ——— onpernenser ¢hopMy MeMOpaHBI B

Al \B » MomeHT Bpemenu t. W3 sToro npemn-

0 z=m &= [TOJIOXKEHUS CPA3y XKEe CIENyeT, 4TO

Puc. 3 Th(z,y,t) — OPOEKIIUA HATAKECHUS

Ha IUIOCKOCTB (Z, Y) — paBHA abco-

JIIOTHOW BeJIMUMHE HATsxkeHus. B camoMm meme, mpu mio60W OpueHTAIAN

nyru ds yrom ' mexmy BekTopom T m mnockocTeio (Z, §) HE IPEBOCXO-

OUT yria 7, o6pasyeMoro HOPMAJIbIO K MOBEPXHOCTU MEMODAHBI B TOUKE
(z,y) cocbro z. IlosTomy

cosy' > cosy = S S ~1,
\/1+u2+ul
T.e. cosy =21,
Ty (z,y, z,t) =T cosy 2T (z, y, 2, t). (25)
BepTuxambHas COCTaBIIMIONIAS HATAKEHUS, OUEBUIHO, DABHA,
T,=T %.

Brimenum Ha MOBEPXHOCTH MEMODAHBI SJIEMEHT TIIOMIAN, TPOEKITHS
KOTOPOrO Ha MJIOCKOCTL (%, y) aBiseTcsa npamoyrombaukoM ABCD co
CTOPOHAMU, APAJLIENIbHLIMEU OCaM KoopauaatT (puc. 3). Ha sTot snement
IEACTBYET CUJIa, HATSKEHUS, DABHAS

T = 7{ T ds. (26)
ABCD

B cuny orcyrcrBus mepemerneHust BOOIBL Oceit £ um y npoekuuu TF Ha
5TH OCH PaBHBI HYJIO:

T(xla Y, t)dy =

o3

I

—

N
)
v
s
=
U
<

[

§>\U

= /{T(:cz,y, t) =T (z1,y,t) }dy =0.

Y1
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Amnanoruuso
T2
T: = /{T(x, yo, 8) = T (2, y1, ) } dz = 0.
T

IMonb3ysach TEOPEMOI O CPENHEM U YINTHIBAS TIPOU3BOI B BEIOOPE TIIIOIIAIN
ABCD, nonyuaem

T(LL’, y1>t):T($7 y2>t)7 (27)
T(xla Y, t) = T(.Z'z, Y, t):
T. €. HATsAXEHUEe T HE MEHJACTCA [IPU UISMEHEHUN T U Y 1 MOXET 3aBUCETH
UMb OT ¢ .
[nomans xaxoro-mubo 5IeMEeHTa MeMOpPaHBI B MOMEHT BPEMEHU ¢
paBHA B HAIIEM IPUOIUXEHUN

// dz dy ://mdxdyE//dazdy. (28)
oSy

CremoBaTenbHO, B mporecce KoebaHuil He TPOUCXOOUT PACTSIKEHMUSL,
OTKYIa B CHITy 3aKOHA ['yKa BHITEKAET HE3aBUCUMOCTH HATSXKEHUN OT Bpe-
venu. Takum 06pa3oM, MBI YCTAHOBWIIM, UTO HATSKEHWE HE 3aBUCUAT OT
NIepeMeHHBIX T, Yy 1 1:

T (x, y, t) = const = Ty. (29)

[Tepetinem x BLIBOMY ypaBHeHUs KonebauHuit MmeMOpannl. Bocmomb3yem-
Cs1 TEOPEMOIA O TIPUPAIICHIT KOJIMIECTBA ABMKeHus. [lycTs S — mpoekmms
HA [UIOCKOCTH (Z, Y) HEKOTOPOro yuacTkKa MeMOpaHsl, a C7 — rpanuna Sj.
[TprpaBHUBAS M3MEHEHUE KOIMIECTBA ABXKCHIS UMITYJTBCY BEPTUKAIIBLHLIX
COCTABJIAIOMINX CHJI HATSXEHWS W BHEINTHUX NEACTBYIOMIUX CWJI C ILUIOT-
vocteio F (z, y, t), momyuaeM ypaBHEHUE KOJCOAHUN MEMODAHBI B UHTE-
rpajibHOU hopme

/ / e (@, y, ) — we (2, , 0)] p (@, y) dody =
S

to to
= //To@dsdt+///Fda:dydt, (30)
on
S1

t1 Cq t1

roe p (%, y)— NOBEPXHOCTHAs IIOTHOCTb MeMOpanwl, a F (z,y, t)—
IUIOTHOCTD BHEITHEN CUIILI (HA €IUHUITY TUIOLIAMIN).
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s nepexona x nuddepeHnaIbHOMY YPABHEHNIO IPEATIOIOXKUM, UTO
¢byukuus u (z, y, t) uMeeT HenmpepbIBHBIE BTOPBIE HpousBonusie. C momMo-

mpio TeopeMbr OcTporpanckoro— Layccal) KOHTYpHBIN MHTerpas mpe-
00pa3yeTcsl B IOBEPXHOCTHBIN:

ou
n ds = //(um + uyy) dr dy,
S1

BCJIEACTBUE YE€r0 UHTErPAJIBHOE YPDABHCHUE KOJIeOaHIHI TIPpUBOOUTCA K BULOY

Cy

[2)
// {putr — To (uge + uyy) — F (z, y, t)} dz dy dt = 0.

t1 Si

[Monb3ysick TeopeMoit 0 cpenHeM, MPOU3BOILHOCTBIO BLIOOpA S 1 IpoMe-
XKyTKa BpemeHu (i1, t3), HelaeM 3aK/I0OYEHHE O TOXAECTBEHHOM DABEH-
CTBe HYJIIO BEIpaXeHus B QUrypHbIx ckoOkax. Takum o6pa3oMm, mpuxoqum
K nuddepeHInaIbHOMY YPaBHEHNIO KojiebaHnil MeMOpaHbL

putt = To (Ugz + Uyy) + F (2, y, t). (31)

Iist omHOpOMHOT MEMOPAHEL yPaBHEHNE KOJIeOAHNI MOXKHO 3aIUCATE B BULE

Ut = 012 (uzm + Uyy) + f (LL’, Y, t) <a2 = %) ) (32)

rze f (z, y, t) — IUIOTHOCTD CUJIBI, PACCUXTAHHAS HA ENUHUILY MACCH MEM-
OpaHBI.

6. YpaBHeHUs THUAPOAMHAMHUKMN M akKycTukm. g xapakre-
DUCTUKYA [BUXKEHWS XKUIKOCTU TONB3YIOTCI QyHKumaMu vi (T, Y, z, t),
vy (z,y, 2, t), vs(z,y, 2,t), OPEOCTABIAILIAMYE KOMIOHEHTBHI BEKTODA
CKOPOCTH V B TOUKe (I, Y, z) B MOMeHT ¢ (iiIepOBHI lepeMeHHbIe). Be-
JIMUIMHAME, XapPAKTEPU3YIOIIMMA IBUXEHUE XUIKOCTHU, IBIIAIOTCA TAKKE
wiotHocts p (z, y, 2, t), masinenue p(x, Yy, z,t) U IWIOTHOCTL BHEIIHUX
neticreytomx cui F (z, y, z,t) (ecnu oHM MMEIOTCs), pacCUMTAHHAS HA
€IMHUITY MACCHL

PaccmoTpum HEKOTOPEIN 06BeM KUOKOCTH 1’ ¥ MONCYATAEM NEHCTBY-
folue Ha Hero cumibl. [IpeHebperas cumaMm TpeHUs, 00y CIOBIIEHHBIMY BSI3-
KOCTBIO, T. €. PACCMATPUBAS HACAILHYIO XKUIKOCTD, IOy YUM IS PE3YIIb-
TUDYIOIIEH CUJI NABICHUS BHIPAXKEHNUE B BUIE TOBEPXHOCTHOTO MHTETPAJIa,

—//pndS, (33)
s

rme S —noBepxHOCTh OObeMa T, N— eNVHUYHBIA BEKTOP BHEIIHEN HOP-

D Cm.: Cumupuos B. U. Kypc Beicmen maremaruxu. T. II. M., 1974. C. 207;

Bymnax B. M., ®omuu C. B. Kparusie uarerpasns: u psaasr. M., 1967.
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Masu. Popmyiia OCTporpancxoro—I‘aycca naeT

//pndS— ///gradpdv' (34)

[Tpy BEMYUCIICHNN YCKOPEHMS KAKOU-JIMO0 TOIKM XKXUIKOCTH HEOOXOMI-
MO yuecThb mepemertenue camoin rouku. llycre =z =z (t), y =y (¢), z =
= 2z (t) — ypaBHeHUE TPAEKTOPUA HTOU TOYKU. BLIUMCIUM NPOM3BOMHYIO
CKOPOCTH IO BPEMEHU:
dv 9dv 0Ov, Ov ov

PR I TSR P

0
_8_V+8_V _+_8_V _|_8_V —8_V+(V)
Tt Tar T ey T 9 T a TV
rmoe
0 0 0
S S
v 1(9:U+']8y+ 0z

Takas npon3BOmHAS O BPEMEHN, YINTHIBAIOIIAS IBIXKEHIE YACTUILI CPe-
el (cyGCTaHnmu), HA3HIBAETCS CYGCTAHIMOHANBHON WM MaTepu-
AJIbHOH. Y DaBHEHNE OBIKEHNS XKUIKOCTHU BEIPaXKaeT OOBIUHYIO CBI3b MEX-
Iy YCKOpPEHNEeM YaCTHIl 1 OeACTBYIOIMMME Ha HUX CHJIaMU

[ oo ff s o

rIe IOCHEeNHUY MHTErPaJl IPeACTaBIISIET CODO PABHONENCTBYOIIYIO BHEIII-
HUX CUJI, IPWIOXKEHHBIX K 00beMy 1. OTcCooma B CUIy NPOM3BOJIBLHOCTH
obbema T mosy4yaeM ypaBHEHUE MNBUXKEHUS MOCATIBLHON XUOKOCTU B POp-
Me Dumepa:

1
vi + (vV)v =——gradp+ F. (36)
p
[Tepeiinem x BEIBOMY ypaBHEHUs HenpepeiBHOCTU. Kciu BuyTpu T HeT

HUKAKWUX UCTOYHUKOB WX CTOKOB, TO M3MEHEHVE B €IUHUILY BPEMEHU KO-
JINYECTBA, XXKUOKOCTH, 3aKITIOUEHHON BHYTpU 1', paBHO MOTOKY Uepe3 rpa-

Huiy S
%///pdt:—é/pvnds. (37)
T

B camom meme, pn = pcos(n, z)i+ pcos(n, y)j + pcos(n, z)k, rme
i, j, k—enunwuHBIE BEKTODEI B cucreme koopmwHAT (I, Y, 2),

[ [romtme [ i

1)
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[IpeobpasoBanre TOBEPXHOCTHOTO MHTEIPasia, B OOBEMHBIN JaeT

/T// (% +diVﬂV> dr =0.

Tak xak 5TO PaBEHCTBO CIPABENJINBO IJIsl CKOJIb YTOMHO MAJIBIX 0OBEMOB,
TO OTCIONA CIleAyeT YpaBHEHUE HEIPEPEIBHOCTH

dp . _
T + div(pv) =0,

nim

0 .

8—/;+vgradp+pd1vv:0. (38)
K ypasuenusm (36) u (38) ciemyer HpHCOEOVHUTH TEPMOOMHAMUIECKOE
yPaBHEHHE COCTOSHU A, KOTOPOE MBI 30€Ch BO3BMEM B BULE

p=f(p).

CrienoBaTenbHO, MBI TIOIIyYaeM CUCTEMY ISATU YPABHEHWI C MATHIO HE-
U3BECTHBIMU QYHKIMIMHA Uy, Uy, Uy, P U p. Ecaum O6uI ypaBHEHHE COCTO-
SIHUST CONEPXKAJIO TEMIIEPATYPY, TO HYXKHO ObLIO ObI MOOABUTH €Il ypaB-
menue rtermmonepesoca (cm. Hpumoxenue IV). Taxum o6paszoM, cucrema
ypaBHEHUN

ov

T (vV)v=F — %gradp,

ap | .. _ (39)
9% + div(pv) =0,

p=f(p)

MIPENCTABIISET 3aMKHYTYIO CUCTEMY YPABHEHUN TIIPONMHAMUIKN.

[Ipumenum ypaBHeHUS THOAPOMUHAMUKY K [IPOLECCY PACIPOCTPAHEHUSI
3ByKa B rase. CmemaeM Cemyronme IOnyIeHns: 1) BHeIHNe CUIIBI OTCY T-
CTBYIOT; 2) IIPOLECC PACIPOCTPAHEHUsS 3BYKA SIBIISIETCS aAnabaTUIeCKIM,
[I09TOMY ypaBHEHUEM CcOCTOsiHUs ciryx)uT anumabara [lyaccona

) (-2)
P Y==1>
Po Po Cy

rmoe PO U Po — Ha4YaJIbHAA INIOTHOCTH M Ha4YaJIbHOE NaBJICHHUE, Cp n Cy—
TENIOEMKOCTH IIPU TIOCTOSHHOM [ABIICHUN U OCTOIHHOM 00BeMe; 3) KOoJe-
OaHWUs ra3a MaJibl, MOXHO MpPeHeOperaTh BRICIIUMU CTEIIEHSIMU CKOPOCTEN,
T'paaueHTOB CKOpOCTeﬁ 1 U3MEHEHU IJIIOTHOCTU.
Hasoem koumeucanueiu rasa semuuudy s(z,y, z, t), DPABHYIO
OTHOCHUTEJIbBHOMY M3MEHEHNIO IIJIOTHOCTH:
sy 1) = L, (40)
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OTKyma
p=po(l+s). (41)

YpaBHEHUS TEAPOAMHAMUKIY IIPYU CAEIAHHBIX MPENIOIOKEHUSIX [IPU-
HUMAIOT BUI

1
vy = — —gradp,
Po

pt + podivv =0,

p=po(1+5s) Zpo(1+1s),
TaK KaK

1 1 1
—gradp=—(1—-s+...)gradp= —gradp+...,
p Po Po

divpv =vgradp + pdivv = pgdivv + ...,

raoe TOYKaMNn 0003HaYEHDbI YJICHBI BTOPOrO 1 BBICHIECT'O IMOPAOKOB MaJIOCTH.
Brens o6oznauenne a® = ypy/po, mepenuiiem cuctemy (42) B cremyromem
BUOe:

Vi = —azgrads,} ,

. (42"
sy +divv = 0.

[pumenss k mepBoMy ypasHeHuo (42') omepaTop MUBEPreHIUN U MEHSSI
nopsnok nuddeperupopanus, 6yaeMm UMeThb
ov 0
div— = — divv = —a®div (grad s) = —a®> V?s = —a’® As
5% = i (grad s) ;
roe
0? 0? 0?
=t ast s
0z?  Oy? 022
—omneparop Jlannaca. Ucnonssys sropoe ypasaenue (42'), monyqa-
eM ypaBHeHUe KojieOaHun

Vi=A

1

As = ? Stty (43)

I
2 _
a® (Sgg + Syy + Szz) = Str.

Orcrona u u3 (40) nosyuaem ypaBHEHUE ISl [LIIOTHOCTH

a® (pzz + pyy + /)ZZ) = Ptt- (43I)

Ypasuenus (43) u (43') aBnstorcs ypaBHeHusAMu Koiebauuii. Beenem
Temepb MOTEHIUAN CKOPOCTEH U MOKaXeM, YTO OH YOOBIETBOPSET
TOMy ke ypaBHEHUIO Kojebauuii (43), 4TO U KOHIEHCALU.
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W3 ypaBrenus
v; = —a’grads
crenyeT

t

v(z,y, z,t)=v(z,y, 2z, 0) —a® grad /sdt , (44)
0

roe v (z, y, z, 0) — HauasBHOE pacupenenenue ckopocreir. Eciu mome cko-
pocTell B HAYAIILHBEIM MOMEHT IIOTEHINAJIBHO:

V|t:0 = _gra‘df (fE, Y, Z)v (45)

TO IMEET MECTO COOTHOILICHUE
{ i
v = —grad [f(:v, Y, z)+a2/sdtJ = —gradU, (46)
0

KOTOpOE 03HAUAET, YTO CyILIECTBYeT moTeHmaln ckopocreir U (z, y, z, t).
3HaHUsI MOTEHIUAIIA CKOPOCTEN MOCTATOYHO [JIsI OIMMCAHUS BCETO MPOLIECCA

JOBUXKECHU A 1) :

<
Il

—gradU,
(47)

»
I

a_12 Ut.
[ToncTaBuB 5TU 3HaUEHNUS B YPABHEHNE HEMIPEPHIBHOCTH
s +divv =0,
TIOJIyYNM ypaBHEHUe KojgeOaHui IS TOTEHITNAIIA,
a® (U + Uyy + Us.) = Uy,
I
Utt = (12 AU (48)

I maBneHws: P W CKOPOCTH ¥ TAKXKE MOXKHO MOIYYIATH yPABHEHUE KOJIE-
Gauuit Buna (48), HasbIBaEMOE YaCTO YypABHEHUEM aKyCT UK.

D Us dopmyner (46) BroHO, 9TO moTeHmMAI U OHPENENEH ¢ TOYHOCTHIO IO
CJIaraeMoro, SBIISIOLIEroCs Ipom3BONbHON ¢GyHknumer t. W3 ypaBmenms vi =

1
= —a?grads u coormomenns (46) cmemyer grad (s - = Ut) =0, T e s=
a

1 ,
=— U; mpwm COOTBETCTBYIOIIEH HOPMUPOBKe MoTeHumasia U.
a
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[Tpu permenun 3amad o1l AByMEPHOTO U OTHOMEPHOTO CIIYYa€eB HAIO B

0? 0?
ypasuenuu (48) oneparop Jlamiaca 3aMeHUTBH OmepaToOpoOM 92 + 902 1
€ Y
82
927 cooTBeTCTBeHHO. llocTosHHAS
x

_ [P0
a=./2
Po
“MeeT Pa3MEPHOCTH CKOPOCTH U, KaK OymeT MOKa3aHo B § 2, ABJIAETCS CKO-
POCTBHIO PACIPOCTPAHEHMS 3BYKA.
BorunciuM ckopocTh 3ByKa B BO3MyX€ MPU HOPMAJIBLHOM aTMOChep-

HOM maBneHuu. B srom cmyuae v = 7/5, po = 0,001293 r/cm®, py =
= 1,033 xr/cm?; crenoBaTeNbHO,

a= ]2 =336 u/c.

Po

B cnyuae xomebanuii raza B OTpAHUYEHHON OOJIACTU HA €€ T'PAHUIE
JOJI2XXHBI OBLITDH 3a0aHBI ONIPpENCJICHHBIC TDAHUYHEIC YCJIOBUS. Ecmn TpaHUIla
MIPeNCcTaBIIsgeT COOON TBEPAYID HEIPOHUIAEMYIO CTEHKY, TO HOpPMaJlbHAas
COCTABIAKOIIAA CKOPDOCTU PaBHA HYJIIO, YTO IPUBOAUT K yCJIIOBUAM

8—U—OMIA§
onle T

—0. (49)
) n

7. I'paHunuHble U HadYaJIbHBIE YCJIOBHUA. lIpm MaTeMaTUIecKOM
onucaHuy GU3NIECKOro IPOIECCa HANO IPEXIe BCEro OCTABUTH 33y,
T. e. chOPMYINPOBATE YCIOBUS, JOCTATOUYHBIE [JIs ONHO3HAUYHOTO OIpese-
JIEHUS IIPOLIECCA.

Hubdepennnanbubie ypaBHEHUs ¢ OOBIKHOBEHHBIMU U, TeM Ooiee, C
YACTHBIMU [TPOM3BONHBIME MMEIOT, BOOOIE TOBOPsI, 6ECUNCIIEHHOE MHOXe-
ctBo perteruii. [losTomy B TOM ciyuae, Korma Gusndeckas 3a1a9a IPUBO-
OUTCS K YPABHEHUIO C YACTHBIMU ITPOU3BOAHBIME, 151 OMHO3ZHAUHON XapPaK-
TEPUCTUKY [IPOIECCa HEOOXONMMO K YPABHEHUIO IPUCOEANHATE HEKOTOPEIE
[IOMOJTHUTEINIbHEBIE YCIIOBUS.

B ciyuae obbikHOBeHHOrO nuddepeHnrnasbHOr0 ypaBHEHUs 2-TO MO-
PSIOKA DEIIeHre MOXeT OBITH OMpeNesieHO HAYAILHBIMU YCIIOBUSIME, T. €.
33JaHEeM 3HAUYeHN (GYHKIINY U ee IIEPBOW ITPON3BOMSHON IIPU «HAYAIIELHOM>
3HauyeHun aprymenTa (3anaga Koum). Berpeuatorces u npyrue dpopmer no-
MIOJTHUTENBHBIX YCIIOBUIA, KOT1a, HATPUMED, 3a0AI0TCS 3HAUCHNS BDYHKITIN
B IByX TOYKax (3amada o uenHou juHuu). Ijis ypaBHEHUs C 4aCTHBIMU
IPOM3BOMHBIMYU BO3MOXKHBI TAKXKE DPA3IUYHBIE (DOPMBI TOMOTHUTEITHEHBIX
YCIIOBUI.

PaccmorpuMm cHagasa mpocTERIyio 3a1ady O HONePEeYHbIX KojiebaHu-
X CTPYHHI, 3aKPEIJICHHON Ha KOHIAxX. B sToit 3amaue u (z, t) maeT oTKIo-
HeHue CTPyHBI 0T ocu z. Eciu xouus! crpyssl 0 < z </ 3akpemnieHsl, To
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JOOJI2KHBI BBITIOJIHATHCA ((I‘pa,HI/ILIHBIe y(}J'IOBVIH))
w(0,8)=0, u(l,t)=0. (50)

Tax xax mporecc Kome6aHni CTPYHBI 3aBUCUT OT €€ HAYAJILHON GOPMBI I
pacmpeneneHusl CKOPOCTe, TO CIenyeT 3aaTh «HAUAJIbHBIE yCIOBUS>!

’U,(.CL', tO) = (P(x),
ut (z, to) = 9 ().

Taxum 06pa30M, TOMOJTHATENBLHLIE YCIOBHAS COCTOAT M3 TPAHWYHBEIX U HA-
YaJIbHBIX ycioBuil, roe ¢ (z) u 1 (r) —3amandble byHkuum Touku. B
MAITLHEHAIIEM MBI TOKAXKEM, UTO STHU YCIIOBUS BIIOITHE ONPENEIII0T PEIICHIE
ypaBHEHUS KOJIeOaHMN CTPYHBI

(51)

Ut = 0 Ugy . (52)

Ecnu KOHIIBI CTPYHBI ABUXKYTCS MO 380aHHOMY 3aKOHY, TO TPAHWYHEIE yCITO-
Bus (50) IpUHUMAIOT OPYrOW BUA:

u (0, t) = pa (t),
U (l7 t) = 2 (t)7

roe p1 (t) u po (t) —3amaHHBle QYHKIUM BpeMeHU t. AHAJIOTWYHO CTa-
BUTCS 3384498 IJIsI IPONOIILHEIX KOICOAHUN CTPYHEI UK IPYKUHEL
BosmoxHEL U Opyrume THOBI TPAHAYHBIX ycioBuil. Paccmorpuwm, Ha-
OpUMep, 3a0a4y O NMPONOILHBIX KOJEGAHUSX MPYXKUHBLI, ONUH KOHEI KO-
TOpOIl 3aKperuieH (TOYKa MOmBeca), a APYroil CBOOONEH. 3aKOH [BUXKEHU
CBOOOOHOTO KOHIIA HE 33aH U 33UaCTYIO SIBISETCSI UCKOMOR (DyHKIUEH.
B touke nonseca z = 0 oTkiOHEHUE

u (0, t) = 0;
Ha, CBOOOMHOM KOHIIE T = | HATIRKCHUE MPYKUHEI

ou
T (1, t):ka (53)

PaBHO HyIIO (HET BHEIIHUX CWJI), TAK ITO MATEMATHYECKAs HOPMYIIPOBKA
YCII0BUS CBOGOMHOTO KOHIIA, UMEET BULI
ug (I, t) =0.
Ecnu kornen = 0 gBukeTcs o onpeneneHHOMy 3akony w4 (t), anpu z =1
3amana cuma v (t), TO
D(t)) .

TUNUUHBIM IBIISIETCSA TAKXKE YCIOBUE YIIPYTOTO 3aKPEIICHNS, CKAYXKEM, I
T =1

(50")

z=l

i

w (0,0 = n(®), usl ) =v () ( (t) =

ku, (I, t) = —au(l, t),
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niim

e (I, ) = — hu (1, ) (h::%), (54)
IpY KOTOPOM KOHEIl T = | MOXEeT MepeMeInaThbCsi, HO YIpyras CUja, 3a-
KpeIIeHsT BBI3BIBAET HA 5TOM KOHIE HATSXKEHWe, CTPEMSIIIeeCs BePHYTh
CMECTUBIIUNCS KOHEIl B MPEXHEE MOJIOXEHNe. JDTa CUJIA, COTJIACHO 3aKO0-
uy [yxa, mpomopunonaibaa cMemeruto u (1, t); kodhdunumenT npomnopim-
OHAJILHOCTH (¢ HA3BIBAETCI KO3(PPUIIMEHTOM XKECTKOCTH 3aKPEIIeHNSI.
Ecmu Touka (cucTema), OTHOCUTENBLHO KOTOPOIL UMEET MECTO YIPYToe
3aKpeINIeHre, IEPEMEITAETCS U ee OTKIIOHEHNE OT HAYAJIBHOIO IOJIOXKEHNU S
nmaercsa dyukuuei 6 (t), TO rpAHUYHOE YCIOBUE NIPUHUMAET BUL

ue (I, t) = —h[u(l, t) — 0 (t), h:%>0 (55)

Y coBue yIpyroro 3aKpemieHns Ha JIeBOM KOHIe ¢ = 0 mMeeT Bu
2(0,t)=h[u(0,t)—0(t)], h>0

(bopManbHO MOXHO cunmTaTb, 4To (55) mMmeer mecto m mpu z = 0, HO
h < 0). Caemyer OTMETUTb, YTO B CIydae KECTKOTO 3akpemieHus (o
BENNKO), KOrZIa HaXke HeOONbIINe CABUTY KOHIA BBEI3LIBAIOT GOJBIINE HA-
TSDKeHUs, rpaHnaHoe ycaosue (55) mepexomutr B ycnosue u (I, t) = p(t)
(a = 00) mpu p(t) =0(t). B cinyuae msarkoro sakpemienus (@ Maio),
[IPU KOTOPOM GOTBIIINE CIABUTY KOHIIA BBHISBIBAIOT CIIA0BIE HATSIKEHUS, TPa~
HUYHOE yCIIOBUE [EPEXONUT B yCJIOBKE CBOOOLHOIO KOHIA

ur (I, t) =0 (a=0).

B nanpreiiirem MbI 6yeM rOBOPUTH O TPEX OCHOBHBIX TUIIAX I'DAHUY-
HBIX YCJIOBUI:

rpaanunoe ycaosue 1-ro poma u (0, t) = p (t) — 3amaHHBI pexuM,
rpaHUYHOE ycioBue 2-ro pona u, (0, t) = v (t) —3amannas cuna,

IPaHUYHOE yCIIoBUE 3-T0 poma u, (0, t) = h[u (0, t) — 0 (¢)] — ynpyroe
3aKperuieHue.

Ananornyso 3amar0TCs TPAHUYHBIE YCIIOBUS U HA BTOPOM KOHIE I =
= . Ecnu dyuxuuu, 3amaBaemeie B mpasoit uactu (u (t), v (t) wm 6 (1)),
PaBHBI HYJIIO, TO IPAHUYHBIE YCIIOBUS HA3BIBAIOTCSI ONHOPOLHLIM .

KomOuuupyst pa3nudHble NepeuncIeHHbIe TUIL FPAHIYHEIX YCIIOBUH,
MBI [OIYYUM IIECTh TUIOB IPOCTEMIINX KPAEBBIX 3a0aM.

Bosee cimoxnoe rpaHmuHOE yCiOBHE MMEET MECTO, HAIPUMED, [pU
YIPYTOM 3aKPEIICHUN, He MOMUMHSIONIEMCS 3aKoHy ['yka, korma HaTsIXe-
HIIE Ha KOHIIE SIBJISIETCS HeJlMHeHOU (yHKuuen cmernenus u (I, t), Tak aTo

w1, 0) = 3 Flu(l, 0] (56)
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OTO rpaHUYHOE YCIIOBUE B OTIIMUKE OT PACCMOTPEHHLIX BBIIIIE SIBJISETCS HE-
srHenHBIM. BO3MOXHEL, 1ajee, COOTHOIIEHNS MEXAY CMELIEHUSIMI U HATSI-
JKEHUSIMU Ha PA3HBIX KOHIAX cucTteMbl. Hampumep, B 3amadax o xonebaHuu
KOJIbIIA, Korna © =0 m £ = mpencTaBisioT OOHY U TY XK€ GQU3MIECKyIo
TOYKY, TPDAHUYHBIE YCJIOBUS IPUHUMAIOT BUI

u (l) t) =u (07 t); Uy (0) t) = Ug (l) t)> (57)

T. €. CBOOATCS K TPeOOBAHUSIM HENPEPBIBHOCTU U U Ug. lIpom3BomHbIE
mo ¢ MOTYT TakKXe BXOOWUTHL B T'DAHUYHLIE yCioBUs. Ecmu xoHell mpyxu-
HBI UCOBITHIBAET COIIPOTHUBIIEHUE CPENBI, IPOIOPIUOHAIBHOE CKOPDOCTHU €O
nBukeHus (K KOHILY TPYXKWHBI IPUKDPEIIIEHS, FIACTUHKA, TIOCKOCTh KOTO-
POIl IEPIEHAUKYILIPHA OCY IPYKUHBL), TO FPAHUIHOE yCIIOBIE IPUHAMAET
BUI

kug (I, t) = —aug (I, t). (58)

Ecnu x xoHIly # = | NpyXWHBI IPUKPEIIIEH T'PY3 MACCHL 1713, TO Ipu & = [
IOJIKHO BBIIOJIHATHCS yCIIOBUE

mu (1, 1) = —kug (1, t) + mg. (59)

s monepevyHsIX KOJeOaHN CTPYHEL BCE TPAHMYHLIE YCIOBUS 3aIIMCHIBA-
IOTCS B TOI X)e dopme ¢ 3amenon k ua Tjp.

B manbHedeM MBI OTDAHUYUMCS PACCMOTPEHUEM TPEX MPOCTENIINX
THUIOB FPAHUYHBLIX YCJIOBUI, HPOBOMA OCHOBHOE M3JIOXKEHHME Ha IPUMEPE
TEPBOTO TUMA FPAHUYHOTO YCIIOBUSI U OTMEUas JIUINL TOMYTHO 0COGEHHO-
CTH, CBA3AHHLIE CO BTOPLIM U TPETHUM YCIIOBUASIMM.

CoopMynmupyem mepBY0 KpaeBy 3amady nms ypasaerus (5).

Hatimu  gynkuyuro u(z, t), onpedeaennyro 6 obaacmu 0 < z < I,
t > 0, ydosaemsopaiowyto ypasHeHuo

Usp = a%Ugy + [ (2, 1) dag 0<z <I, t>0,
2P AHUUHBIM
u (07 t) =M (t)a

1) !
wl, )=y 70 (609

U HaYaAbHBIM YCAOBUAM

’U,(.CL', 0) = ‘P(x)a
Ut (CL‘, 0) :’(/J(l‘)

Anamornuso crasuTcs 3amada nis ypasaerus (11).

Ecir Ha 0oboux kOHIAX GEpPyTCs rPAHUYHBIE YCIOBUS 2-TO WM 3-TO
porma, TO COOTBETCTBYIOIIINE 33134 HAZKIBAIOT BTOPOM WX TPEThel
kpaeBeIMU 3anavamu. Ecau rpannynse yemoBus ipu £ =0 u x =1

O0<z<l). (60")

1) MEeI He OoCTaHaBIMBAEMCS Ha, ClIy49ae, KOrna 'PaHNYHBIE YCJIOBUS 3aaHBI HA

orpeske 0 <t < tp.
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UMEIOT DPa3INYHLIE TUMLI, TO TaKWe KPAEBbIe 3a0aUl HA3LIBAIOT CMEIIaH-
HBIMU, HE TIPOBOMAs 6oJiee MOOPOOHON UX KIIACCUDUKAITIN.

O6paruMcs Temepb K PACCMOTDPEHUIO MPENEbHBIX CIIYYaeB MOCTa-
BJIEHHOI 3aa4u. BiiusiHue rpaHuvHBIX yCioBuil B Touke My, mOCTATOIHO
VIOAJIEHHON OT I'PAHUIEBI, HA KOTOPOI OHU 330aHBI, CKA3BIBAETCS Uepe3 Ho-
CTATOYHO GOJIBINON TPOMEXYTOK BPEMEHU.

Ecin mac waTEpECYyeT sBIEHUE B TEUYEHUE MAJIOrO [IPOMEXYTKa Bpe-
MEHIU, KOT[Ia BIUSHNIE FPAHUIL €Ille HECYIIIECTBEHHO, TO BMECTO ITOJTHOW 3a-
Iady MOXHO PACCMATPUBATEL IPENEIbHYI0 33444y C HAYAIBHBIMU
YCIOBUSIMU IJIsI HEOTPAHUIEHHON 0OJIaCTH.

Hatdimu pewenue ypasnenud

Ut = 02 Uge + f (2, 1) Oag — oo <z <00, t>0

C HAYAAbHBIMUYU YCAOBUIMUY,

U(IE, 0) = ‘P(x)a
ut (z, 0) =4 (2)

OTy 3amady gacTo HasbBalOT 3amaveit Kormrnm.

Ecin xe mpl m3yuaem siBieHre BOJIK3M OQHON IDAHWLBI W BIIASHUE
TPAHUYHOIO PEXMMA Ha BTOPOW TDAHUIE HE MMEET CYIIIeCTBEHHOTO 3Ha-
YeHUs Ha IPOTSIXKEHNN NMHTEPECYIOIEro HAC MPOMEXYTKa BpEMEHN, TO MBI
IIPUXOOUM K IOCTAHOBKE 331841 Ha MOJIyorpanndeHon npsamon 0 < z < 0o,
KOT'ZIa, IOMUMO YPAaBHEHUS NAHBI NOMIOHUTEBHEIE YCIIOBUS

u(0,t) =pu(t), 20,
u(z, 0) = ¢ (z),
u (2, 0) = ¢ (x),

XapakTep sIBI€HUs OJIS MOMEHTOB BPEMEHU, MOCTATOYHO YIAJIEHHBIX
OT HAYAILHOTO MOMeHTa, ¢ = (), BHIOJIHE ONMpEeNeNnseTCs IPAHNIHBIMUI 3HA-
YEHUSIMU, TaK KaK BIMSHIE HAYAJILHBLIX YCIIOBUN Ojlaronaps TPEHWIO, IPU-
CYILIEMY BCSKOU pPeaJIbHON CHCTeMe, C TeUYeHUEeM BpeMeHHu OciaabeBaeT D,
3amaum 5TOro TUma BCTPEYAIOTCS OCOOEHHO YaCTO B CIIyYasX, KOTHA CH-
cTeMa BO30YXKIAETCS MMEPUOANYIECKAM TI'DAHUYHBIM DEXUMOM, HENCTBYIO-
LUM [LIUTENbHOE BpeMs. Takue 3amadn «0e3 HAYallbHBIX yCIOBU» (HA
YCTAQHOBUBIIMIACS PEXUM) HOPMYITUPYIOTCS CIEAYIOMIAM O00pPa30M.

Hatimu pewenue usyuaemozo ypasuenud dad 0 <z <1 u t > — o0
NPpU 2PAHUYKHBIT YCAOBUIT

npu  — 00 < x < 00. (61)

62
0<z<o0. (62)

(63)

b YpaBHeHUE KOJIEOAHUI C YUETOM TPEHWUs, IPOIOPUUOHAIBLHOTO CKOPOCTH,

uMeeT BUI

Ut = Q2 Upy — UL (a > 0).

TTonpo6uee o mocTanoBke 3amayd 6e3 HaYAIBHBIX ycioBui npu « =0 cM. § 3, m. 7.
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Anamornuno crasutca 3amaua 63 HAUAIBHBIX YCIOBUN MIJIS OIYOTPaHM-
YEHHOU MIPSIMOU.

B mampuediem M1 6yneM pacCMaTPUBATH TIOMUMO OCHOBHBIX KPAEBBIX
33189 TaKXKe IIPeNesIbHBE 3aIaUN:

1) 3amaun B GeckOHEYHOU 0OJIACTHU, KOrAA ONHA Wi 06e rPAHUIbLL Ha-
XOmsITCS B OECKOHEUHOCTH;

2) 3amaqu 6€3 HAYAIIBHBIX YCIOBU (Ha yCTAHOBUBIIUICS PEXMM), KO-
TIa PAcCMaTPUBAETCS DeElIeHUe, OIpeNeleHHOe B TedeHUe OEeCKOHEUHOTO
[IPOMEXYTKa BPEMEHU.

8. Penykrmusa oGiieii 3agaun. [Ipu pemrenun ciaoXHOR 3a,0a4u eCTe-
CTBEHHO CTPEMUTHCS CBECTH €€ PEIICHNE K PELIEHO 00JIee TPOCTHIX 3a1a4.
C 50l HeNbIo NPEACTABUM peleHne O0IIel KPAeBOl 33,Ja4YN B BILIE CYMMbI
PELIeHNH psIma YaCTHBIX KPAEBBIX 3aIad.

Oycre w;(z,t) (1=1,2,...,n) — OyHKOUH, yHOBIETBOPSIIOLILE
YPaBHEHUSIM

Bzui _ (1,2 82Ui

ot? 02

mpu 0 <z <[, t >0 ¥ DONOJIHUTEILHBIM YCIIOBUSIM

+ fi(z, t) (64)

OueBUmHO, YTO UMEET MECTO CYNEPHO3ULNS PEIICHWI, T. €. PYHKIMs

ul® (z,t) = Zui (z, 1) (66)

YIOBIIETBOPSIET aHAJOTMYHOMY YPABHEHUIO C IIPABOM YaCTbIO

n

f(O) (ZL’, t) = Zfl (ZL’, t) (67)

i=1
U OOIOJIHUTEILHLIM YCIIOBUAM, IIPABbIe YACTU KOTOPLIX CYyTh (DYHKIIUN

\

() =3 om0 (k=1,2),

o0 () = 3¢ (o), (68)

YO (2) = 39 (a).
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Yxa3aHHBIM TPUHIWTI CYHNEPIO3UINN OTHOCUTCS, OUEBUIHO, HE TOJIb-
KO K MAHHOW 3a/1aue, HO U K JII0OOOMY JIMHEHHOMY YPABHEHUIO C JIMHEHHBIMUI
IOTIOTHUTENIEHBIMU Y CIIOBUSIMU. O TUM CBONCTBOM MBI B HAJILHENAIIIEM HEOM-
HOKDPATHO OyleM IOIb30BATHCS.

Permtenne ob1reit kpaeBoit 3amadn

Ut :azuzz+f(x> t)\
0<z<lI, t>0);
u (0, t) = p (1),
wll, ) = pa (0 (69
u(z, 0) = ¢ (),
ug (z, 0) =9 (x)

MOXET OBITh IpencTaBJICEHO B BUOE CYMMBL

u (fE, t) = U1 (fE, t) + u2 (.CL', t) + us (fE, t) + uq (fE, t)7 (70)
roe Ui, Uz, U3, U4 — PEHICHWS CICMYIOMNX YACTHLIX KPACBBIX 3aa4:
0%u; Pu; .
= et sl (i=1,2,3),
O<z<l, t>0),
62U4 0 U4
8t2 282+f($7t)
U1 (Oat) =0, u2(07t) = p‘l(t)) ( ) =0, U,4(0,t) =0,
ul(lvt) =0, U'Z(l:t) =0, ( ) H2 (t)v U,4(l,t) =0,
Ul(iﬂ,O) :(,0(.1'), Uz(.fL',O):O, ( ) :07 U4($,0) :Oa
U'lt(xao) = ¢($)7 u2t(xa 0) = Oa U’3t( ) = 07 U4t(£L', 0) =0.

(71)
M&I OrpaHUIUMCS 30€Ch 5TON GOPMATILHON PENYKINEH II1sT TOTO, YTOOBI Xa-
PaKTEPU30BATH YACTHEIE KPAEBLIE 33144, COCTABIISIIONINE OCHOBHLIE HTa-
bl Ipu pereHny obImer 3amadn. AHAIOrUYHAS PEMyKIUs MOXET ObITh
IPOUW3BENEHA U NS IPENeIbHBIX CIyJaeB OOIIell KPAeBOW 3a0a4M.

9. ITocraHoBKa KpaeBBIX 3ama4 OJIA CJIydas MHOTHUX IIepeMeH-
HBIX. MBI TOOTPOOHO PACCMOTPENN IOCTAHOBKY KPAEBLIX 3a0at IS CITyUast
OIHOI HE3ABUCUMOI FeOMETPUIECKOi nepeMenHoll (1 Bpemenu t). Ecnun
YIICII0 TEOMETPUYECKUX IePeMeHHBIX 1 > 1 (Hanpumep, 1 = 3), To nepBas
KpaeBasl 3a71avua CTABUTCS COBEPIIIEHHO CXOOHBIM 00pa3oM.

Tpebyemces watimu gynkyuwio u (M, t) =u(z, y, z, t), onpedeaennyio
npu t > 0 enympu 3adannott obaacmu T ¢ epanuyet Y, ydossemsops-
owyro npu t >0 swympu T ypasnenuio

utt:azAu"_f(M) t) (M(:L’, Y, Z)ET, t>0)) (72)
CPAHUYHOMY YCAOBUNW HA Y
ulg =p(Pt) (P(z,y,2) €%, t>0), (73)

4 A. H. Tuxonos, A. A. Camapckuit
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roe u(z, y, z,t) — Pynkuug, 36a0awnad wa X, U HOUAAbHLIM YCAOBUIM
u (M, 0) = p (M),
M(z,y,z)eT). 74
u (M, 0) = ar) | MOBAET) ")

Pasmoxenue obiielt kpaeBoit 3amauu Ha psam 60Jiee MPOCTHIX MPOUCXOOUT
aHaJIOrn4yHO npenmecrsyomeMmy. OTMeTIM, 9YTO BO3MOXKHA, TaKXKe IIOCTa-
HOBKA MIPENeNbHBIX KPAEBBIX 33/1a4 IJIsI HEOTPAHWYEHHOUW O0JIaCTH, MOITY-
IIPOCTPAHCTBA U T. I.

10. Teopema enuHcTBeHHOCTH. lIpu; pereHnn KpaeBLIX 3319 Ha-
no ybenuThbCs B TOM, YTO:

1) momoNHUTENBHBIE YCIOBUS NOCTATOUHEI [Jisl BLIICIICHUS ONHO3HAY-
HOT'O PELIeHUs; 5TO JOCTUTAeTCs JOKA3ATEILCTBOM TE€OPEMBl € IUHCT -
BEHHOCT I

2) IOMOJHUTEBHEIE YCIIOBUS HE MEPEONPENESIIOT 3a0a4y, T. €. Cpe-
OV HUX HET HECOBMECTHBIX YCJIOBHUI; 5TO MHOCTUTAETCS NOKA3aTEIILCTBOM
TEOPEMBI CYIIE€CTBOBAHMS; NOKA3aTEIIBCTBO CYLIECTBOBAHUS PeIlle-
HUS OOBIYHO TECHO CBSI33aHO C METONOM HAXOXIEHUS PEIIeHUS.

B macrosieMm nynkTe HaMu OymeT MOKA3aHA CIEOYIOIas TeopeMa
€IVMHCTBEHHOCTHU.

Bosmoaeno cywecmeosanue moavko 0dwot gywkyuu u(z, t), onpe-
deaennot 6 obaacmu 0 <z <[, t >0 u ydosaemeopsiowels ypasnenuo

p@) G =5 (FOGE )+ F ) 0@ >0 k@ >0, ()

O<z<l, t>0,

HAYAALDHDIM U 2P AHUYHBIM YCAOBUAM

U(IE, 0):90(:”)7 Ut ((E, 0):¢($)7
U(O, t):ul (t)> u(l)t) = K2 (t)a

ECAlU BLINOAHEHDL YCAOBUL:
1) pynxyug u(z, t) u npouszsoduwie, srodawue 8 ypasuenue (75),

a maxgxce npou3sodnad Uz wenpepvieubt na ompesxe 0 <z <1 npu t >

2 0;

2) xoodduuuenmvr p () u k(z) nenpepvisnot na ompesxe 0 < x < 1.

HomyctuMm, 9T0 CyMIECTBYET OBA PELIEHUS PACCMATPUBAEMON 3aIaUN:

(76)

U1 (.CL', t)a U2 ((E, t):

U PacCMOTPUM Pa3HOCTh U (z, t) = u1 (z, t) — us (x, ).
®dyukuusa v (x, t), OYEBUAHO, YHOBIETBOPSIET OLHOPOLHOMY yDaBHe-

HUIO
0%v 0 Ov
"o = os (’“ %) (77)
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7 ONHOPOIHEBIM JOHOITHITEILHBIM Y CIIOBISIM
0)=0 0,t)=0
v (.’I/', ) ) U( ) ) ) (78)
v (z,0)=0;, w(l,t)=0,

a TaKXe YCJIOBUIO 1 TeopeMBbl.
Hoxkaxem, aTo Gyukuus v (z, t) TOXIECTBEHHO PABHA, HYIIIO.
Paccmorpum dpyuxmio

l\:>|>—A

l
=5 [ o) + p () do (79)

U IOKAXKeM, 9TO OHa He 3aBucut oT t. Pusuueckuit cmeicst dyukuuu F (t)
OUYEBUIEH: HTO IIOJIHAs SHEPIUs CTPYHBI B MOMEHT Bpemenu t. IIpomud-
depenmupyem E () 1o ¢, BRINONHAS mpu 5ToM nuddepeHInpoBaHuE O

3HAKOM HHTerpasa l):

(kvgvat + porvs) d.

Il
S _

NuTerpupys 0o 9acTAM HEepBOE CIaraeMoe IpaBoil YacTu, OyIeM IMETh
! !

/k:vmvzt de = [kvzvt]f) — /Ut (kvg) dz. (80)
0 0

ITomcTaHoBKa OOpAIiaeTCs B HyNb B CWIy TPAHUUHBIX ycioBumit (u3
v (0, t) =0 cuenyer v (0, t) =0 u anamoruuno mis z =1[). Orcoona

1

l
/pvtvtt — vt (kvg)z] /Ut [pvit — (kvy).]dz =0,
0 0

T. e. E(t) = const. YuursiBas HaYaJIbHBIE yCIOBUS, [IOILyIaeM

l\:)ln—\

l
E (t) = const = / 2+ p(vi)*i=o dz = 0, (81)
0

TaK KakK

v(z,0)=0, wv(z,0)=0.

U s nuddepeHnrpPOBAHMS ION 3HAKOM MHTErPaJIa OOCTATOYHO, ITOOBI IO-
JIy9aeMoe IIPX 5TOM MONLIHTErPAJIbHOE BEIpAXKeHre ObIII0 HEIIPEPBIBHO HA OTPEe3-
ke 0 <z <! mpu t > 0. Dro TpeboBaHwe B HAIEM CIIy4Yae BEIIOJIHEHO, TAK
xax (yskmms v (z, t) ymomerBopser ycioBmio 1 Teopemer, a p(z) m k(z)—
yCIIOBHIO 2.

4*
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Monb3yscek Gopmyson (81) v MONOKUTENBHOCTBIO k U p, 3AKITHOUAEM, UTO
ve (z,8) =0, v (z,t) =0,

OTKyHOa M cllegyeT TOXOeCTBO

v (z, t) = const = Cp. (82)
I/ICXO,HSI 3 HAYaJIBbHOI'O YCJIOBUA, HAXOOUM

v(z, 0) = Cy = 0;
TeM CaMBIM [OKa3aHO, ITO
v(z, t) =0. (83)

CnemoBarensHo, eciiu cyiectByer nse Gbyukuum: uy (x,t) u us(z, t),
YIOBJIETBOPSIOIINE BCEM YCIIOBUSIM TEOPEMEL, TO U1 (2, t) = us (z, t).

Ins BTOpOI KpaeBoit 3amauu GYHKINAS ¥ = U1 — %2 YIOBIETBOPSET
FPAHUYHLIM Y CIIOBUSIM

Vg (07 t) =0, v (la t) =0, (84)

u moxpcTaHoBka B hopmyne (80) Takxke obparnaercs B Hyib. ambHeimas
YaCTh IOKA3ATEIbCTBA TEOPEMEL OCTACTCS 6€3 N3MEHEHUIA.

Iiia TpeTbell KpaeBoil 3a1auyl HOKa3aTeIbCTBO TPeOyeT HEKOTOPOro
BUIOM3MEHEHUS. PacCMaTpUBAs MO-TIPEXKHEMY NBA, PEITCHUS: U] U U, TIO-
JIy4yaeM UL UX PasHoOCTH U (z, t) = u; — 2 ypaBHeHue (77) U rpaHUIHBIE
yCI0BUS

Uz (0’ t) - hl'U (07 t) =0 (hl 2 0)7 (85)
ve (I, t) +hov (I, ) =0 (he > 0).
[Ipencrasum noncranoeky B (80) B BumE
[kvave]h) = — g g [hov? (I, t) + hiv? (0, t)].

Wurerpupys ’ B IIpefesax OT HyJsd OO T, IojydaeM

E(t)—E(O):/t/lvt [pvee — (kvg)e] da dt —

——{h2 (1, £) — v (I, 0)] + ha [v2 (0, £) —v2 (0, 0)]},

OTKYyIla B CHILy YPaBHEHUS U HAYAJbHBIX yCJIOBUAN CIlENyeT

E(t)=— g [hav? (I, ) + hy v2 (0, )] < 0. (86)
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Tax xkak BBUOY HCOTPUIATEIBHOCTHU HOHBIHTeraJ'IBHOﬁ (byHKIII/II/I 3HAYECHUA

E(t) >0, o
E(t) =0, (87)
a CIIeNOBATENBHO, I
v(z,t) =0. (88)

N3m0%eHHbIN 3MeCh METON TOKA3aTENHCTBA TEOPEMBI ENUHCTBEHHO-
CTH, OCHOBAHHBII HA MCIIOJIb30BAHNY BEIPAXKEHNS [TIOJIHON SHEPTUH, IIIPOKO
IIPUMEHSEeTCs IIPU NOKA3aTeJIbCTBE TEOPEM €NNHCTBEHHOCTHU B PA3JIMIHBIX
00IaCTIX MaTeMaTUIeCKO (GU3MKY, HAITPUMED B TEOPUU IJIEKTPOMATrHUAT-
HBIX IIOJIell, TEOPUM YIPYTOCTU U TUAPONMHAMUKE.

Ioxka3aTenbCTBO €MUHCTBEHHOCTY ADPYTUX KPAEBBIX 3anad (3amadn
Komn u 3amaun 6e3 HavalbHBIX yciaoBuil) OyneT OAHO B NAJbHENIIEM B
COOTBETCTBYIOIIEM MECTe.

Bamaun

1. Joxa3aTs, YTO ypaBHEHNE MAJIBIX KDY THIILHBLIX KOJIeOAHUT CTEPXKHS UMe-
eT BUL

2 GJ
@tt =a @qjqj, a = T,
rame © ecTh yros MOBOPOTA CEUEHMs CTepXKHs ¢ abcruccoir x, G — MOmysb CoBU-
ra, J — IOJISPHBIA MOMEHT WHEPIUY IOEPETHOTO CeYEHMS, & kK — MOMEHT MHep-
UMY eOUHUANEL AJIUHBL CTepXKHS. JJaTh GU3MIecKyo NHTEPIPETAINO IPDAHTTHEIX
ycqoBmii 1, 2 u 3-r0 poma OJIsl HTOTO YPAaBHEHUS.
2. AGcomoTHO TubKas OMHOPOMHAS HUTH 3aKPEIJIEHa Ha OLHOM U3 KOHIIOB U
IO IEMICTBUEM CBOET'O BECa HAXONUTCS B BEPTUKAJIBLHOM IIOJIOXKEHUN DABHOBECHS.
BriBecTu ypaBHeHHE MaJIbIX KOJI€OAHUI HUTH.
o Pu_ 2 9 [(1 )au] >
meem. ——5 =a° — — ) — a” =
o1 oz oz’ 9
roe u (z, t) — cMelenue TOIKu, | — IJIMHA HATH, § — yCKOPEHUE CUJIBI TIXKECTH.
3. Tsxemas ogHOPONHAS HUTH MJINHLL [, IPUKDPEIJIEHHAS BEPXHAM KOHIIOM
(r = 0) x BEPTHKAJIBHON OCH, BPAIIAETCI BOKPYT STOU OCH C HOCTOSHHOMN yTIIO-
BOI CKOPOCTBIO w. BbIBecTH ypaBHeHmE MaibIX KOieGaHUP HUTH OKOJIO CBOErO
BEPTUKAJIBHOIO IIOJIOXKEHUS PDABHOBECHSL.

0 8211, 5 0 [(l ) (9’u,:l n 2 o 2
meem. —— =a — —T) — w'u, rTme a =g.
ot oz 0w ’ g
4. BeiBecTu ypaBHEHME IONEPEYHBIX KOjIe0aHUI CTPYHEL B CPele, COIPOTHU-
BJIEHHE KOTOPOU IPONOPLIMOHAIILHO IEPBOM CTEIEHN CKOPOCTH.

T
Omeem. vy = azvm — hzvt, =/,
p

5. BriBecTr rpaHuuHEBIE YCIIOBUS OJIs yPABHEHUs IPONOJILHBLIX KOeOGaHU
YIPYTOro cTepxkHs (IPYXWHBL) B CILy9ae, KOT L BEPXHUN KOHEI CTEPKHS 3aKPer-
JIEH X€eCTKO, & K HUXKHeMy mnoxsewteH rpy3 P, ecmu:
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a) 3a MOJI0XEHNE PABHOBECUS IPUHAMAETCS HAPIKEHHOE COCTOSHIE CTEPXK-
HA 1104 HeﬁCTBHeM HEIIOABUXKHOTO I'Dy3a P, MOABCUICHHOTI'O K HUXHEMY KOHILY
(cTaTmueckoe pacTsKeHUe);

6) 3a THOJOXEHWE DABHOBECWS NPUHUMAETCS HEHANDPSIKEHHOE COCTOSHUE
cTepXkHs (HaIpuUMep, B HAUAJILHBIA MOMEHT W3-TOH TPy3a yOUpaeTCs IONCTaB-
Ka U I'DY3 HAUYUHAET PaCTATABATH CTep)KeHB).

6. Hamucarn YpPaBHEHUE U yCJIOBUA, OMPEOEIIAIOIINE MPOIECC KPYTUWIBHBIX
KOoJIe0aHU CTEPXH, K 000MM KOHIIAM KOTOPOTO NPUKDPEIJICHEI IIKUBHI.

Omeem. Ilpu z =0, x = | DOMXHBEI BHINOIHSITHCS IDAHUYHLIE YCJIOBUS
BHUOA

O (0, ) = a3 02 (0, 8), O (I, t) = —a3 Oz (I, 1).

7. B mexoropout Touke z = o crpynsr (0 < z <) momsemeH rpy3 Maccer
M. BriBecTH: yCioBUsI COUDPSIXKEHUS B TOUKE T = Z(.

8. K xoHIy = = ympyroro cTepxXHs;, yIpyro 3akpemieHHoro B Touke = 0,
monBetter rpy3 Maccel M. Hanmcars ypaBHEHUE U yCIIOBUS, OIIPENEIISIOIIIe IPO-
IOJIbHEIE KOJIeOAHMS CTEPKHSI, IIPEAIIOIarasl, YTO Ha Hero, KpOMe TOr0, NeCTBYeT
BHeIIHssI cuita. PaccMoTpers aBa cirydast:

a) CHJIa PaCIpenesieHa M0 CTEPXKHIO C IIOTHOCTRIO F (T, t);

6) cma COCpemoTO4YeHa B TOUKe & — xg u pasHa Fj ().

9. PaccMoTpeTh IpoIece MaJIbIX KOjeGaHUN UAeaJIbHOTO Ia3a B IMUIIMHIPT-
ueckoir TpybOke. BelBecTu cHavasa OCHOBHBEIE YDABHEHUS CUAPONUHAMUKI, & 3a-
TeM, Ipennoyiaras mnporecc amumabaruwdeckuM, nuddepeHnanbHOe ypaBHEHNe:
1) mms mnotHoCTH p, 2) maBieHUs p, 3) morTeHumasa U CKOPOCTH UaCTHI[ Ta-
3a, 4) ckopocTEm v, D) CMEmIEHWS u YaCTUl. lIpUBECTH MPUMEPHI PEAITU3AIAN
TPAHUYHBIX YCIIOBUE 1, 2 1 3-r0 TUIOB [OJIS STUX yPABHEHUN.

10. YcTaHOBATH COOTHOLIEHUS ONOOMS MEX Y IIPOLECCAMY MEXAHNIECKUX,
aKyCTUYEeCKUX U 3IeKTpudeckux Komebanuit (cm. IIpunoxenue VI k rur. II).

11. IIpuBecTn mpuMepsl IPAHUYHLIX yCiaoBwil 1, 2 m 3-ro poma mjyist Teje-
rpadHBIX ypaBHEHUM.

12. Paccmorpers 3amady O NPOXOILHBEIX KOJIEOAHUAX HEOLHOPOLHOIO
crepxus (k=4k; npm z < x9, k =ks mpm = > () u BEIBECTH YCIIOBHUI CO-
IPSKEHWS B TOYKE CTHIKA ONHOPONHBIX IaCTel CTepxkHs (Ipm T = Zg).

13. IaTte pu3nuecKyio MHTEPIPETANNIO FPAHNYHOTO Y CIIOBULS

aug (0, t) + But (0, t) = 0.

14. IIpuBecTu npuMep MeXaHUIECKON MOMIEIIN, MJIsi KOTOPOMl PeaIn30BaIoch
ObI ypaBHEHUE

2
utt = a” uggy + bur + cu.

§ 2. MeTon pacrpocTpaHAIOIINXCA BOJIH

1. ®opmyna Hamambepa. N3ydenne MeTonoB moCTPOESHMS PEIIEHUT
KPAEBBLIX 3a[1aY IS YPABHEHUN TUNEePOOIMYECKOTO TUMA MBI HAUUHAEM C
330a9M C HAYAJILHBIMY YCIOBUSIMU [JTSI HEOTPAHUIEHHON CTPYHHI:

Upt — @ Uzy = 0, (1)

u (@, 0) = (@), o)
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[Ipeobpasyem 5TO ypaBHEHNE K KAHOHWMUECKOMY BUIY, CONEPKAIIEMY CMe-
waHHy 0 npoms3BonHyio (cMm. ri. I). YpaBHeHuwe xapakTepucTuk

dz®> —a®dt’ =0

pacnanaeTcs Ha OB YDaBHEHUS:

dr—adt=0, dx+adt=0,
MHTerpajJaMi KOTOPBIX SBIISIOTCS IPSMBIE

z—at=Cy, z+at=~0Cs.
Bgenst, kak 0OBIMHO, HOBBIE [I€EDEMEHHEBIE

E=zxz+at, n=z—at,
ypaBHeHUE KojleOaHUi CTPYHBI Ipeobpa3yeM K BULY
ugy = 0. (3)

Haiinem obrumit uaTerpai mociensero ypasaerus. QueBuIHO, LI BCs-
KOTO peleHuns ypasuenus (3)

Un (E: 77) = f* (77)7

rme f* (1) — HekOTOpas HenpephiBHAsS (GYHKIUS TOIBKO MEPEMEHHOrO 7).
WuTerpupys 570 paBeHCTBO 10 1) npu GUKCHPOBAHHOM &, IOILydaeM

w(é, ) = / £y + £ (€) = £ (€) + f2 (1), (4)

roe fi1 u fo sSBAAOTCS QYHKIMAME TOIBKO mmepeMeHHBIX ¢ 1 7). O6part-
HO, KAKOBEI Obl HI ObLinu nBaxnbl quddepennupyemole GyHkimu fi 1 fo,
dyukuus v (€,7), onpenensemas dopmynoin (4), npencrasisger cobol pe-
mienue ypasuenus (3). Tak kax BCAKOe pellleHue ypaBHeHUs (3) MOXeT
6bITH IpencTasieHo B Buze (4) npu coorseTcTByOWEeM BeIGOpe fi u fa,
T0 opmyna (4) aBrsgeTcs OOIIMM HHTErPAIIOM 3TOro ypasHeHus. Creno-
BaTENbHO, QYHKIINS

u(z, t) = f1 (x + at) + fo (z — at) (5)

SBIETCS OOLIMM MHTErpalioM ypasaeHus (1).

HonycTuM, 9TO perieHne pacCMaTPUBAEMOM 331aUU CYIIIECTBYET, TO-
rma oHo maercs dpopmynoi (5). Ounpenenum byukuun fi u fo Takum obpa-
30M, ITOOBI yIOBIIETBOPSIINCE HAYAJTLHEIEC YCIIOBHSL:

u(z, 0) = fi(z) + f2 () = ¢ (2), (6)
ut (z, 0) = aff () —af; (z) = ¢ (z). (7)

WNuTerpupys BTOpOE paBEHCTBO, MOIYIaEM

i@ -fa@ =7 [b@datc,
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rme o9 u C —mocrosiuubie. U3 paBeHcTB

fi (@) + fo(z) = ¢ (2),

fl(fv)—fz(:l:)zéfz/)(a)da—kC

HaXOOoUM
: w
fi@) =30@+ o [V@dat T,
" , (8)
@) =390 -5 [@da-3.
o J

TaxuM 06pa3oM, MBI ONpPENeNn GYHKIMA f1 U fo 4Uepes 3aTaHHBIC
GYHKIUY @ 1 1), IpUYEM DABEHCTBA, (8) MOIKHEI UMETH MECTO IS JIF0GOTO

suauenus aprymenta ). Iloncrasus B (5) maiimenusie 3HavyeHus f; u fo,
TIOJTY IUM

r+at r—at
u(x,t):(p(x+at);(’0(x_at)+2—1a /¢(a)da—/¢(a)da
i
t o1
u(x,t):‘”(““);“’(‘””_“)Jr% /z/;(a)da. 9)
r—at

®opmyny (9), HaswBaemywo dopmysnon IlamaMGepa, MBI MOy YWIIH,
IPEAoJaras CyleCTBOBAHME PEIICHWs MOCTABICHHON 3amaun. JTa Hop-
MyJ1a IOKA3LIBAET €MMHCTBEHHOCTD permenus. B camom pnene, ecimu GBI Cy-
IIIECTBOBAJIO BTOPOe pettiernne 3anauu (1) — (2), To OHO GBI IPENCTABIAIOCH
¢dbopmyioit (9) u COBIANAIO C IEPBBHIM PEIIEHUEM.

Herpynuo ybemurses, uro dopmyna (9) ymosmersopser (B mpemrmo-
JIOXKEHUN OBYKPATHON nuddepeHnupyeMocT GYHKIINA (¢ W OOHOKPATHON
nuddepeHnupyeMocTr QYHKIUE 1)) YPABHEHUIO M HAYAIBHBIM YCIIOBUIM.
TaxuM 006pa30M, M3IIOKEHHLIA METOIN MNOKA3LIBAET KAK E€NMHCTBEHHOCTD,
TAK U CyIIECTBOBAHME PEIIEHNUS MOCTABIEHHON 331,

UB dopmyne (5) dyuknum fi w fo ompenmenenbr HeomHO3HA4HO. Ecnm ot fi
OTHATB, & K fo mpubaBUTb HEKOTOPYIO HOoCcTOsHHYI0 (1, TO U HE m3MEHUTCI. B
dopmyne (8) nocrosunas C He OmpenesnseTcs 4epe3 ¢ U 1), ONHAKO MBI MOXEM
ee 0T6POCUTD, HE MEH:I 3HAUeHUA 4. llpu cnoxenmu fi u fo cimaraemsie C/2
z — C/2 B3aUMHO yHUYITOXAIOTCAL.
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2. ®usunueckas uHTepuperauus. DPyukuusa u (z, t), ompenese-
mas Gopwmysioit (9), mpencTasisgeT IPOUECC PACIPOCTPAHEHUS HAYAILHOTO
OTKJIOHEHUS ¥ HAYaJIbHOU cKopocTu. Ecnu dukcupoBath ¢ = ty, TO QyHK-
st u(x, tp) maer npoduiab CTPYHBL B MO-

MeHT tg; QUKCUpPysS T = Tg, MOIyINM (DYHK-

o u (Lo, t), MAKOIIYI MPOIECC MBUKCHUSL up
touku ¢ = xo (puc. 4). IIpenmonoxum, aro
HAOIIIONATENb, HAXOMUBIINIACS B Touke T = ( : ©
B MOMeHT t = 0, IBUKETCS CO CKOPOCTBIO G B L
HOJIOXUTEIBLHOM HallpaBJieHnu. Beenem cucre- i
My KOODIWHAT, CBA3AHHYIO C HAOIIOMATENEM, u
monaras ' = x — at, t' = t. B sToit monBmx-
HOII cucTeMe KoopawHaT GbyHKuus u (z, t) = t=0 t
= f(z — at) Gymer onpenensaTbcs GOPMyIION \
u = f(z') u mabmromarens Bce BpeMs Oymer ‘
BUIETH TOT X€ TPOQUIEL, YTO U B HAUAJILHLIN
momenT. CnenoBarensho, byukius u (z, t) = Puc. 4

= f (z — at) OpencTaBiIgeT HEU3MEHHBIN IPO-

¢wins f (z), mepeMerarIIUiics BOPABO (B HOJIOXKUTEILHOM HAIDPABICHIN
OCH Z) CO CKOPOCTBIO G (PACIPOCTPAHSIOUIYIOCS Wi OEryllyio BOJIHY ).
®yukuusa f (x + at) OpemcTaBiseT, OYEBUAHO, BOJIHY, PACIPOCTPAHIIO-
UIyIOCS BIEBO (B OTPUIATEIHHOM HAMPABIEHUH OCA Z) CO CKOPOCTBIO G.
Taxum obpasom, obiee perrenune (9) 3anauu Komm s 6eCKOHEUHOR CTPY-
HBI €CTh Cymeprosutys n8yx BonH f1 (z + at) + fo (z — at), onHa u3s xoro-
PEIX PACOPOCTPAHIETCS BIPABO CO CKOPOCTBIO @, & BTOPAsS— BJIEBO C TOM
ke ckopocThio. [Ipu sToM

w t

3

i z
0 4t

fi(z+at) = - (z+at) + ¥ (z + at),

N~ N

folz —at) = - p(x —at) — ¥ (z — at),

roe
¥ (z) = 2—1a /z/;(a)da.

s BeIICHEHUS XapakTepa pemmenus (9) yaoOHO MOIb30BATHCS TIOC-
KOCTBIO COCTOsAHME (z, t), mwin Ga30BOM NINOCKOCTHI. [Ipavbe x —
—at = const u z + at = const ABIAIOTCSI XapaKTEPUCTUKAMU YPABHEHUS
(1). ®yuxuus v = f (¢ — at) Boons xapakrepuctuku T — at = const co-
XPaHAET MOCTOAHHOE 3HaueHue, GyHkuus v = f (z + at) TOCTOSHHA BOOIb
XapakKTEePUCTUKN T + at = const.

[Ipennonoxum, uro f(z) OTIUYHA OT HyJsL TOJLKO B HHTEPBAJE
(21, T2) U paBHA HYJIO BHE HTOTO UHTEPBaJa. IIpoBeneM Xapak TepuCTuKu
x—at=x1 u T — at = Ty yepes Touku (z1, 0) u (z2, 0); ouu pasbusaioT
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oy mwiockocTs (z, t > 0) ua Tpu obmactu: I, IT, u III (puc. 5, a). Pyukuns
u = f (x — at) orimuna or Hysst TonbKo B obnactu I, roe 71 < z — at < zo
U XapaKTEpUCTUKA T — al = T1 W T — at = To TPENCTABIAIOT MEPETHUAN
¥ 330HAN PPOHTHI PACIPOCTPAHSIONIENCS BIIPABO BOJIHHI.

t A

II1
1T

t A

M(l’o,to)

x
OP(Z’O —ato,o) Q(l’o-}-ato,o)

Puc. 5

Paccmorpum Temeph HEKOTOPYHO (DUKCUPOBAHHYIO TO4YKY (Zg, to)
u TOpoBemeM u3 Hee 00€ XapaKTepucTukum T — at = x9 —atyg u T +

U

ts N

tq

t3

t2

e TN
SN
no R
PZAN

21 0 o
ry — I
8a

Puc. 6

At:tz_}_l — ;=

+ at = x¢ + atp, KOTOpPEIE IIepeceKyT
OCb T B TOYKAX T1 = Tg — alpg, T =
=0 u z2 =x0 + atg, t =0. 3uHa-
yenne Oyukuuun u = fi (z — at) +
+ fo(xz + at) B Touke (zo, tp) paB-
HO U (l‘o, to) = fl (l‘l) + f2 (1'2), T. €.
ONPENENIeTCS 3HAUCHUAMEA (DYHKIIII
fi(z) m fo(z) B moukax (z1,0)
u (z2,0), ABIAIOIIUXCS BEPLIMHAMU
tpeyronsauka MPQ (puc. 5, 6),
00pa30BaHHOTO IBYMSI XaPAKTEPUCTH-
KaMU M OCBI0 Z. OTOT TPEYrOilb-
HUK HA3BIBAETCI XAPAKTEPUCTHU-
YECKMM TPEYTOINBLHUKOM TOU-
ku (zg, to). Y3 dopmymer (9) sun-
HO, 9TO OTKIIOHEHKE U (Tg, tn) TOUKH
CTPYHBEI B MOMEHT t( 3aBUCHUT TOIb-
KO OT 3HAUEHU HAUAIILHOTO OTKJIOHE-
Hus B BepumHax P (zo — atg, 0) u
Q (zo + atp, 0) XapaxTepUCTUUIECKO-
ro tpeyronbauka M P() u or 3naue-
HUY HAYAJILHON CKOPOCTU HA CTOPOHE

PQ@Q. OTo cranoBUTCA OCOOEHHO sCHBEIM, eciiu Gopmyny (9) 3amucaTs B

BHUOoe

u(M) =

p(P)+9(Q) + % /z/;(a) do. (10)
PQ
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Hauasbubie nannbie, 3ananuse BEe P(Q), HE OKA3LIBAIOT BIUSHUS HA,
sHaueHus u(x,t) B Touke M (zo, to). Ecnu navanbubie ycioBus 3amassl
HE Ha BCeil OECKOHEUHON MPSIMOil, a Ha oTpeske Pi()1, TO OHUM OMHO3HAYUHO
OIPENEIIAIOT PEIICHNE BHY TPU XapaKTEPUCTUICCKOTO TPEYTONBLHIKA, OCHO-
BaHUEM KOTOPOTO SBIIIETCI OTPe3oK P1Q1.

3. IIpumepsl. Pemenue (9) MOXHO IPENCTABATE B BUAE CyMMBL U =
=us (z, t) + us (z, t), nme

wi (2, 6) = 3 o (@ — at) + o (a +ap), (1)
1 r+at
uz (z, t):\I'(x-i—at)—\I!(x—at):% / Y (a) da. (12)

Ecinn mauansras ckopocts paBua mynio (¢¥(z) = 0), To oTKIOHEeHVE U =
= w1 (z,t) eCTb CyMMa, JIEBOI U TIPABO GETYIIUX BOJIH, IPUYEM HAUAIbLHASL
(bopma kaxmoit BouHbL onpenessercs byuakuueit 0,5 ¢ (z), paBHOIL IONOBU-
He HaJdaJbHOro oTKiIoHeHu:. Eciu xe ¢ () =0, To u = ug (z, t) mpen-
CTABIIAET BO3MYIIEHUE CTPYHBI, CO3MABAEMOE HAUAIBHON CKOPOCTHIO.

IMMpumep 1. Paccmorpum pacmpocTpaHeHWe HAYAIBLHOTO OTKJIIO-
HEHWs, 3aJaHHOTO B BUIE PABHOGENPEHHOTO TPEyrojbHUKa. Takoil Ha-
YAJIBHBIA TPOQUIL MOXHO IMOJYYUThb, €CIM OTTIHYThH CTPYHY B Cepe-
nuHe orpeska [zp, z2]. Ha puc. 6
IAHBL TIOCIENOBATEILHEIE OJIOXKEHU
CTPYHBI 4Uepe3 NPOMEXYTKH BPeMe- ||
Hn At = (z2 — z1)/(8a). Harmsan-
HOE MIPENCTABIICHNE O XapaKTepe Mpo-
mecca pacIpoCTPAaHEHUS MOXHO IIO- II1
JyIUTh C MOMOIIBIO (a30BOM IIIIOC- v I
koctu (z, t). [Ipoemem xapaxrepu-
cruku uepe3 Touku P (z1,0) n Y T
Q (z2, 0); oHE DPA30OLIOT MOIYILIOC- vi .
kocTh (—oo <z < oo, t>0) ma O o1 2
miecTh obmacrein (puc. 7). OTkioHe- Puc. 7
e u; (z,t) B moboit Touke (z, t)
naercsa gopmyson (11). Mostomy B obmactsax I, 111, V orkionenue paBHo
HYJIIO, TaK KaK XapaKTEPUCTUUECKUI TPEYTONBbHUK JIFOO0N TOUKH U3 STUX
obuacTell He uMeeT OOIIUX TOYEK C OTPE3KOM [T, T2], HA KOTOPOM 3amla-
HBI HaUaJIbHBIE yenmoBus. B obmactu 11 pertenuem sBiseTcss mpaBasi BOTHA
u=05¢(x—at), B obmactu IV—nesas Bonwa v = 0,5¢ (r + at), a B
obsactu VI pemrenne ecTk cymMMa JIEBOH M IPABOM BOJIH.

Mpuwmep 2. Ilycts HauambHOE oTKOHeHUE @ () = 0, a HavabHAL
CKOPOCTBH OTJIMYHA OT HyJLs TOIBKO HA OTPE3KE [T1, T3], Ilie OHA IPUHIMA-
€T TOCTOsIHHOE 3HaueHue Yo: P (1) = 1o mpu 1 <z < x2, ¥ () = 0 upn
x>z ux < 1. B orom ciayuae pemenueM sBisiercs GyHkuusa us (T, t).




60 YPABHEHUS I'MITEPBEOJIMYECKOI'O TUITA [[JI. 11

Boruncium dyuximo ¥ (1), Boibpas npu sToM xo = 0 (puc. 8):

1 T 0 npu z < T,
W) = o (V@ da={ @) /20 oz <o < (13)
0 (.CL'2—.CL'1)7,/)0/2(],H[)I/I$>IE2.

Peuienune us (2, t) ecTh pasHOCTH MPABOl U JIEBOM BOJH C Hpoduiem
U (z). IlocmenoBaTeNbHBIE TIOMOXEHNS STUX BOJIH 4€PE3 MPOMEXYTKHU Bpe-
menu At = (z2 — z1)/(8a) n306paxkeHs
U(z) Ha puc. 9. lIpoduns cTpyusr nmsa ¢t >
> 4At umeer GopMy Tpamenuu, pac-
MIUPSIONIENCS PABHOMEPHO C TEYEHM-
em Bpemenu. Ecnu 1) (z) oTauuHO OT
HOCTOSHHOU HA [Z1, T3], TO U3MEHUTCS
auins npoduns U ().
U T2 I BBISICHEHUsI XapaKTepa perre-
P HUS BOCIIOJIB3yeMCs (PA30BOHM INNIOCKO-
uc. 8
cre0 (z,t) (cm. puc. 7). Hanumem
BLIDAaXKeHUs st U (Z, t) B PA3IUUHBIX 00IaCTsIX (asoBOM INIOCKOCTH.
B obnactu I (z — at > )

U (z+at) =¥ (z — at) = const, u(z,t) =0.
B obnactu V (z + at < 1)
U(z—at)y=9(x+at) =0, wu(z,t)=0.
B obmactu IIT (z —at < z1, =+ at > z2)

T2 — T1
g t) = t =
(z + at) = cons 5 o,
To — T1
v —at) =0 t) = .
(:L’ a) ) u(:v, ) %2 1/}0
B obmactu I (21 < z — at < z2, = + at > x2)
To — T
1 t) =
(Z""Gx) 20, 1,[}07
T —at — o z2 — (z — at)
g —at) = — )y = ————= .
(l‘ a) 2. 1/}()) ’u(:li’, ) 2 1;[}0
B obmactu IV (z1 < 4+ at < 22, © — at < z1)
T+ at —x1
v =210
($+a) 2, 1/1[),
t_
U (z —at) =0, u(w,t):wdzo.

2a
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B o6nactu VI (z —at > 1, = + at < z2)

T+at—1
¥ t) = ———
(z + at) % Yo,
— t_
\P(x—at):ud}o, u (z, t) = tiho.
2a
u
tg / \ X
t7 / \ x

tg [ : T

N / \ )

t4 e : xT

t3 - : xT

tl - : xT

t=20 z
0 1 i)
Ty — T
At =141 —t; = e
8a
Puc. 9

Ipumep 3. Paccmorpum 3amaday o KOMeOaHUAX CTPYHBI TION MEH-
CTBHUEM COCPENOTOYEHHOTO UMILYIbca. COOOIIas B HAYAIBLHEIN MOMEHT TOY-
KaM CTPYHBI (z, & + AZ) TOCTOAHHYIO CKOPOCTb g (Hampumep, ymapss
CTPYHY MOJIOTOYKOM), MBI MPUKJIAALIBAEM K 3TOMY yUaCTKy UMIYIbC I,
PABHBLIA M3MEHEHWIO KOIMYECTBa nBuxeHws rnpu t = 0, Tax uro [ =
= pAxzipy, TIE p — NUMHEHHAS MIOTHOCTHL CTPYyHBLL. Takxmm 06pas’oMm, MBI
JOJIKHBI PEIIATE 330849y O KOJICOAHMSIX CTPYHBI C HYJICBEIM HAYAILHEIM OT-
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KJIOHEHVEM U HAYaJbHON CKOPOCThIO ¢ = Iy /p = 1pp Ha unTepBase (z, z +
+ Az), ¢ = 0 Bue sToro murepsana; 3neck Ip = I/Az—mioraocTs uM-
mynbca. AHAIM3 perenrns 5Toi 3a0auy ObIT TaH BBIIIE TPU PEIICHIN TPU-
mepa 2. OTKIIOHEHUE, BBLI3BEIBAEMOE UMILYJIBLCOM, PACIPENEICHHEIM HA WH-
repBasie (z, x + Az), npencrasiser coboit npu t > Az/(2a) Tpameuuto ¢
HxHUM ocHOBaHUeM 2at + Az u BepxuuM — 2at — Az. Cosepias mpe-
nenbub nepexon npu Az — 0, I = const,
t BUOVUM, UYTO OTKJIOHEHUS OyIyT PABHEI HY-
a0 BEe (z —at, z +at) u I/(2ap) BHY-
o TPH 5TOr0 HHTEPBAIIA. MOXHO yCIOBHO TO-
(o, 0) BOPUTBH, 9YTO 5TU OTKIIOHEHUS BLI3LIBAIOTCS
TOYEYHBEIM UMITYILCOM 1.

2 PaccmoTpuMm  (a30Byl0  MJIOCKOCTH
(z,t) u npoBeneM 4yepes Touky (zg, to) o6e
0 ¥ XapaKTepUCTUKU:
Puc. 10 Tz —at =x9 —atyg, x4+ at=zy+ aty

(puc. 10). OHum ompemensior nBa yria «p © (3, HA3BIBAEMBIE CO-
OTBETCTBEHHO BEPXHUM U HUXHUM XAPDAKTEPUCTUUECKUMH
yramaMu nns Touku (Zo, to)-

IeficTBrE TOYEIHOTO UMIYNIBLCA B TOUKE (g, f)) BBI3EIBAET OTKIIOHE-

HUE, pPABHOE % 5 BHYTDPH BEPXHEr0 XapaKTEPUCTUYIECKOI'O yIila U HYJIIIO
ap

BHE €ro.
4. HeomaopoaHoe ypaBHeHme. Paccmorpum 3amaay Ko nms me-
ODHOPOIHOTO ypaBHEHUS KOyreOaHui

1
ﬁutt:um+f($,t), —co<xz<oo, t>0,
0 (14)
w0 =p@ .
Ut (CL‘, 0) =1 (l‘),
Oycrs wy (x, ¢; T) — pellleHne BCIOMOTaTeIbHOM 3anaun Kormn
1
e (Wit = (Wf)gay, —o00< T <00, t>T, (15)
wy (z, 7 7) =0,
t=7, —oo<zx<o0. (16)

0
S @) = f (@),

dopmyna HanambGepa (9) maer
) z4a (t—7)
wie ) = t-r0)=o [ flena

z—a (t—T)
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Mepernumiem dopmyny HanamGepa (9) B Bune

u(e, )= 22 (0, 1.0 4wy , 0, (18)
rue
1 r+at 1 r+at
wole,t0) =00 [ w@de w0 = [ p©d
r—at r—at
aBnsoTCa pemenuamu 3anaan (15) — (16) mpu 7 =0 u f = (z), f =

= () cOOTBETCTBEHHO, TAK KAK HEIIOCPEACTBEHHOE nuddepeHunpoBaHme
[TOKA3LIBAET, UTO

r+at
ow, 91 @z +at)+ o (r—at)
w0 =g o [ e@d - : .
z—at

IokaxeM, ITO CIPABEIINBA CIIEAYIOIIAS JIEMMA.
Peuwenue neodnopoonozo ypasnenus (14) ¢ mysesvimu mavaibHbLmi
danmbimu ug (£, 0) =0, u (z, 0) =0 umeen eud
t
u(z, t) = a® /wf (z, t; T)dT. (19)
0

HNupdepentupys byskuuoo (19) u yuurwBas ycmosus (16) mos
wy (z, t; T), HAXOMUM
t

ug (z, t) = a® wy (z, t; t)+a2/88%(:v, t; T)dT =
0
t
= az/a% (z, t; 7)dr,
0
2 Bwf 2 p 82wf
uge (T, t) = a e (z,t;t)+a BT (z, t; 7)dr = (20)

t
82wf
= a2/ 92 (z, t; T)dT + a® f (z, t),
0

t
82 wf
ot?

(z, t; 7)dr.

t
2
wer 2,0) = 0 [ T2L (o, 17y dr =
Xz
0

0
Orcrona BugHo, yro dynkuus (19) ynosinersopsier ypasuenuio (14). Us
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dopmyn (19) u (20) cpasy cnenyer, uTo pemrernue 3anaun (14) B cumy (18)
7 (19) MOXHO IPEACTABUTH B BULE

¢
u(z, t) = % (z, t; 0) +wy (z, t; 0) + a? /wf (z, t; T) dT. (21)
0

Honbsysce BeipaxenueM (17) nns wy, momydaem

z+at
u(x’t)zso(a:—kat);‘@(:v—at)_ki / W (€)de +
r—at

z+a (t—T)

j / FE ) dedr. (22)

z—a (t—T)

+

NSNS

IIpsimas moncranoBka (22) B (14) mokasweiBaer, uTo dyHKuus (22) B
caMOM [iefie SIBJSIeTCs pemeHneM 3amaun (14), ecimu CyIeCTBYOT IpOU3-
Bonuee ¢"(z), ¢'(x) u df/0z.

A3 popmymer (17) cnemyer, 9T0 QYHKUNS Wy YHOBIETBOPSIET yPaB-
meHuio npu t = 7, ecau f nuddepeHnupyemMa mo I, T. €. IPENCcTaBICHUE
(21) BO3MOXKHO IIPK TEX XKe YCIOBUIX, IPU KOTOPHIX PeIenue 3anaan Kormm
CYLIECTBYET.

®opmyna (21) nokaseBaer, uTo perrenue obwienn 3anaun (14) moxer
GLITH Cpa3y HAINCAHO, €CIIM NMEETCs PeIlleHne BCIOMOTATEHHON 3a1aun
(15) —(16). Amanoruunas GHOpMyIIa UIMEET MECTO U AJIs PELICHUS 3aauu
Komn B HeorpanndeHHOM mpocTpaHcTBe (cM. ria. V).

5. YcroitunBocTh perneHuii. Pemenve ypasaenus (1) omoszHau-
HO OIIpeZeNieHo HavdaslbHbIMU ycnoBuamu (2). IokaxeM, 4To 5TO perieHune
MEHSETCS HEMPEPHIBHO MIPU HENPEPLIBHOM U3MEHEHUN HAYAIBHBIX Y CIIOBUI.

Kaxos 0vi wu Ovia npomescymox epemenu [0, to] u xakosa 6br Hu
6viaa cmenewyb mourocmu €, watidemed maxoe d(g, ty), wmo ecaxue dsa
pewenug ypasuenud (1) ui(x, t) u us(x, t) 6 meuenue npomercymmxa spe-
MeHU to OYJYm Pazauuambca mMenbue wem na €:

lug (z, t) —us (z, t)| <e (0<t< o),

eCAU MOALKO HAYAAbHLIE 3HAYEHUT

U1 ("L'v 0) =% ("L')v Uz ("L'v 0) = ¥2 (l‘),
Ouy _ u Ous _
W(% 0) =91 (z) W(% 0) = ¢ (z)
omauuamed 0pyz om 0pyea Menbwe uem na o:
lpr (@, 1) — @2 (z, )| <05 |tha (2, 1) — 2 (w, £)] < 0.

Ioxa3aTenbCTBO 9TOM TEOPEMbI UPE3BLIUANHO PocTo. Pyukuuu uy (z, t)
u Us (z, t) CBSI3AHBLI CO CBOMMU HAYaJIGHBIMU 3HadeHUsMU dopmyion (9),
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TaK 9TO

t) - t
lur (z, t) — w2 (z, t)| < lo1 (z + at) <P2(£C+a)|+

2
pr@—at)—ga@—at)] 1 [
p1(x —at) — g2 (r —at
+ > +o [ W@ = ba (@] da
a
z—at
OTKyZla IOJIy4aeM
§ & 1
lur (z, t) —us (z, )] < §+§+2—a6-2at<6(1+t0),
YTO 1 OOKa3bIBaeT Hallle yTBepxmeHne, €eCJIN IIOJIOKUTH
£
T 14t

Beskuit pusnueckn onpenesieHHbIN IPOIEeCce, PA3BUBAIOIIANACI BO BPe-
MEHH, DOJIXKEH XapaKTePU30BaATHCI QYHKIMIMY, HEIIPEPEIBHO 3aBUCSIIIIMUI
OT HAUAJILHBIX HAHHBIX. Kciu Obl He OBIJIO HTOW HENMpPEePBHIBHOW 3aBUCUMO-
CTH, TO OBa CYLIECTBEHHO PA3NIMYHBLIX IIPOIECCa MOIJIU OBl COOTBETCTBO-
BaTb NPAKTUYECKN ONMHAKOBLIM CUCTEMAM HAUANIBHBIX YCJIOBUU (pa3iii-
4ue KOTOPHIX JIEXWUT B IPENeiiax TOYHOCTH udMepenuit). IIponeccsr Takoro
TUIA HEJIb3sl CIMTATH OIPEeNelleHHBIMY ((DU3MIecKn) HAYaIbHBIME Y CIIOBI-
amu. W3 nmpeneinyimeit TeOpeMbl CIIEOyeT, YTO IPOLect KOmeObaHui CTPYHbI
HE TOJIIBLKO MaTEMATUIECKN, HO U (U3UIECKY ONPENeNleH HAYaJIbHBIMU Y CII0-
BUSIMU.

Ecnu pemenre MaTeMaTuuecKoil 3a1a4UN HEIIPEPLIBHO 3aBUCHAT OT IO-
[OJIHUTE/IBHLIX YCIOBUIL (0T HAYAJIBHBIX, [PDAHUYHBIX JAHHBIX U OT IPABOQ
YACTU YPABHEHUS — OT UCXOMHBIX MAHHBIX 33[a4M), TO TOBOPAT, YTO 3318~
938 YCTONYUBA.

B cBa3u ¢ wusyueHweM QUINIECKM NETEPMUHUPOBAHHLIX SIBICHUN
BBOOWTCSI MOHSTHE KOPPEKTHOCTU. ['OBOPSAT, YTO MATEMAaTHUIECKAs
3amada NOCTABIEHA KOPPEKTHO, eciu: 1) pelleHwe 3amadd Cy-
IIECTBYET, 2) 3a/1a49a UMEET eNUHCTBEHHOE PEIICHNE, 3) DELICHUE 3a0a4n
HEIIPEPBIBHO 3aBUCUT OT UCXONHBIX HAHHBIX (YCTONYMBO).

OTMeTrM, YTO HEKOPPEKTHO MOCTABJIEHHBIE 330aYU IACTO BCTPEUA-
IOTCS B IPUIIOXKEHUSIX U K UX YUCIY OTHOCSITCS MHOTHE XOPOIIO U3BECTHEBIE
MaTeMaTUIeCKre 32049,

[TpuBenem mpuMep HEKOPPEKTHO MOCTABICHHON 3aaUM, PEIIeHUE KO-
TOPOU HEYCTONYIUBO.

®Oyukuusa  u (z, y), ABIAIIAACA pelleHueM ypaBHeHUs Jlamiaca
Ugy + Uyy = 0, ONHO3ZHAUHO ONpENENIAeTCS CBOMMU HAYAJIbLHLIMU YCJIOBH-
avu u (z, 0) = ¢ (z), uy, (z,0) =1 (z) ). Paccmorpum bynxiuu

1
u® (z,y)=0 u ne (z,y) = X sin Az - ch Ay,

1) Otnu yCIIOBHA MATEMATUYECKN OOLHO3HAYHO OIPENEesIAIOT DEIIeHUEe ypaBHEe-

uus Jlamnaca. B camom nene, samanwe uy (z, 0) skBuBasenTHO vz (z, 0), rzme

5 A. H. Tuxonos, A. A. Camapckuit
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yIoBIeTBOpsIomue ypasuenmo Jlamnaca. ®yukmus u( (z, y) 3aBucur or
A Kak oT mapamerpa. HauanbHble 3HAUEHUS

1
u® (2,0) =0, u® (z,0)=p(z) = 3 sin Az,

u$? (2, 0) =0, uy’ (z,0) =14 (z) =0
PAa3IMYIAIOTCS CKOJIb YIOMHO MAJIO MPU MOCTATOUHO Gombimx A. OmHAKo

IIPX 9TOM pEIIIeHEe u® (:v, y) MOXET CTAaTh CKOJIb YTOMHO OOIBIINAM, Ka-
KOBO ObI HU ObIIO ukcupoBauHOe 3HaueHre y. CemoBaTebHO, 33Ma4a, C
HaYaJIbHBIMU YCJIIOBUAMU OIS YPABHEHUA Jlammaca aBasgeTcs HEKOPPEKTHO
TIOCTABJIIEHHON.

EcTecTBeHHO BO3HIKAET BOIPOC: MOTYT JIM HEKOPPEKTHO IIOCTABIIEHHBIE 32~
nauy BOOOIIE COOTBETCTBOBATH KAKMM-IIMO0 3a8a9aM MAaTeMATHIeCKON dpusnkm?
A Takxe, KaKylo HAyIHYIO IEHHOCTD MOXET IPENCTABIIATH IPUOIIMKEHHOE Pere-
HV€ HEKOPPEKTHO IIOCTABIICHHBIX 33424, IOCKOIBKY MAJIbIM OMIMOKAM B yCJIOBHIX
3a[1ad MOT'YT COOTBETCTBOBATH GOJIbIINE OMIMOKA PEIIeHus?

ITomo6GHBIE COMHEHWS BO3HMKAIOT B CBS3WM C TEM, 9TO B CKA3AHHOM BBIIIE
HOOPA3yMEBAETCS, ITO B KAdeCTBE NPUOIMKEHHOTO DEIMIEHWs 3amadl Gepercs
TOYHOE PEIICHWE 324U, COOTBETCTBYIOMIEE NPUOIIVKEHHBIM YCIIOBYAM.

IIpuBenemM mpmMep HEKOPPEKTHO HMOCTABICHHON 3aIadr, UMEIOIE BaKHOe
IPAKTUIECKOE 3HAUECHHE.

Paccmorpum 3amady 0 HaxoxnmeHnwm npowssonuoi z (z) = df /drz mo pas-
HOMEPHBEIM npubnmkerHbM 3HadeHusM mis f (z). Ilycts mepa TounOCTH mIpm

samamun f (z) m onpenmencrum 7 (z) 3amaHa Kax

max|f (z) — f(z)] w max|z(z)—z(z)|
OueBumHO, ITO HTA 330298 C TOYKU 3PEHUS NPUBEACHHON BBIIIE TEPMUHOIIOTAN
HeyCTOuMBa (HEKOPPEKTHO mocTaBieHa). B camom mene, ecmm f (z) = f (z) +
+dcoswz, rme § > 0 mano, To max |f (z) — f (z)] =& Toxe man. OnHako ecym
MBI B KQ4ECTBE MPUGIIMKEHHOTO 3HAUEHUS Z (1) BHIOpasu GBI TOYHYIO TPOU3BOLI-
Hyito ms byskmam f (), TO
7 (z) = f (z) — dwsinwz w max|z(z) — 2z (z)| = dw;
dw Tpu PUKCUPOBAHHOM ¢ ¥ GOJIBIIOM W MOXET OLITH KaK YTOMHO GOJIBIIUM
qncsom. OEHAKO XOPOIIO M3BECTHO, UYTO B KAYECTBE NPUOIIVIKEHHOTO 3HAUCHUS

flz+h)—f(z)
h

CTaBJISIET UCXOMHYIO IPOM3BOLHYIO C KAaK YIOLHO MAJIOW IIOTPEUIHOCTBIO, eCIII

Tonek0 h m 0/h mocrarouno masnel. IIOHATHO mpPU HTOM, YTO IJIL MOJLY ICHUS

IPOM3BOLNHOY 6epeTcs: Pa3HOCTHOE OTHOLIEHNE , KOTOpOE IIpen-

xopotero npubnmxkenus mis df /dr no npubnuxennoMmy sHadeHwio s [ (z)
TMOTPEITHOCTh ¢ OOJIXKHA OBITH HOCTATOYHO MaJIa.

Wrak, B mprBemeHHOM IpHMepe, HECMOTDS HA HEyCTONYMBOCTH 3aMaUMH,
MOXHO YKa3aTh METOZ HMOJIyY€HHUs CKOJIb YITOMHO TOUHBIX MIPUOIMXKEHUI OIS UC-
KOMOTO DEILIEHUs II0 NOCTATOYHO TOYHBIM MPUOINKEHHBIM YCIOBISIM 3a0a4M.

v (z, y) — QyHKUMS, TaDMOHWYECKY CONPSAKEHHAS WA U (T, y). OTUM C TOIHO-
CTBIO [0 IOCTOSHHOW OIHO3HAYHO OIIPENeNIseTCS aHAJIUTUWIecKas PyHKIUI, mem-
CTBUTENBHON 9aCTHIO KOTOPOU aBisercs byrnkuus « (¢, y) (cm. ra. IV, § 1, m. 5).
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HOJIO6HO€ TIOJIOXKEHUE TUNMUYHO [JII MHOTUX HEKOPPEKTHO IMOCTAaBJIEHHBIX

samaa V.

HekoppekTHo mocTaBiieHHBIE 3amadyd YaCTO BCTPEUAIOTCI B (U3UKE MIPU
u3ydeHr 06BEKTOB, HEMOCTYIHBIX HEMOCPENCTBEHHOMY UCCIICNOBAHMIO (A3MEpe-
HI/IIO) B sTux CIIy49adaX MPUXOOUTCSI HOEJIaTh 3aKIIIOUYCHUSA O XapPaKTEPUCTUKAX
«2z» TaKUX OOBEKTOB IO WX KOCBEHHBIM ((DU3MIECKM NeTEPMUHUPOBAHHBIM) PO~
ABJICHUAM <«U>», OOCTYIHBIM JISI 3KCIEPUMEHTAJIBHBIX I/ISMepeHI/II;I 1 CBS3aHHBIM
C «z» GYHKIMOHAJIILHOU 3aBUCUMOCTBIO Buma Az = u. B pesymnbrare MBI mpu-
XOOouM K 3amade o6paboTky HAOIIONEHUI, KOTOPAs SBISIETCS OOpPATHOM 3amadeit
7 COCTOUT B OIIPEOCJICHUU XaPAKTEPUCTUK «KZ> 00BEKTOB IO OAaHHBIM <«U>» 3KC-
NIEepUMEHTa. Muorue u3 >Tux 3ada4 ABJIAIOTCA HEKOPDPEKTHO IIOCTABJICHHBIMU. B
TaCTHOCTHY, IPDUBEOCHHA BBIIIE 3a0a9a Komm OJIL YPDaBHEHU ST Jlammaca uMmeeT He-
IOCPENCTBEHHOE OTHOIMICHWE K O6PATHOU 3amade rpasuMeTpuu (06 OmpemesieHun
(HOPMEI TeJTa MO CO3MABAEMON MM AHOMAJIUY CHJIBI TXECTH). [|pUBENEHHBIN BBI-
e npuMep O BEIYUCIICHUN HpOHSBOHHOfI oo l'IpI/I6J'II/I)KeHHI:>IM 3HAUYECHUSIM (I)yHKIII/II/I
TUNUYEH OJI1 MHOT'UX 3KCIHEPUMEHTOB, '€ USMEPEHUA IIPOBOOATCA II0 IPUHITUILY
HaKOIIJICHN A.

Ormerum Teneps crienyioiee o6cTosaTensCTBo. OueBUIHO, 9TO QYHK-
uust u (x, t), onpenensemas dopmyioi (9), MoxeT OBITH PelleHreM ypaB-
uenus (1) TOmbKO B TOM cityuae, eciu yHkuus ¢ (z) nuddepeHmupyema,
a dyukuus @ (z) mubdepennupyema nBaxasl. M3 CkazaHHOrO SICHO, UTO
dbyuxnum, m3obpaxeHHule Ha, puc. 11 u 12, He MOTYT SBISATHCS PEIICHU-
em ypasHeHus (1), Tak kak OHM He BCIOLY HBaXIbl AubPEpPEHIMPYEMEL.

0 1 2 0 T T2

Puc. 11 Puc. 12

Bosee TOro, MOXHO yTBEpXKAATH, YTO DELICHUS yPABHEHUs KOIEOAHMUIA,
YIOBJIETBOPSIIOLLIETO YCIOBUAM (2), He CyIIecTByeT, eciiu QyHkuuu ¢ () u
9 () He UMEIOT HYXHBIX NPOU3BOMHBLIX. I[efCTBUTENBLHO, TIOBTOPSS PAC-
CyXHeHus, npusenuine Hac K dopmyie (9), MBI MOXEM yTBEPKIATH, UTO
€CIIM CYIIECTBYET PEIICHe YPABHEHUS KOJCOAHWN, TO OHO MOJRKHO Mpe-
crasnaTbesa hopmyioit (9). Ecmu xe dyuxuun ¢ (), ¢ () #e nuddepen-
LUPYEMBI JOCTATOUYHOE YUCIIO Pa3, To opmyia (9) onpenesnser byHKIUIO,
HEe YIOBIIETBOPSIOIIYO ypaBHeHUO (1), T. €. He CYIIECTBYET pelleHus STO
381U,

BpeaTbeB M. M. O HEKOTOPEIX HEK KTHBIX 3aadaxX MaTeMaTude-
D MTaspe es M. M. O mekoTO eKoppe 3amavax MaTeMa e

ckoit pusuku. HoBocubupck, 1962; Tuxounos A. H. O peumenun HEKOppEKTHO
HOCTABIIEHHBIX 3ana4 u Mmerone perynspusamum // JAH CCCP. 1963. T. 151,
Ne 3. C. 501—504; Tuxounos A. H. O perynspusaunu HEKOpPEKTHO IOCTABIICH-
ueix 3anaq // Tam xke. T. 1563, Ne 1. C. 49—52; Tuxounos A. H. O HenuuetHbIx
ypasrenmsax nepsoro poma // Tam xe. 1965. T. 161, Ne 5. C. 1023—1026.

5*
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Onnako ecay HEMHOTO M3MEHUTH HAUYAJIbHBIE YCIIOBUS, 3aMEHUB X
nuddeperuupyembivu pyaxknuamu @ (z) u P (r), TO STUM HAYAIBHBIM
GbyuknuaM yxe OyIoeT COOTBETCTBOBATH pemenue ypasuenus (1). Kpome
TOTO, 3aMETUM, YTO IIPHU IOKA3ZATEILCTBE TEOPEMBI HACTOSIIIErO IIYHKTA
MBI (DAKTUYIECKU OOKa3aiu, uTo GyHKOuU, ounpenensemsle opmysoi (9),
HEMPEPHIBHO 3aBUCAT OT HAUYAJbHLIX hyHkuuit ¢ (z) u ¢ (z) (He3aBucumo
ot Toro, nuddepeHnupyeMul >Tu GyHkuun wium Het). Takum o6pasom, eciu
HEKOTOpBIM (yHKuIusaM ¢ (), ¢ () He COOTBETCTBYET pELICHUE ypaBHE-
HUsL KOIe6aHuil, yIOBIIEeTBOPSIOIee yCiaoBuaM (2), TO dOyHKIYsI, Onpenesis-
emast (hopmyioit (9), ABILETCS NPENENOM DelleHUi yPaBHEeHUs KOuleOaHuil
C HEMHOTO CINIQXKCHHBIMU HAUAJIbHBIMU yCIOBUSMIU.

[loyuennble TakuM MOpemebHBIM [IEPEXONOM (DYHKIINN HA3BIBAIOT-
ca 0600mIeHHLIMU pemeHuaMu. llousTue 0OOOIIEHHBIX DELICHUIH,

urparoree GOIBIIYIO poib B dusuke, 65110 BRemero C. JI. CoGomenbim 1.
6. IlosmyorpannydenHas nmpsMas U MeTol IIpomoJixkeHuii. Pac-

CMOTPUM 337184y O PACIPOCTPAHEHNY BOJIH HA [IOJIYOrPAHNYIEHHON IIPSIMOM

z > 0. Ora 3amaua uMeeT OCOGEHHO BAXHOE 3HAUEHUE IIPU U3YIEHUU TIPO-

1IECCOB OTPAXKEHUS BOJH OT KOHIIA, U CTABUTCS CIEAYIOUTIM 00Pa30oM.
Hatdimu pewenue ypasnenus xoaebanut

Uy, =uy npu 0<z <00, t>0,
yd0o8AEMBOPTIOULCE 2PAHUUKOMY YCAOBUIO
w(0,t) = u(t) (uavwug (0,t) =v(t)), t=0,

U HAUAADHBIM YCAOBUIM
(0 <z < ).

PaccMoTpuM CHa9asa, CITydail OMHOPOMHOTO FPAHUIHOTO YCIIOBUS
u(0,t) =0 (wm u, (0, ) =0),

T. €. 3a1a9y O PACIPOCTPAHEHWH HAYAIBHOTO BO3MYILEHWS HA CTPYHE C
3aKpensieHHBIM KOHIOM & = 0 (w1 CBOGOIHBIM KOHIIOM).

OTMmeTwM cremyromme NBe JIEMMEI O CBOMCTBAX DEIICHU yPABHEHUS
KoebaHuli, OIPenesieHHBIX Ha, OECKOHEUYHON IPSIMOM.

1. Ecau nauasvnvie danwbie 8 3adase 0 pacnpocmpareruy Kosedanui
na neozpanuuennot npamot (zadaua (1) —(2)) geagiomes newemmuvimu
PYRKYUIMU OMHOCUMEALDHO HEKOTOPOT MOUKY Zo, MO COOMEEMCMEY-
owee pewenue 8 IMot Mouke Loy PABHO HYAIO.

2. Ecau mauaabnbie dawnbie 6 3adaue 0 pacnpocmpanenus Koaseda-
nuti na weoeparuuennot npamot (3adaua (1) —(2)) geazromes wemmuvimu

D Cm monpobuee: CobGomes C. JI. YpaBuenus mareMaTHueckor GU3MAKU.

M., 1992; Ilerposckuu WU. I'. Jlekuun 06 ypaBHEHUAX C YACTHLIMU IIPOU3BOLI-
weivMu. M., 1961. Cum. Takxke Hononuenune I11.
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PYNKYUIMU OMHOCUMEALHO HEKOMOPOT MOUKY T, MO NPOU3EOOHAT NO
T COOMBEMCMBYIOULE20 PeULEHUT 8 IMOT MOUKEe PABHA HYAI.

Hokaxem nmemmy 1. Ilpumem xy 3a Hauamo koopmumuat, o = 0. B
5TOM CIIyJYae yCIOBUS HEYETHOCTU HAYAIILHBIX JAHHBIX 3AIUIIYTCS B BUOE

p(r) =—p(-z), 9(@)=-¢(-2).

®dyukuus u (z, t), oupenensemas hopmyinoit (9), npu £ =0 u ¢ > 0 pasHa

Cplat)tp(at) 1T B
u(O,t)—f—F%/lﬁ(a)da—O,

—at
TAaK KaK IEpBOE CitaraeMoe PaBHO HYJIIO B CUJIy HEUETHOCTHU @ (.CL'), a BTO-
PpoO€ paBHO HYIJIIO, IIOCKOJILKY MHTETrPAJI OT HEUYeTHON q)yHKHI/II/I B IIpeneax,
CUMMETPUYHBIX OTHOCUTEIIBHO Ha4aJla KOODOUHAT, BCErOoa PpaBE€H HYJIIIO.
AHaJIOl"VI‘IHO IOOKAa3bIBAECTCSA JIEMMa, 2. yC.TIOBI/ISI YETHOCTU HAYAJIBbHBIX
OaHHBIX IMEIT BIUI

o(z) =¢(-z), ¢(z)=1¢(-).
3ameTuM, 4TO TPOU3BOAHAS YETHOU DYHKIMM SBIIAETCS DYHKIUER HedeT-
HOM:

W3 dopmymer (9) cremyer

ug (0, 1) = v’ (at) +2“" (zat) | 2—1a [ (at) — 4 (—at)] =0, t>0,

TaK Kak MepBOe CIIAraeMoe PABHO HYJIIIO B CUILy HedeTHOCTH ' (x), a BTO-

poe— B cmty werHocTn ¢ (z) 1),

[TpuBenenHoe BLIIE MOKA3ATEITHCTBO (GAKTUIECKN OMUPAETCS HA GOp-
myay Iamambepa m He CBSI3aHO C ABYKPATHON mubdEepeHImpyeMOCTbIO
byuxunn v (z, t). TeM caMbIM IOKa3aHO, ITO NeMMa | BepHA ISl JIHO-
ObIX GyHKIUi, TpencTaBuUMbIX dopmynon Hanambepa, a memma 2 — mis
Gbyukuuit Toro xe Buna ¢ quddepenuupyemont byukimein ¢ (x), T. e. @i
06001IeHHEIX perernit 3amaan (1) — (2

[Ipu momortu 5TUX OBYX JIEMM MOXHO PEIIUTH CIEAYIOIYIO 33139y .

Tpebyemces natimu pewenue ypaswewud (1), ydosaemsopaowee wa-
YAADHBIM YCAOBUIM

0<z< oo, (2"

1) GTI{I ABE€ JIEMMBIL ABJIAIOTCA CIIEOCTBUEM TOI'O, UTO €CJIM Ha4YaJIbHBIE YCJIO-

Bus 4eTHBI (mnm HeweTHBI), TO u upm ¢t > 0 dynxmus u(z, t), onpememsemas
dopmynon Hamambepa, o6rmamaeT TeM ke CBOUCTBOM (IPENOCTABIILEM IATATENIO
IOKa3aThb 5T0). ['eOMETPIYECK O9E€BUAHO, YTO HEUETHAS HEIPEPHIBHAS Dy HKIMS
U Ipowu3BOnHas yeTHON nuddepennupyemoit GyHkimu paBHbl Hyao npu = 0.
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U 2PAHUUYHOMY YCAOBUN
w(0,¢) =0, t>0

(mepBas kpaeBas 3a0a4a).
Paccmorpum ¢yukuuu @ (z) u ¥ (z), ABAOMINECT HEYETHBIM IIPO-
nomxenveM ¢ (z) u ¢ (z), Bxomsamux B ycimosue (2):

. p(z) nmaz >0,
2 (@) {—(p(—x) s x < 0;

_ Y (z) nmazz >0,
(@)= {—7,/1(—:6) ms xz < 0.

DyHKIUS
® ® 1
+at) + @ (z—at
u(z, t) = (@ a)2 (@ a)+%/\1’(a)da
r—at

onpenenesa miust Becex £ u ¢t > 0. B cuiny nemwmsr 1
u (0, t) = 0.

Kpowme Toro, sta ¢pyukius yomosimerBopsier ipu t = 0 m z > 0 cremyrommm
HAYAJILHBIM YCIIOBUSIM:

Taxum 06pa3oM, pacCMaTPUBas IOJIYYEHHYI0 QYHKOUIO U (T, t) TOIBKO
nns x >0, t > 0, MBI DOTyIrM DYHKIWIO, YIOBIIETBOPSIOIIYIO BCEM YCIIO-
BUSIM TIOCTABICHHOW 3a,0aUMU.

Boseparasce k npexxHuM GyHKIUSIM, MOXKHO HAINCATD

w(z+at) + ¢ (x — at)
+
2
r+at
1 T
+—/z/1(a)da ms t< —, x>0,
2a a
u(z,t)= woat (23)
v (xz+at) —p(at — )
2
z+at
1 T
+—/1/1(a)da mng t>—, z>0.
2a a
\ at—zx




§ 2] METOJ PACIIPOCTPAHAIOINMNXCSA BOJIH 71

B o6mmacTu t < x/a BAMSHNE TPAHUYHBIX YCIIOBUN HE CKA3BIBAETCS, U BBIPA-
xeHue s u (z, t) coBnamaer ¢ pemteHreM (9) miis GECKOHEUHON IPAMOI.
Amnanornuso, ecnu npu x = 0 MBI nMeeM €80000HbIl KOHEY:

Uy (07 t) =0,

TO, B3SIB UETHOE MPONOIIKeHNe byHKuuit ¢ () u 9 (z)

B (z) = p(z) mnaz >0,
e (—2) mna z < 0;

Y (z) mnaz >0,

V(@)= P (—x) mna z <0,

TIOJIYYNM pelleHre ypaBHEeHUS KoyreOaHui

(}( ) (I>( ) 1 z+at
r+at)+ @ (z —at
u(z, ) = 5 +% / VU () da,
z—at
I
; 1 z+at
t —at
plz+at) +o( a)+_/z/;(a)da ws t<
2 2a a
z—at
u(z,t) = (’D(x+at)_('0(at_$)+
2
z+at at—z
o0} [ v@dat [ (@ t> 2
1 ISt —
5a p1s (L’
\ 0 0

yIOBIIeTBOpsitoliee B obmactu > 0 HAUYAIBHLIM yCIoBUAM (2) U KpaHMY-
HOMY yCJOBUIO Uy (0, t) = 0.

B panpuefiiiem npu pereHuy pasinyHbIX 3303 HAM YaCTO IPUALETCS
IIONTB30BATHCS METOAOM IPOMOJIXKEHNS Ha OECKOHEUHYIO OOIIaCTh HAYAIIb-
HEIX OAHHBIX, OIPENeNeHHBIX HAa HEKOTOPOU YaCcTHU dTON OOJIACTH.

ITosTomy MHI errie pa3 chOpMYyIUPYyeM HOJTy IeHHBIE PE3YIbTATHI B BAIE
CIENYIOIINX IBYX IIPABUIIL.

g pewenud 30004y 1A NOAYORPAHUUEHHOT NPIMOT C 2PAHUUHBLM
yeaosuem u (0, t) =0 nauaabnovie danubie Hado NPoIOANCUMb KA CIO NPA-
MY HEUEMHO.

Lag pewenud 3a06%u MG NOAYORPAHUUEHHOT NPIMOT C 2PAHUUHBIM
yeaosuem Uy (0, 1) =0 nauasvmvie danmvie nwado npodosrcumv Ha 6cio
NPAMYIO YEeMHO.

Paccmorpum nBa nmpumepa. IlycTe HagabHEIE JAHHBIE HA MOIyOTDaA-
HUYEHHOU IPSMON, 3aKpemnyieHHoN npu = = (), OTJIWYHEL OT HYJS TOIBKO B
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uaTepsane (a, b), 0 < a < b, B KOTOPOM HAYAIIBLHOE OTKIIOHEHUE, HABAE-
Moe ¢yukuuenn ¢ (z), m300paxaercs PaBHOOGENPEHHBIM TPEYTOILHUKOM,
a ¢ (z) = 0. Pemenue »Toil 3amaum GymeT MOyUEHO, €CIIA HAUAIBLHBIE
IAHHBIE HEYETHO IMPONOIXUTL Ha Oeckomeunyro mpsmyio. IIpomecc pac-
MIPOCTPAHEHUST BOJH WU30-
= -1 6paxen Ha puc. 13. Bua-

8a PN Yyajie IPOLECC MTPOUCXOMUT

~ ¥ rak Xke, KaK U HA HEOTDAa-

HUYEHHOU TPSAMON. 3amaH-
HOE OTKJIOHEHUWe pal3buBa-
€TCsI Ha, IBE BOTHEI, IBUXY-
IIXEeCss B Pa3HbIE CTOPOHEI
z C TOCTOSIHHOW CKOPOCTBIO,

[IpUYEM 5TO IMPOHOILKAET-
# CsI IO TeX IOp, IIOKa BOJIHA,

N
N
N
N
P UZYIAsT HAJICBO, HE HOMIET
N
N
N
N

U

¢ go toukn = =0 (puc. 13).
B sToT MOMeHT c neBon
Z  croporsl (z < 0), Ha KO-
TOPOU TPONCXOOUIN AHAIIO-
TUYHBIE TPOLECCHl, K TOY-
ke z = (0 momxomuT BOJHA
¢ «obpaTHou dazoir>. B mo-
CIIENYIOIIE MOMEHTHI IIPO-
0 HCXOOUT OTPAaXKEHUE BOIHLI
OT B3aKPEIIEHHOTO KOHIIA.
Puc. 13 OTo m306paxeHo B meTa-
nax "Ha puc. 13. IIpoduns oTpaxaroeincs BOTHBI YKOPAIUBAECTCS, OTKIIO-
HEHUS MCUE3AI0T, 3aTE€M OTKIIOHEHUS MOSIBIASIOTCS C OOPATHBIM 3HAKOM, U,
HAKOHEI], OTPAaXEHHAas BOJIHA HNOUOET BIPABO 33 YIIEOIIEN TyOoa BOJHOU C
TOI XK€ CKOPOCThI0. TakuM 00pa3oM, P OTPaXKEHUM BOJIHBEL OT 3aKPEI-
JIEHHOT'O KOHIIA, CTPYHBI €€ OTKJIOHEHNE MEHSET 3HAK.
Paccmorpum BTOpOI npumep. IlycTh Ha MOTyOrpaHUYEHHON IIPSMON
z > 0, 3axpemnnennon npu ¢ = 0, HAUAITHLHOE OTKJIOHEHNE BCIOAY PABHO HY-
JII0, & HAYAIbHAS CKOPOCTH t (£) OTJIMYHA OT HyJId TOILKO B MHTEDPBAIIE
(21, z2) (0 < 1 < x2), mpuuem 3mech P () = const. IIpomomkum HeyeT-
HO HauajbHble maHHble. OT Kaxnoro weTepBana (z1, T2) U (—Iz, —T1)
PACIPOCTPAHSAIOTCS OTKIOHEHNU S, TONOOHBIE OTKIOHEHUSIM, N300PaKEHHBIM
Ha puc. 14. Kak BunHO U3 pucyHKa, B HAUaJbLHOU cTaquu B obmactu x > 0
MPOLIECC UOET TAK XKe, KaK U HA OECKOHEUHO MPSIMOil. 3aTeM IPOUCXOMUT
OTpPaXKeHNe OT 3aKPEIJICHHOT'O KOHITA, 1, HAKOHEI], BOJTHA, C IPO(UIIeM B BU-
e paBHOOENPEHHOW TPAIeNUy C TOCTOSHHOM CKOPOCTBIO NBUKETCS BIIPa-
BO.

N3syuenne oTpaxeHus OT CBOOOMHOTO KOHITA, TPOBOMUTCS AHAJIOTUIHO,
TOJILKO HaYaJIbHBIE MaHHBIE HYXHO MPONOJIXKATH YEeTHO, TaK YTO OTPaXKe-
HUE BOJIHBI OT CBOOOMHOTO KOHIIA OyIeT IPOMCXONUTH HE C M3MEHEHHOU, a
¢ To’ ke (pa3on.
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MEI paccMOTpeN” 3308491 C OTHOPONHBIMYU TPAHWIHEIMYA Y CIIOBASIMEA
u(o,t):u(t):() U _ mp—1
8a

At =
ug (0, 1) = v (t) =0. Z < D N

nim

B obmem cimyuae HEOmMHO-

POOHBEIX TI'DAHUYHBIX YCIIOBUU P N
pelIeHre IpPeCcTaBIIsAeTCs B BU- N—— 7

e CyMMBI, KaxXJOe CJIaraeMoe L
KOTOPOU YIIOBJIETBOPSIET TOJIIb- <~ o z
KO ONHOMY U3 IIOCTABJIEHHBIX

ycaoBuil  (iub0 TpaHUYHOMY, =

160 HAYAIBLHOMY ). N————

O6paruMcs Temepb K pe-

LIEHNI0 yPaBHEHUS I[PU HyJle- < @

BBIX HaYaJIBHBEIX 1 330aHHOM
TPAHUYIHOM YCJIOBUAX:

Y T
— —0 @ _ N—"T
u(x, 0)_07 Ut (:L', 0)_0,
@(0,t) =u(t), t>0. 0 r
OueBupHOo, uTO  Tpa-
HUYHBIA PEXUM BBI30BET BOJI- Puc. 14

HY, PACIPOCTPAHSIOUIYIOCS BIOJIb CTPYHBL HALIPABO CO CKOPOCTBIO @, UTO

- o

t

r—at <O

_

r = at

Puc. 15
IIOZICKA3BIBAET HAM aHAJIUTUIECKYIO (DOPMY DelleHus
u(z,t) = f (z — at).
OnpenenuM GyHKIMIO f U3 TPAHWYHOTO YCIIOBUS

u(0,t) = f(=at) = p(t),
OTKYyIla
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TaK 9TO

u(x,t)zu(—x_aat> :u(t— g)

Omuako sTa GyHKIUs OnpeneneHa b B obmactu z — at < 0, Tak kak
i (t) ompenmenena mist t > 0. Ha puc. 15 sra obnacts usobpaxaercs 3a-
[ITPUXOBAHHOU YACTHIO (PA3OBOIM MIIOCKOCTH.

Urobbr Haiitu @ (z, t) Mg BCeX 3HAYEHUI apryMEHTOB, IPONOJIKUM
¢byuxuuio () Ha orpunaTenbHble 3HaueHus f, momaras p(t) =0 mis
t < 0. Torma dpyurnmIs

x
w(z, t)=p (t a)
OyneT onpernesieHa IS BCEX 3HAUEHUN aPIyMEHTOB U OyIEeT yIOBIETBOPSITH
HYJIEBEIM HAYAJIBLHBIM yCIIOBUSM.

Cymma sToli pyHkuuu u pyHkuuu (23), ONPENENeHHON B HAYAJe Ha-
CTOSIIEr0 MyHKTA, MPEACTABISIET DEIeHNe MEPBOA KPACBOU 3a0aud I
OMHOPOMHOTO ypaBHeHus Konebanmit. Il momyorpaHmIeHHon CTPyHBL

o (z +at) + ¢ (z — at)
5 +

r+at
+— /z/;(a)da I[J'ISIt<§,
u(z,t) = v—at (24)

T T + at) — at — x
u(t )+<p( )290( )Jr
xr+at

1
+%/¢(a)da IS t>§.
at—x

Anajornuso MoxeT OBITH IIOCTPOEHO PEIIEHNe BTOPOIl KPAeBOI 3a,1a-
qn. O Tperbei kpaesoi 3amaue cM. m. 9, c. 83.

Mz1 orpaHIYInMCS 30€Ch PelIeHreM KPAeBOR 33,1a9u [JIsI OMHOPOMLHOIO
ypaBHEHUs KOJIeOaHUN.

Petrenne HeOmMHOPOMHOTO ypaBHEHUS CM. B 1. 9.

7. 3amaum OJia orpaHMYEHHOTO oTpe3Ka. PaccMoTpum KpaeBbie
3amaun s orpanundennoro orpeska (0, 1). Bymem uckarh pemenue ypas-
HEHUs

_ 2
Utt = Q" Ugg,
YOOBIIETBOPSIOIICE TPAHUYHBIM Y CIIOBUSIM

w(0.8) = (1),
u 0, t>=u2<t>,} =20
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1 HAYAJIBHBIM yCJIOBUAM

u(z, 0) = ¢ (2),
we (z, o>=w<x>,} oSSt

PaccMoTpuM npenBapuUTENBHO CITyYall ODTHOPONHBIX TPAHUYHLIX YCIIO0-
BUN

u(0,t) =wu(l, t) =0.

Bynem uckare perenue 3amadm B 5TOM CIIydYae METONOM IIPOMOJIKEHUS,
NIPENNnosaras BO3MOXHOCTD CENYIOIErO MPENCTABICHU:

r+at
P t d(x—at 1
u(z, t) = (“a); - a)+5/q’<a>da,

r—at

roe ® u ¥ — pyukiun, nomiexainue onpeneneHunio. Hadambubie ycmoBust

u(@, 0) =2 (@) =¢@),| ;.
ut (z, 0) = ¥ (z) = ¢ (z), S

YUT0OEL yHOBIETBOPUTE HYJIEBHIM IPAHUUHEIM YCIOBUSIM, HAJIOKUM Ha
oyuknun @ (z) m ¥ () TpeGOBaHWS HEUETHOCTH OTHOCUTENBHO TOUEK
=0, z=1I:

(x)=—@(—x), ®(z)=-—® (2 —1),

U(z)=="U(-z), ¥(zr)=-T(2-zx).
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ConmocTaBisis 5TH PABEHCTBA, HOJTYIaeM
S(z')=d(z' +21) (z'=-x)

u anagoruyro mist V(z), T.e. ® u U aBuaoTca nepuonuueckumu GyHK-
uusiMu ¢ mepuonom 2[.

HeTpymuo BUmETB, 9TO YCIOBHS HEYETHOCTU OTHOCHUTEIBLHO HAYAIIA
KOODAVHAT U yCIIOBUS MIEPUOMUIHOCTH ONPENEatoT nponoinkenue @ (z) u
U (z) ma Bceit npsamoit —oo < z < oo. [lomcrasusas ux B dopmyny (9),
MOy YAEM PeIleHre 3a,0aUM.

Ha puc. 16 coBmerens! da3zoBas miockocTs (&, t) U mIockocTs (T, ),
B KOTOPOH MAHO HAYAJIBHOE OTKJIOHEHWE U ero mnpopoikenue. Ha daszosoi
IIJIOCKOCTH IIITPUXOBKON BBIIEIIEHBI TOIOCHI, BHYTPU KOTOPBIX OTKIIOHEHIE
OTAMYHO OT Hyis (cM. puc. 7). 3HAKK IUIOC» U KMUHYC», CTOSILAE B
STUX MOJIOCAX, YKA3LIBAIOT Ha 3HAK ((ha3y) OTKIOHeHWs (B BUOE PABHO-
GENPEHHOr0 TPeyroibHrKa). [lomb3sysch puc. 16, merko npencraBuTh cebe
npoduib oTKIIOHEHUs B 11I060it MomeHT t. Tak, B Moment ¢ = 2[//a mbl 1O-
JIyYnM OTKJIIOHEHUS, COBIAIAOIINE ¢ HauaJIbHBIMU. Takum 06pas3oM, QyHK-
uust u (z, t) 6ymer nepuonuueckoin pyukuumein ¢ ¢ mepuomom T = 2l /a (cm.
c. 96).

PaccmoTpum Teneps 3amady 0 paCOpOCTPAHEHUN TPAHUIHOTO PEXKIL-
ma. Bynem mcxkaTh pemenue ypaBHeHUS

Ut = @ Ugy

C HyHeBbIMPI HaYaJIbLHBIMNA yCHOBH}IMH
u(z, 0) =g (z) =0,
ug (2, 0) =9 (z) =0

" T'PAHUYHBIMU Y CJIIOBUAMU

t>0.

W3 pesynbraTos . 6 Berrekaer, uto npu t < [/a permenueM ciiyKuT GyHK-
s

p(t), t>0,

_ z o
(e, ) =p(t-2), e p(t) = 0 i<

Onmako 5Ta QyHKIWS HE YOOBIETBOPSET FPAHUIHOMY YCIOBUIO
u(l,t)=0 mwpu t>1/a.

PaccMoTpuM «OTpaxkeHHy0» BOJHY, UAYIIYI0 HAJIEBO WM MMEIOITYIO
upu = = [ orkionenue, pasuoe fi(t —I/a). Ee anamuruueckoe Boipaxenue
naeTcs popMyson

_ I -z _ 20 =z
plt——— =a(t-=+=).
a a a a
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Jlerxo y6enmThCs, YTO PA3HOCTL MBYX BOJTH

_ T _ 20 x
p(e=2)—n(e-2 et
a a a
ecTb peuienue ypasHenus npu t < 2[/a.
[Tpomomxas 5TOT MPONECC Jajiee, TOIYUNM PEIIeHNE B BUIE PSIIa,

u(x,t):iﬂ<t—27’”—§>—iﬂ<t—%”l+§>, (25)

n=0 n=1

comepkaiero (s Kaxmaoro GUKCUPOBAHHOTO t) TOIBKO KOHEUHOE YUCIIO
OTJUYHEIX OT HYJISl WIEHOB, MO0 C KAXKILIM HOBBLIM OTPAXKEHWEM APTyMEHT
yMenbInaercs Ha 2l /a, a dysaknus fi(t) =0 mna t < 0. Beimosaenne rpa-
HWYHBLIX YCJIOBUI MIPOBEPSETCS HEMOCPEACTBEHHO. B caMoM nene, nomnoxmm
z = 0 u BEIIENUM U3 TIEPBO CyMMBI OTIEIBHO MEPBOE CIIATAeMOe TIPH 7 =
=0, pasuoe p (t). OcTanbHbIE ClaraeMble IEPBO U BTOPOU CYMM, COOT-
BETCTBYIOIINE ONUHAKOBLIM 3HAYEHWSM 7, B3AUMHO YHUITOXKAIOTCS; 3TO
nokaseBaeT, 9to u (0, t) = u (t).

Bamensas n Ha N — 1 W U3MEHAA B CBA3M C STUM TIPENEIBI CyMMEPO-
BaHU, TPEOOPA3yeM TIEPBYIO0 CYMMY K BUIY

i_ t_2_nl+2l—x
n:lu a a '

[Momarast reneps x = [, HEMOCPENCTBEHHO yOEXKIAEMCS B TOM, UTO CJIara-

eMBI€ TIEPBOIl I BTOPO# CyMM B3aMMHO YHUUTOXKAIOTCS ™).
dopmyma (25) uMeer mpocToit pusnueckuin cMuici. DyHKIUSA

(t-3)

npencTaBiisier coOON BOJIHY, BO30YXKOAEMYyI0 CDAHUYHBIM DPEXUMOM IIPU
z = 0, He3aBUCUMO OT BIMSHUS KOHIA T = [, Kak eciu Obl CTpyHA ObI-
ma, 6eckoreuna (0 < z < 00). Crenympomue craraeMble IPENCTABIIIOT CO-
6O IOCIIeNOBATEIbHBIE OTPAXKEHUS OT 3aKPEILIEHHOrO Kpasi « = | (Bropas
cymMMma) u or kpast £ = 0 (mepBas cymma).

Ananornuno dyskuma

n=0 n=1
OaeT pelreHne OOHOPOAHOI'O0 YPABHEHUA C HYJIEBBIMU HAYAJIBHBIMU YCJIIOBU-
SIMU

u(z,0) =0, ut(z,0)=0

1) Hawanpree YCIIOBUSI TaK2Ke IIPOBEPAIOTCS HEIIOCPEACTBEHHO, TaK KaK apry-

MeHTHL BCex GbyHkuui orpunarensuer npu ¢ = 0 u Berpaxenue (25) opm ¢t =0
PaBHO HYIIIO.
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" T'PAHUYHBIMU YCJIIOBUAMU
u(0,1) =0, u(l,t)=p().

Ha moxaszaTenbCcTBe €IMHCTBEHHOCTU PEIICHUS PACCMOTPEHHOW 33Ia4u 1
HENPEPBIBHON 3aBUCUMOCTH PEIIEHKS OT HAYAJIbHBIX U TPAHUYHBIX ¥CIIOBUN
MBI HE OCTAHABIIMBAEMCS.

8. Iucmepcus BOJIH. Y paBHEHUE KOJICOAHUHN CTPYHBI Uy = a*ugy
IOImycKaeT pelleHue B Buzme Oeryineit Bonusl 4 = f (¢ + at) mpousBoib-
ot opmer. Obiee ypaBHeHUe runepOOIMIecKOro TUMA, ¢ MOCTOSHHBIMY
ko3(pdurmenTamu

Ut — a2Ugy + b1Ts + boliy + ¢ = 0 (26)

C HOMOIIBIO YKA3aHHON B ril. 1 momcramoBknm @ = ue TH rpme X\ =
=0,5by/a®, = —0,5b;, CBOMUTCS K yPaBHEHUIO

Ut — @2 Ugy + cu = 0, (27)

roe ¢ = ¢ — (b1/2)? + (b2/2a)?. Toxaxem, uto ypasrerue (27) He mOmyc-
KAeT PELIeHW B BAME IPOU3BOIILHOM Geryireit Bonusl ipu ¢ # 0. B camom
— 2 £n 2 £n —

nesne, noncrasiag u = f (x —at) B (27), maxomam o® "' — a®f" + c¢f =0,
oTKyna B cmity npousBonbHOCTE f cuenyer ¢ = 0.

NMnynbe um CUTHAT TPOU3BONBHON (DOPMET MOXKET OLITE PA3IIOKCH-
eM B nHTerpast Oyphe NPeNCTABIEH B BUAE CYTIEPIO3UITAN TapMOHIIECKITX
BOJIH BUIA

” (.7;, t) = ¢t (wt—kz),

rme w—4acrora, k = 2w /A — BOIHOBOE YuCIO (A — IJIMHA BOJIHEL).

CkopocTs, ¢ KOTOpoU hasa BONHLL @ = wi — k2 TepeMeraeTcs B Ipo-
CTPAHCTBE, HAa3bIBAETCS (DA30BOM CKOPOCTBHIO BOJIHBI U PaBHA, OYEBUIHO,
v = w/k. Ecau da3zoBas ckOpOCTb FrapMOHUYECKON BOJIHBL 3ABUCUT OT da-
CTOTEI, TO TOBOPSIT O OUCIEPCAU BOJIH. B 3TOM ciydae rapMoHUueckue
COCTABJISIOIINE CUTHAJIA CMELIAIOTCS IPYT OTHOCUTEIBLHO OIPYTa, B PE3YIIb-
TaTe 49ero npo@uitb CUTHAJIA UCKAXKAETCS.

OueBunHO, UTO ecnu ypaBHEHME HE NOMYCKAET PEIIeHU B BUOE BOITH
IPOM3BOIBHON (hOPMHBL, TO (Ha30Basi CKOPOCTH FAPMOHUIECKON BOITHBI 3aBU-
CUT OT YAaCTOTEHL, T. €. UMEET MECTO NUCIEPCHSI.

IMokaxewm, uro mis ypasaenus (27) umeeT MecTo gucnepcus opu ¢ # 0.
Moncrasmssa B (27) u = et (Wi—ke)
u k:

, NOJIy49aeM YpaBHEHUE, CBA3BIBAKOIIIEE W

w? —a’k* +¢c=0.
Orcroona crenyet, 4To da3oBas CKOPOCTH
w w
V= —=———=a
ko Vw2+ec
3aBUCUAT OT YacTOTHL Ilpm ycmoBum ¢ = 0, T. e. o ypaBHeHUS Koieba-
HUfl CTPYHBI Uyt = A°Ugyy, ¥ = G HE 3ABUCUT OT YACTOTHI U IUCIEPCHS
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oTcyTcTByeT. Y cioBue ¢ = () HA3BIBAIOT TAK¥XKE YCIOBUEM OTCYTCTBUS UC-
KaXCHUN.

B kauecTse mpumepa paccmorpum Tenerpabnoe ypasaerue (cM. § 1,
. 4)

ize = CLiyw + (CR+ LG) i + GRi.

Homaras i = ue ", rme p = 0,5(CR + LG)/(CL), nomydaem nms wu
ypaBHEHUE

Uzy = CLuy + Cu,

rne ¢ = — (CR — LG)?/(4CL). Orcropa sunno, uro mpu CR # LG cur-
HaJT 10 Kabeso PacHpOCTPAHSIETCS C UCKAXKEHNEM, TaK Kak MMEET MECTO
LVCIIEPCUS BOJIH. ¥ CIIOBUE

R G

L c’

Ha3BIBAETCS YCIOBMEM OTCYTCTBUS MCKAXEHWs B JUHUK. B sTOM ciiyuae
TenerpadHOe ypaBHEHNE NOMYCKAaeT PEIIeHNe B BUIE 3aTYXaOIel BOJIHBL

R_G 1

L= “T e

CR = LG, wum

i(:l:’, t):e_’th(x_at)a Y=

roe f—mpou3BONBHAS HYHKITUS.

OTcyTcTBUE UCKAXKEHUsS BOJH [PU UX PACIPOCTPAHEHUU IO KaGeIo
uMeeT 0cob0 BaxXKHOE 3HAUYEHUE NI TejledOHHON U TejerpadHON CBS3U HA
OOJTBIINX PACCTOSTHUSX.

9. NMurerpanibHOe ypaBHeHue KojieGauui. [Ipu BeiBome muddepennn-
aJbHOrO ypaBHeHus kosiebaumit (5) B § 1 MBI MCXONMIN M3 3aKOHA COXPAHEHUs
KOJINYECTBA OBVXKEHWs, KOTOPBIA IIPUBEJI HAC K YPAaBHEHUIO KOjieOaHWII B MHTE-
rpansrOi Gopme (3). s Toro 9To6BI OT HHTErPAILHOTO yPABHEHUS IEPENTH K
mnddepeHnmaIbHOMY, MBI IPEAIONOXMIN, 9T0 byHkuus u (Z, t) mMeeT BTOpBIE
npom3BonHble. Besakoe mpenmosoxenune 06 OrpaHNYEHMM KIIACCA PACCMATpUBae-
MBIX (PYHKIII HEKOTOPBIM CBOMCTBOM O3HAJaeT OTKa3 OT M3ydeHus PyHKIWi,
He 00/IAmAIOIMX IPENIOJIaraeMBIM CBOMCTBOM. TakuMm 00pa3oM, HmEpPexXomsi OT
MHTErPaJIbHOTO ypaBHeHUs KojiebaHwmil Kk muddepeHInaaIbHOMY, MBI HCKIIIOUa-
eM K3 PACCMOTPEHUs IIPOIECCHI KojieOaHUil, He YIOBJIETBOPSIOIINX TPeOOBaHUIO
OBYKpaTHON nuddepeHnnpyeMoCcTH.

Iloxaxkem, UTO BCIO TEOpHIO MOXHO Da3BUThL B KJIACCE€ HEIPEPBIBHBIX
KyCcouHO-nubdepeHInpyeMerx QyHKINN, NCXONSI U3 WHTETPAJIbHOTO yDaBHEHUS
Koyie6aHMHI

9 t zo to

2
ou ou ou ou
—— — | = d¢ = (k—) —(k—) d Fd¢édr.
/{((‘%)Q (at)tl}pg /{ 00)o,  Fag), | bdr
z1 t1 z1 t1
(28)
OToMy ypaBHEHMIO MOXHO IPUAATE CIeLy oty Gopmy. Paccmorpum B mitocko-
cru (z, t) obmacte (G, OrpaHWYEHHYIO KyCOIHO-TIIAnKON KpuBoi C, 1 mOKaxeM,
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YTO MJISI DTOU OOJIaCTU MMEET MECTO UHTErPaJIbHOE COOTHOIIIEHUE

ou Ou
/(padmija_mdt)jL//Fdxdt_o. (29)
C G

Iyt omHOpOIMHOR cpensl 5Ta GOPMYIIa IPUHIMAET BUL

ou o0 o (5o :
/(atdm+a awdt)+//fdmdt_0 f=2) (20"
C G

Ecim xpusas C ABISETCS KOHTYDPOM HPSMOYTOIBHUKA CO CTOPOHAME, HApaJl-
JIETILHBEIME OCSIM KOOpIWHAT, TO (opmyna (29) cosmamaer ¢ dopmymon (28).
Ecmu xpuBas C' coCTOMT M3 KyCKOB, HapAJUIEIILHEIX OCIM, TO 06acTh G MOX-
HO TPENCTABUTbL KAK CYMMYy IIPSIMOYTOIb-
t HukoB. CyMMUpPys KOHTYDPHEBIE HHTErDAJILI,
COOTBETCTBYIOIIE OTOEIIBHEIM CIIATA€MBIM,
MBI [TOJTy 9MM, ITO CIATAEMBIE, OTHOCSIIIAECS
- K BHY TPEHHUM T'DAHUIIAM, B3AUMHO YHUUTO-
p.d XKAIOTCSA, TAK KaK WHTETPUPOBAHUE ITPOU3-
Crn BOOUTCS B MPOTUBOIOIOXHEIX HAIPABIICHU-
X, a OCTAIOIIMECS CITaraeMble HAmyT Gop-
myy (29). Ilycrs, manee, xkpusas C co-
[1 [ » mepxur nyrm C, He HapaJuIeIbHBIE OCSIM
a b ¥V He SBISIOMNECS JIMHUSIMU Pa3pbiBa MO-
Puc. 17 meHTEerpasibHon Gyukuuu. Bospmem cerky
CO CTOPOHAMMU, HAPAJIIEITLHBIMEA OCIM KOOP-
MUHAT, ¥ PACCMOTPUM SUEVKHU CETKH, mepecekatormmecs ¢ obimacteio G. O6o3Ha-
umM wepes G coBokymHOCTB >Tux sueex u uepes C* —rpanumy obmactu G*.
®opmyma (29) mpumenuma x G*. Ilepexons x Tpemey TPW yMEHBITAIOIIIXCSI
pasMepax CeTKm, HeTPyOHO ybemmTbcs B cupasemmmBocTu dopmynsl (29) mirs
upenenbuoit kpusoit C.

B camom mese, nepsoe ciaraemoe dopmyiet (29), IPEMEHEHHON XK 06IacTh

G*, cocToWT M3 CrTAraeMBIX THIIA

/<I>(x, t)de wm /<I>(m, t)dt,

én én

roe ® (z,t) —mempepeuas byuxmus u Cp, — myra koutypa C*, ammpoxcumu-
pytommas nyry C (pme. 17).
MycTs t = ty, (r) — ypaBuenne jomanoit Cyp, u t =t (z) — ypaBHeHwme Kpu-
Boit C. OueBummo, uto ty (T) pasHOMepHO cxomurcs X t(z) u
b b
lim [ @[z, tn (z)]dz = /<I> [z, t (z)]dz,

n—oo
a a

YTO U OOKA3BIBACT 3aKOHHOCTH IIPEOEILHOTO nepexoual).

1 TTockombky dxz = 0 Ha BepTUKANBHBIX 3BeHbAX jomaHour (', TO B 3TOR

dopmyne t = tn () ecTh ypaBHEHME FOPU3OHTAJIBHEIX 3BeHbEB KpuBou Chp.
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Ecmu xpusBas C cOmepXuT Oyru, SBIISIOIINECS JIUHUSIMEA PA3PLIBA IONBIH-
TerpaJibHOU hyHKIMHU, TO Gopmya (29) coxpaHseT cwity, eciu 6paTh B KAYECTBE
3HAUEHNN MONBLIHTErPAJILHON QYHKIIUM ee IpefelbHbIE 3HAUEHUS C BHYTDEHHER
cropousl obmactu G. Takum 06pa3zoM, CIIPaBEIINBOCTD NHTErPATIHLHON (HOPMYIIBI
(29) moxaszama.

PaccmoTpum cremyromntyio 3amady.

Hatimu gynwxyuro u(z, t), onpedeaennyto u Kycouno-zaadkyio 6 obaacmu
—00 <z <00, t >0, ydosaemsopaiowyo ypasreruio

/(%dHaQ%dt) +//f(vc, t)dzdt =0 (29
C G

U HAYAADHOLIM YCAOBUAM

ede p(r) —kycouno-zaadrkaz Pymwkyug, o Pynwkyuu P(z) u f(z,t) Kycouwo-
nenpepviénvl. 3necb C — NPOU3BOJIBHBIA KyCOYHO-TIIALKUIL KOHTYD, JIEXKAIIAR

1 1
M
M (=z,t)
A
A B . z
r —at z+ at 0 A’ B
Puc. 18 Puc. 19

B obmactu t > 0. Ilokaxem, 4TO 5Ta 3amada MMeeT €NWHCTBEHHOE DEIIeHUE,
onpenensemoe dopmysion Hamambepa.

Honyctum, ato dyukums u (v, t) IPENCTABIIAET PEIICHWE HAIIEH 3aIa4qM.
Paccmorpum tpeyronsauk ABM (puc. 18), npumeikatormmi x ocu ¢ = 0, ¢ Bep-
mwmuOM B Touke M (z,t), cO CTOpOHAMIM, ABIAIOMIUMIUCI OTPE3KAME XaPAKTe-

puctuk T — at = const um z + at = const, u mpumennM K Hemy dopmyiy (29').
Bnons orpeska AM wumeer mecto pasercTso dr/dt = a, Tax 4TO

ou 5 Ou ou ou
dz
Bpnoms oTrpeska M B mMeeT MeCTO PaBEHCTBO il TaK ITO
ou 5 Ou ou ou
—d —dt =— —dt+ —dz ) = —adu.
ot b o (i di+ 5y i) = —adn

CrenoBaTenbHO, MONLIHTErPAILHOE BEIPAXKEHNE BIOJIb XaPAK TEPUCTUK SBIISIETCS
nosHeM guddepernuamom. [IpousBonss uHTErpUpOBaHUE BOOIL OTPE3KOB BM

6 A. H. Tuxonos, A. A. Camapckuit
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u M A, nonyuaem

M
/(—d + 2%dt) —alu(M) —u(B)),

B

A

/(_d n 2?&) afu(A) —u (M),
M

Tak uTo dopmya (29') mpurEMaeT Bun

B
u (M) = (B);u zi/@ %/ f dz dt,
A

t
ABM
nIa

ulz, t) = ¢ (z+at) + ¢ (z — at)

2

+

z+at z4a (t—7)
Zifzp d£+—/dr / ydg.  (30)

Takum 06pa3omM, eciu pelIeHre IOCTABIEHHON 3a/Ma4l CYIIECTBYET, TO OHO OZHO-
3HAYHO OIPENEIIeTCS CBOMMU HAYAJILHLIMY 3HAYEHUSIMU. B Ciiydyae OnHOPOLHOrO
ypasrenms (f = 0) sTa dopmyna coBnamaer ¢ dopmynon Hamambepa. Orciona
cllemyeT TeopeMa eNUHCTBEHHOCTU OJI PacCMATPUBAEMON 3aIadM.

C mOMOILIBIO HENOCPENCTBEHHOW IOACTAHOBKKM HETPYLHO YOEOUTHCS, UTO
bynxnus Tuna

t z+a (t—7)
we)=fieran+ p-a+ [ar [ pena
0 z—a (t—7)

roe fi u fo —KkycouHo-rnankue QyHKIUU, a f3 — KyCOUHO-HEIpephIBHASL QYyHK-
numst, ymnoBieTBOpsieT ypasHenmio (28), a Tem cameiM u ypasrermio (29'). Do
IOKa3bIBAET TEOPEMy CyIIECTBOBAHUA. Pemenns 3ama1, pACCMOTPEHHBIX B II. 3 B
KaYeCTBE IPUMEPOB, SBILIIOTCS KyCOIHO-TIIANKIME Oy HKIMSIMEA U OXBATHIBAIOTCS
W3JI0XKEHHON TEOPUEn.

O6paruMmcs Tenepb K MEPBOM KPAEBOW 3a[ade Ha IIOJLyOrDAHWYIEHHON IIps-
moit. Bynem nckarhb pemenue ypasrerus (29) B mekoropoit Touke M (z, t) mus
t > z/a (puc. 19). Tak xak B obmactu ¢t < z/a (mOn XapakTEPUCTUKON T =
= qt) BIUAHUE TPAHUTHOTO PEXUMA HE CKA3BIBACTCSA, TO PEIICHUE OMPENeIIIeTCs

dopmymoir (30). pumenum dopmymy (29') x wersipexyronsruxy MAA'B, B
koropom MA, MB u AA'— orpeskn xapaxTepucTuK. BBIIOIHIS HHTErPUPO-
BaHme BIOIb xapakrepuctuk MA, AA'" w BM, momyuaem

2au (M) = 2au (A) + au (B) — au (A /—da:+ // fdz dt.

MAA'B
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Moncrasus ciona xoopmuaare Touek M, A, B u A', 6ymem umers
t, 0) — t—z,0
u(m,t):u(O,t—g)+u($+a’ )—ulat -z, )—+-

2
z+at ‘ ota (t—1)
1 ou 1
+5¥/5¥ ffﬁf / £ &, 7)de
at—x 0 \x a t |
Wi
z+at ota(t—T)
T
+_/¢ d§+_/dT / ) d§ (t>g), (31)
0 la—a(t-7)|

3 (31) HEMOCPEACTBEHHO CIEAYET €NUHCTBEHHOCTD DEIICHUs PACCMATPUBAEMON
3aIaYNI.
IIpu f =0 sTa dpopmyiia, Kak HETPYIHO 3aMETUTD, COBIAMAET C (POPMYJION
(24) § 2, m. 6. AmanOrmYHEBIM CIOCOGOM HM3y9aeTCs UM BTOPAs KPAEBAsL 330293, &
TaKXe 3a0a4YM I8 OTPAHWIEHHOT'O OTPE3KA.
IIpu usyuennn nepBoit KpaeBoR 3amadu MBI BULENIN, IYTO 330aHUSI OBYX Ha-
YaJIbHBIX yCJIOBU

u(ﬁ,‘, O)ZSD(:I;)v ut (iL’, 0):1/}('7:)

7 OOHOI'O 'PAHUYHOIO yCJIOBUS

w(0,t) =p(t)
IOCTATOYHO JIS MOJTHOTO ompenesienus pemerus. OTCIOna CIeAyeT, ITO TOIKHO
CYIIECTBOBATH COOTHOIICHUE, CBSI3BIBAOIIee GyHKIUM p, 1, p u v, vae v (t) =
= ug (0, t). Iubdepennupys dopmyny (31) no  u momaras x = 0, morydaem

v(t) = % {¥(at) = [W' (t) — ag’ (at)] }, (32)

roe miis npoctorst nonoxeno f = 0. Iome3ysace dopmynon (32), moxHO, HAIPHT-
Mep, TPETHIO KPAeBYIO 3a[1ady CBECTU K IIEPBOI KPAEBOM 3amIade.

10. PacnpocrpaneHune pa3pbIBOB BAOJIL XxapakTepuctuk. O6parum-
Cs K PAaCCMOTPEHUIO PA3pPBHIBOB IPOM3BORHBIX pemeHust ypasaenus (29). Iloka-
XKeM, UYTO JIMHUSIMU Da3PbLIBA IIPOU3BONHBIX (GyHK-
mnit u(z, t), yoomerBopsionmx ypasreHuio (29), ¢ A B
MOryT OBITH TOJIBLKO JINHUYM CEMENCTB XapaKTepHU-
CTUK

A
e

B camom mene, mycTs mekoTopas nuddepeHnupye- 'D C
Masl KPUBasl, OIPENeseMas YyPABHEHUEM

z=u(t),

SIBIIIETCS JIMHUEW pa3pblBa IIPOM3BOMHBLIX HeEIIPe- Puc. 20
PBIBHOH, Kycouno-mudbepennupyemoir dynkumu u(z, t). I[Ipenmomoxumm mis

6*

z —at = const, x 4+ at = const.
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ompeneseHHOCTH, 4T0 7 (t) — BO3pacTatomas yukmus. [Ipumerum Gopmyity
(29") x npsmoyronsuuxy ABCD (puc. 20):

ou L 2 0 gy 2 ) -
/ (atdx—f-a axdt)+ / (atdx—f-a axdt =0,
BA+AD DC+CB

a TakXe K KPUBOJIMHEHHBIM TpeyroiasHukam Ay = BAD un As = BDC:

ou 0 D2 g
/ (atd““ axdt)+/(at’”+“ 95), =0

BA+AD DB
ou 5 Ou ou 5 Ou _
DC+CB DB

rze ckoOKH ( )1 2 MOKA3LIBAIOT, YTO HAJO OPATE MPENeNIbHEIC 3HAUCHMS M3HY TP
TpeyronbHuKoB A; wmimm Ap. Berumras u3 cyMMBI HOCIIENHUX OBYX DaBEHCTB
IIpefnecTByIoIIee, MOy YIM

b () Yoo
/{(at””” o)\ " T an), g 4=
DB

WY, B CWIy IIPOU3BOJILHON MajiocTu nyru DB,

ou ' 2 ou
bt — | =0 33
[Ot] vta [81:} ’ (33)
rue, Kak 006bI9YHO, CKOOKaMu 00603HAYAETCS BEJIMUINHA PA3PBIBA GYHKIINN:
(fl=1f- fi.

Bospmem mpomsBonHyio mo ¢ oT 3HaueHus GyHkmmw U (%, t) BOONb JIMHAA
pa3pbIBa IPOM3BOLHEIX:

d ou , ou
—uxtt:(—)x—f-(—) 1=1,2
Gue®.0=(5) o+ (5), (=12,
IpuYeM B KAUECTBE 3HAUEHUS IPOU3BOMHBLIX MOXHO O6paTh NPEAEIbHEIE 3HAUEHUS
kak m3 Aj, Tax u u3 Ay. PasHoCcTh mpaBbIx wacTedl mpu ¢ =1 u ¢ = 2 maer

8’11/ ] au _
[E] te [%} =0

Conocrapmsas 9TO PABEHCTBO C paBeHCTBOM (33) m mpenmosaras, 9TO IO Kpaii-

ou ou
Hell Mepe OMUH U3 Pa3PBIBOB [ ], [—] OTIIMYIEH OT HYJIS, BUOUM, UTO BTU

ot oz
PaBeHCTBa BO3MOXHBI OMHOBPEMEHHO, €CJI OEeTEPMUHAHT STON CUCTEMBI PaBeH
HYJIIO:

bum0Ls
r = *at + const.
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TaxuM 06pa3oM, IMHUN Pa3pHIBA IPOU3BONHLIX DEIICHUS yPABHEHUS KOjeOaHMi
SIBIITFOTCS XapPaK TePUCTUKAMU.

S3amaun

1. HauepTuTs npoduiib CTPYHBI IS PA3IMYHLIX MOMEHTOB BPDEMEHU B CJIe-
OYIOMIMX CITy9asx.

I. Heorpamuwuernuas cTpyHa (—oo <1 < 00):

a) HaYAJIbHAA CKOPOCTHL pasHa Hymmio (9 () = 0), a HAYAIBHBIA TPOQUITH
CTDYHEI 33JaH B Bugme puc. 21;

6) HAYAJILHOE OTKJIOHEHWE DABHO HYJIIO, & HAYAJIBHAS CKOPOCTH MMEET IO-
crosaHOE 3HAUeHUE Ut (T, 0) = 1)9 Ha ywacTke CTPYHHI (L1, T2) W PABHA HYJIIO
BHE 3TOrO y4acCTKa;

B) HAYaJIbHBbIE YCJIOBUS UMEIOT BUL

¢ (z) =0,
0 npu z < ¢,
Y (z) = %x@c—m) npu ¢ < z < 2¢,
0 upuz > 2c.

II. Monyorpanuuennas ctpyHa (0 <z < oo):

r) HavaJbHAI CKOPOCTH pasHa Hymo (¥ (z) = 0), a HaYaIbHOE OTKJIIOHE-
HUE 3aJaHO B BUIIe TPEYrOJIbHUKA, m300paxeHHOro Ha puc. 21. Korer cTpyHBI
3aKpeIIeH;

1) Ta Xe 3a[a4a Ui CTPYHEI CO CBOGOMHBIM KOHIOM T = 0

e) Ha4YaJIbHBIE YCJIOBUSI UMEIOT BUL

0 npu 0 <z <egc,
v(x)=0, 9(x)= < 1o =-const mpu c <z < 2c,
0 upuz > 2c¢,

koHeI cTpyHEI £ = () 3aKpemieH;
K) QHAJOTWYHAS 330348 UL CTPYHEL CO CBOGONHBIM KOHIOM T = (.
IIpodwie cTpyHBI I Bcex 3amad la— X CemyeT HauepTUTH OISl MOMEH-
TOB BPEMEHHU

to =0, tkzgik (k=1,2,...,8). ()
a
OrMmeruTs mus 3amad la—x Ha (HA30BOU IIIOCKOCTH m
(T,t) 30HEI, COOTBETCTBYIOIIME DA3NWYHBIM CTANUIM 7, o
mporecca.
2. Haiitu pemenue 3amaun la O BCexX 3HAUEHWA Puc. 21

nepemeHHBIX ¥ ¢ (popmysier, Berpaxatomue GyHknmio v (z, t), Pa3sMIHbL LI
Pa3HBIX 30H ()Aa30BOY IJIOCKOCTM).

3. OnpenenmuTs OTKIIOHEHUE B HEKOTOPOIL TOYKE T, tg, HOIB3YICH Ha30BOL
mI0cKOCThIO (Z, t) m mmockocTwio (T, u), B KOoTOpOoRr (pmc. 21) 3amaHB HAYAIH-
Hble oTkIiOHeHus (¢ = 0), Kak I Ciy9as HEOTPAHWIEHHOU CTPYHBI, TAK ¥ IS
CILy4ast TOILyOrPAHMIEHHON CTPYHBI C 3aKPEIIEHHEIM (Wi CBOGOMHBIM) KOHIIOM.
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4. B HauaJyie MIMHHON IMJIWHIPUYIECKON TPYOKM, 3aMOJHEHHON r'a3oM, Ha-
XOOUTCS TMOPIIEHb, ABUXYIIUICS IO TPOM3BOILHOMY 3akoHy & = f () O CKOpO-

creio v = f' (t) < a. Hawanenoe cMerrienue u CKOPOCTH YACTHUIL TA3A DABHBI HY-
mo. Haiitu cmernenne rasa B cedeHun
¢ abcmucconn . Paccmorpers ciyuait
IBIKEHUS IOPIIHS C IOCTOSIHHON CKO-
pocTbio ¢ < a. YTO MOXHO CKa3aThb O
pellleHny 3aa4un, eCIIM HaYWHAs C He-
KOTOPOr0 MOMEHTA CKOPOCTH IIOPIIHS
v > a? (cm. punoxenune IV k ra. II).
5. Ilycte mo HeorpaHWYEHHONR
z crpyme Gexur BomHA u(z,t) =
Puc. 22 = f(z —at). CocrosHue CTPyHBI B
MOMeHT ¢t = () DpMHATH 33 HaYaJIbLHOE
7 PEIINTH ypaBHEHUE KOIeOAHNNA IPX COOTBETCTBYIOIIUX HAUAJIBHBIX YCIIOBHUIX.
CpaBHuts ¢ 3amauein la.

6. HeorpaHnmueHHBIN YIPYT U CTEPXKEHD IIOJIy I€H COeNUHEHNEM B TOUKE T =

= 0 OBYX CTepXHel C XapaKTepUCTUKAMIU

\Vki/p1 mpm z <0,
ko, p2, az =+/ka/ps mpm z >0.

a) Ilycts u3 obmactu = < 0 Gexut BOIHA

u(m,t):f(t—f),

a

ki, p1, a1

roe f—3amannas Gysakuusa. Haltu k05bGOUIUEHTE OTPaXEHUs U IIPEIIOMIICHUS
BOJIHBL TPV IPOXOXIEHUK depe3 Touky crhika (¢ = (). YCTaHOBUTH, IpKM KaKUX
YCIIOBUSIX OTPAXEHHAs BOJIHA OTCYTCTBYET.

6) PemnTes amanormunyio 3amady, ey 3aLaHO JIOKAIBHOE HAYAILHOE OT-
KJIOHEHUE

0 mpm z<ux,
w(z,0) =< p(z) mpu z1 <z < z2 <0,
0 mpum z>z9,

a HavaJIbHAsS CKOPOCTH PAaBHA HYJIIO.
7. IlycTh B HEKOTODPOI TOUKE CTPYHBI & = T IOABELIEH I'Py3 Maccel M u
u3 obnactu r < 0 6exuT BOIHA

u(m,t):f(t—g).

HaiiTu BEIpaXeHUS OIS IPEIOMIIEHHON M OTPAXEHHO! BOJIH.

8. Ilomyorpanumuennas tpybka (z > (), 3amONIHEHHAS WUAEATBHBIM Ca3oM,
“MeeT Ha OXHOM KOHIE, T = (, CBOGOOHO HEPEMEIAOIIUIICS IOPIIEHb MAaCChL
M. B momenT Bpemenu t = () DOPLIHIO IPY IOMOIIY yZapa COOOIIAIOT HAYAIIb-
HYIO CKOPOCTb vg. YccilenoBaTs mpomece pacnpOCTPAHEHUS BOJIHBL B Ta3e, eCIll
M3BECTHO, YTO HAYAILHBIE OTKJIOHEHUS I HAYAJIbHAsL CKOPOCTDH YACTUIl I'a3d PaB-
HEBL HYJIIO.

Yxazanue. PaccmoTpeTs pemenre ypaBHeHus kosie6aHuit B obitactu > 0.
Wcnonb3oBarh rpannuHoe yciioBue

M g (07 t) = Svypo ux (07 t)
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(po — HawasbHOE HmaBIEHUE raza, S — IIIOMIALL MOMEPEYHOTO CEYEHUs TPyOKw:,
v = ¢p/cy) n HauanbHee ycnoBus Ha rpaHune u (0, 0) =0, u (0, 0) = vg.

9. BeckoneuHast CTPYHA, IMEIOMIAL B TOUke & = () COCPENOTOUYEHHYIO MACCy
M, HaxomUTCS B MOJIOXKEHNY DABHOBeCUs. B HauanmbHBIN MOMEHT BpeMeHu ¢ = ()
yIapoM MOJIOTOUKA Macce M COOOIMIaeTCA HAYAJIbHAS CKOPOCTH vg. II0Ka3aTh,
YTO B MOMEHT BpeMmeHu ¢ > () BO3MyIIEHHAs CTPYHA MMEET BUI, YKA3aHHLIM Ha
puc. 22, rme w1 (z, t) m us (z, t) onpemensroTcs GopMyTaMm

M awvg 2T npu x —at <0
1 —exp (& —at) (mpsmMas BoTHA)
uy (z, t) = 2T P )

0 upu £ — at > 0;

Mavg [ 2T npu  — at < 0
1 —exp (— — (z + at))}
ug (z, t) = 2T Ma?2 (o6paTHas BONHA),

0 upu z — at > 0.

YKa3anue. BoCIOIB30BATHCS yCIIOBIEM
82 62

> > (0,) =T 2 (0, 8).
o2 o2 Oz

10. Pemmts 3amady 0 pacIpOCTPAHEHUN 3JIEKTPUUECKUX KojleGaHui B Gec-
KOHEYHOM IIPOBOAE IPU yCIOBUK

Oouq

xr

o Ouo

0,t) = M

(07 t) =

G R
C L
¥ IPU IPOU3BOJIBHBIX HAYAJIBLHBIX YCIIOBUSIX.

11. HaiiTu pemrenne MHTErpAIILHOrO yPABHEHUs KOIeOaHUI JIsI TOJLyOrpa-
HUYEHHOU CTPYHBI IPX FPAHWYHBIX yCJIOBUAX 3-r0 poma (cuM. m. 9).

12. Ha koumne z = () momyorpaHWMYEHHOrO CTEDXKHs YKpeleHa MeMOpaHa,
OKAa3bIBAIOIIAS CONMPOTUBIIEHNE IPONOIIbHLIM KOJIEOAHUSIM CTEDXKHS, IIPOIOPIH-
onansroe ckopoctm ut (0, t). UccnenoBaTh mpomecc koseGaHWs, €CIIU 3a0AHBL
HauanbHble cMemenus u vt (z, 0) = ¢ (z) = 0.

§ 3. MeTon pasaesieHns MepeMeHHBIX

1. YpaBHeHUEe cBOGOOHLIX KoJieGaHuii cTpyHbl. MeTom pas-
HejleHUs MePeMeHHBIX, uin MeTon Pypbe, SBAIETCS ONHUM U3
HamboIlee paCHPOCTPAHEHHBIX METONOB DELICHUS] YDPABHEHUN C JACTHLIMU
npousBonubiMu. M35m0keHre 5TOro MeTona Mel IPOBENeM IJis 330a4u O KO-
mebaHMSIX CTPYHBI, 3aKPEIICHHON Ha KOHIIaX. Pelenne yKa3aHHON 330347
MBI PACCMOTPHUM € UCYEPILIBAOIEN TOAPOOHOCTHIO U IIPYU HAIBHENIIIEM 13-
JIOXEHUU Kypca OyIeM CCHITATHCS HA DTOT maparpad, onyckas IOBTOPEHUS
IOKA3aTENbCTB.

Uraxk, 6ynem uckarh pelieHre ypaBHEHUSI

Ut = azum, (1)
YOOBJIETBOPAIOIIIEE ONHOPOOHBIM I'DAHUYHBIM YCJIOBUAM
w(0,6)=0, wu(l,t)=0 (2)
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1 HAYAJIBHBIM yCJIOBUAM

u(z, 0) = ¢ (a), 5

Ypasuenue (1) nUHERHO ¥ OMHOPOMHO, TOYTOMY CyMMa YACTHBIX PEIICHUN
TaKXKe SIBIISIETCS PeleHneM >Toro ypasuenus. mest mocrarouno 60mbimoe
YUICII0 YACTHBIX PEIIeHN, MOXHO IMONBITATHCS IIPU MOMOIIN CyMMUDPOBa-
HUS UX C HEKOTOPBIMU KO3hUImeHTaMy HalTH NCKOMOE PEIIeHue.
IlocTaBuM OCHOBHY! BCHOMOTLATENBHYIO 3a4a4Yy.
Hatdimu pewenue ypasnenud

_ 2
Utt = @ Ugyg,
HE PABHOE MONCOECTNBEHHO HYA0, YOIOBALTNBOPAIOUEE 00HOPOOHBIM 2P0~
HUYHBIM YCAOBUTIM
u (0) t) =0,

u(l,t)=0 )

u npedcmasumoe 6 sude NPou3sedenug
u(z, t) =X (z)7T (b), (5)

ede X (z) — Pynxyug moavro nepemennozo x, T (t) — Pynryug moavxro
nepemennoz2o t.

Moncrasnsasa npennonaraemyio Gopmy pewtenus (5) B ypasaenue (1),
MOy YUIM

XIIT — iz TII X,
a

uiu, nocye neneHus Ha, X 7T,

XII (1,) i TII (t)

X(z) a2 T(t)

(6)

Urobur ¢pyukuus (5) 6buia pemenuem ypasaenus (1), paserctso (6)
JOIXHO YOOBIIETBOPATHCS TOXICCTBEHHO, T. €. IJIS BCEX 3HAUEHUH Hes3a-
BucuMBIX mepeMeHHbix 0 < z < I, t > 0. IlpaBas wacts paseHcTBa (6)
ABIAETCS (DYHKIMEH TOJBLKO MEPEMEHHOTrO t, a JieBas— TONbKO T. Duk-
CUpys, HAIPUMEDP, HEKOTOPOE 3HA4YeHWe & u MeHsas ¢ (unmum HaobopoT),
HOIyYrM, 9TO IIPABAS U JIEBAsl YACTH PABEHCTBA (6) NpU M3MEHEHWN CBOMX
apTyMEHTOB COXPAHSIIOT MOCTOAHHOE 3HAYCHNIE

X" () 1 T" (1)

X @ 7T0) (7)

re A— MOCTOSIHHAS, KOTOPYIO I yAOOCTBA IOCITENYIOIINX BEIKIAIOK Oe-
PEM CO 3HAKOM «MUHYC», HIUErO He [IPEIOJIaras IpPU STOM O ee 3HAaKe.
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W3 coornomenus (7) nomyuaem OOGLIKHOBEHHEBIE Mu(dHEPEHINATLHEIE
ypaBreHus miist onpenenenus Gyaxknuin X (z) u T (t):

X"(2) 4 AX () =0, X (2) 20, ®)

T" (t) + AT (t) =0, T (t) Z0. (9)

I'pannunsie ycnosust (4) matoT

w(0,t) = X (0)T (¢) =0,

w(l, t) = X ()T (t) = 0.

Orcrona caenyer, uro pyukuus X () OOIKHA YAOBIETBOPSTH HOMOJIHU-
TEJIbHBIM yCJIOBUSIM

X(0)=x() =0, (10)
TaK KaK MHAYE MBI IMENN OBl
T#)=0 u wu(z,t)=0,

B TO BpeMs KakK 3aa4d COCTOUT B HAXOXKIEHUN HETPUBUAJILHOIO peIle-
uus. g ysxkuvu T (f) B OCHOBHOI BCIOMOTATENHLHOU 3a1a4€ HUKAKUX
IOIOJIHUTENLHBIX YCIIOBANA HET.

TaxuM 06pa30M, B CBA3M C HaxoxneHueM byHkimyr X () MBI IPUXO-
OUM K IIPOCTENIe 3anade O COOCTBEHHBIX 3HAUEHU IX.

Haidimu me 3nauenus napamempa A, npu KOMoOpuiT CYw,ecmsyom He-
MPUBUAALHBIE PEUEHUT 3600UU

X" (z)+ XX (z) =0,
X0)=X() = 0,} (1)

a maxHce AWMU 3MU PEULEHU.

Taxue 3HaueHUS MmapaMeTpa A HA3LIBAIOTCA COOGCTBEHHBIMUI
3HAYEHUSIMHU, a COOTBETCTBYIOI[NE UM HETDPUBUAIILHBIE DEIICHUS —
cobcrBeHnHbiMu GyHkuuamu 3anauu (11). ChopMmymupoBanHyO
TakuM 00OpasoM 3amady dacTto Ha3pmBaloT 3amadein Mlrypma —
HuyBumnms.

PaccMmoTpuM oTHENBHO CiTyuan, KOTa, IapaMeTp A OTPUIATENEH, Pa-
BEH HYIIIO MM IOJIOXKUTEIIEH.

1. Ipu A < 0 3amaua HEe UMEET HETPUBUANBHBLIX pernenuit. [leficTBu-
TeIbHO, O0LIee pelleHne ypaBHeHus (8) uMeeT BUL

X (z) = CreV ™A 4 Coe™ V27,
CpannvHEbE yCIOBUS HAIOT

X(0)=C +Co =0,

X()=Ce*+Coe® =0 (a =1vV=N),
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01:—02 n Cl(eo‘—e_o‘):&

Ho B paccmarpuBaeMoM ciaydyae  MENCTBUTEIBLHO U IMOJOXUTEIHLHO, TAK
uro e® — e~ % # 0. IosTomy

¥, CIIENOBATEIIBHO,
X (z)=0.

2. IIpu A = 0 Taxxke He CyIIECTBYeT HETPUBUAIBHEIX perneruii. eri-
CTBUTEIBHO, B 3TOM CITyuae o0lee perieHre ypasHenus (8) umeer Bun

X(CL‘) = 01$+02.

I'panwusnrie ycioBus maroT

X (0) = [Crz + Calo=0 = C2 =0,

X (1) =0yl =0,
T.e. Cp =0 u Cy =0 u, clenoBaTenbHO,
X (z)=0.

3. IlIpu A > 0 ofmiee peureHre ypaBHEHUsI MOXKET OBLITH 3AIACAHO B
BUIE

X (z) = Dy cos VAz + DysinVz.
I'paruunEle yCIOBUS HAIOT
X (0)=D; =0,

X (1) = Dysin VAl = 0.

Eciun X (z) me paBHO TOXIECTBEHHO HyO, TO Dy # 0, mosTomy

sin VAL =0, (12)

niim

™
\/_—T,

roe n—mo6oe menoe aucno. CrenoBaTeNbHO, HETPUBUAIBLHEIC PEIICHUS
3amaun (11) BO3MOXHBL JIUIIb DY 3HAYCHUSX

=1 ()

OTuM COGCTBEHHBIM 3HAYEHUSIM COOTBETCTBYIOT COOCTBEHHBIE (DYHKIAU

X, () = D,,sin ? z,
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roe D, — nNpOu3BOJIbHAS IOCTOSIHHAS.
Wrak, TONBKO PN 3HAYEHUSIX A, PABHBIX

= () w

CYLIECTBYIOT HETPUBUAJIbHEIE pertenus 3amaqun (11)

Xp () =sin ™

o (14)

OIPENEIIAEMEIE C TOYHOCTBIO 0 MPOU3BOIILHOTO MHOXKUTEIS, KOTOPHIN MBI
[OJIOXK UM PABHBIM EIVHULE. DTUM XK€ 3HAUEHUAM N\, COOTBETCTBYIOT De-
uienust ypasaerus (9)

T, (t) = A, cos ? at + By, sin ? at, (15)

rone A, u B, — IpoW3BOILHLIE MOCTOSHHEIE.
Bosspamasce x 3amaue (1) — (3), sakinouaem, 9To QyHKIUM

un (2, t) = X, () T, (t) = (A cos 2 at + B, sin ln at) sin 2 7 (16)

l l

SIBIISIIOTCS. YACTHBIMU DeIleHusMY ypaBHeHus (1), ymOBIeTBOpSIOIIAMI
rPaHUYHBIM ycaoBusaM (4) ¥ IpencTaBUMBIME B Bune npousseneHus (5)
IOBYX (GyHKIME, ONHA U3 KOTOPBIX 3aBUCUT TOJBKO OT %, Opyras—oT t.
Oy pemennst MOryT yOOBIETBOPUTD HAUAILHEIM yCIOBUIM (3) HAIIed uc-
XOIHOU 3324/ TOJIBKO I YACTHBIX CILy4YaeB HaYaIbHBIX DyHKIW ¢ (I)
O6parumcs k pemenno 3anadu (1) —(3) B obmem ciayuae. B cumy
JIMHENHOCTHU ¥ OOHOPONHOCTH! ypaBHeHUs (1) cyMMa JaCTHBIX DeIleHui

Zun z, t) :i(A cos—at+an1n 7 at)sin?x (17)

TaKXe YIOBIETBOPSIET JAHHOMY YDABHEHUIO U FDAHWYHBIM yCIOBUIM (2).
Ha sToM BOmpOCe MBI TOAPOGHEE OCTAHOBUMCS HECKOITBKO MO3X%e (CM. 1. 3
sroro maparpada). HauanpHble ycinoBus HO3BOIIIOT onpeneinuts A, u
B,,. llorpebyem, utobwl dyukims (17) ymoBneTsopsia ycnosusam (3):

(z,0) (z) = Zun (z,0) = ZAn S ] T,
n=1 n=1 (18)
ut (z,0) =9 (z) = Z% (z,0) = Z? aanmT:L"
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W3 Teopun psnoB Pypbe U3BECTHO, UYTO MPOU3BOILHAS KYCOUHO-HEIPEPHIB-
Hasg U KycouHo-muddepenuupyemas dyuknus f(z), 3amaHHAs B IpoOMe-

xytke 0 < z < [, pasmaraercs B pan Pypoe V)

f(z)= Z b, sin ? x, (19)
n=1
roe
l
=7 [ 1(©sin T e (20)
0

Ecin dyukuuu @ () u 9 () yoOBIETBOPSAIOT YCIOBUSM DA3JIOXKEHUS B
pan @ypee, TO

p@) =Y wasin Tz, pa=7 [@sinTede,  (21)
n=1

1o
o _

$(©)sin T Ede. (22)

~I|n
o—_ _

¢<x)=;¢nsm7}—”x, =

CpasHenue 5Tux psamoB ¢ dopMynamu (18) moka3sIBAET, YTO IJIsl BBIIOI-
HEHMS HAYAJIBHBIX YCIIOBUHM HANO MOJIOXUTH

l
A, = ©Pn, B, = o @bm (23)

™

1) O6erano paccMaTpPUBAIOTCA Hepuonuueckue GyHkmmu ¢ nepuomom 2/

o0
F(z)= (12—04-2 (ancosw—lnxﬁ-bnsinﬂ—lnx),
n=1

+1 +1
1

anZT/F(g)cos,?gdg, anI/F(g)sin?gdg.

—1 —1
Ecmu pyuxumsa F (z) mewerna, To ap = 0, Tax 4T0
+1 l

Flo)=S bnsin ™z bp=1 [ F@)sin ™ ede=2 | F(e)sin ¢ de.
P ] 1 1 ]

-1 0
Ecmu ¢dyuxnms F (z) 3amana Tompko B mpomexyTtke (0, [), TO MBI MOXeM IpPO-
NMOIXUTHL €€ HEeUYETHO M BECTHU PA3JIOXKEHWe B MPOMEXyTKe oT —| mo +I, uTto m

npusonut Hac K dopmynam (19) u (20). (Cm.: Bynax B. M., ®omun C. B.
Kparusie unrerpans: u paosr. M., 1967.)



§ 3] METOII PA3NEJIEHWY TIEPEMEHHBIX 93

YeM MOJTHOCTHIO onpenesseTcs dyuknus (17), marormas perneHne ucciemy-
€eMOU 3a0a4M.

Mu1 onpenesnuiu perierve B Bune 6eckonednoro pana (17). Ecnu pan
(17) pacxomurcst unu GyHKUWs, OLpenessieMas STUM DALOM, HE SBILIETCS
nuddepeHnInpyeMon, TO OH, KOHEYHO, HE MOXKeT IPEACTABIITH PelIeHue
Hamrero nuddepeHnnaIbHOr0 ypaBHEHUS.

B macrosiem nmyHKTE MBI OrpaHHIUMCS (HDOPMAILHBIM IIOCTPOEHIEM
pemenus. Beisicuenue ycoBuii, npu koTopbix pan (17) cxomurcs u mpen-
CTaBIIIET pelleHne, OyneT IPOBENEeHO B 1. J.

2. Nurepuperanus peineHus. O6Gparumcs Tenepb K UHTEPIIpe-
TaIW| TOIyYEeHHOTO perieHns. OYHKIM Uy, (4, t) MOXHO IPENCTABUTH B
BUIE

up (z, t) = (An cos?at—f-Bn sin?at) sin%x =

= a, c0s7rl—na(t+6n)sin?x, (24)

roe

™ B
an =+\/A2 + B2, — ad, = —arctg —. (25)
l A,
Kaxmnas Touka CTPyHBI T COBEPIIIAET FAPMOHUYECKUE KOIeOAHMS
™ . ™
Un (T, t) = ay, cOS - e (t + 6y,) sin %o
C aMIIUTYOON
. m™
Oy, SIN T Zo.

HBI/I)KGHI/IG CTPYHEI TaKOT'O TUIIa HA3BIBACTCA CTOAYIEC i BonmuOMN. Toukm

. TN
z=m— (m=1,2,...,n—1), B KOTOpBEIX sin —- 2 = 0, B Teuenue Bce-
n
IO IPOIECCa OCTAIOTCS HEMOABYKHEIME M HA3SLIBAIOTCA y 3JIAMHK CTOSYIER
2m+1
BONHEL Uy, (%, t). Touku £ = ——— 1 (m =0,1, ..., n — 1), B KOTOpPBIX

. ™ . .
sin T T = %1, coBepuIaioT KOJIeOaHUS ¢ MAKCUMAJILHON aMIUIUTYION Oy

¥ HA3BIBAIOTCSI MYYHOCTSIMMU CTOSUYEH BOJIHEL.
[Ipodune crosiueir BOMHLI B JIFOOON MOMEHT BPEMEHU IPEICTABIISET
CHHYCOULY

up (z, t) = Cp, (t) sin ? x,

roe

Ch(t) = apcoswy, (t + 0,) (wn _m a) .
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B MOMEHTEI BpeMeHU ¢, Tpu KOTOPBLIX COSwy (t + 0,) = £1, oTkionenus
OOCTUTAIOT MAKCUMAJIbHBIX 3HAUEHUN, a8 CKOPOCTh IBUXKEHUS PABHA HYIIIO.
B MOMEHTEI BpeMeHU ¢, mpU KOTOPBIX COSwy (t + 0,) = 0, oTkioHeHUS
PaBHBI HYJIIO, & CKOPOCTDH NBUXKEHUs MaKCHUMaJibHA. JacTOThl KomebaHuin
BCEX TOYEK CTPYHBI ONUHAKOBLL M PABHBI

™

Wnp = T a. (26)
YacToThl w, HA3BLIBAIOTCI COOCTBEHHBIMU YaCTOTAaMU KOIeOAHUI
cTpyHblL. I momepevHsx KOIe6aHmiA CTPYHEL a’ = T/p u, cnemoBaTeinnb-
HO,

an [T
n=—— 1] —. 2
w ] 5 (27)

Oueprust n-it CTOsSUEH BOTHLL (N-l TAPMOHUK M) IS CIIydast TOMe-
PEeYHEBIX KOJeOaHW CTPYHEI DaBHA

l
1 Bun Oun 2 _
0

1
/[pw sin? wy, (t + 0,) sin® ln$+

0
2
+T(Tn) cos? wy, (t + 6,,) cos? 7rln x} dz =

2 l 2
= % — pu}i Sin2 Wn (t + 6n) + T (E) Cosz Wn (t + (Sn) ? (28)
2 2 !
TaK KaK
[

l
/sm2 ™ d:v:/coszﬂxda::i.
l 2
0

0

[IoMB3yACH BEIPAKEHHEM IS Qp, Wy, & TaKke paseHcTBOM 1 = a2p, mo-
jIygaeM

2 A2 B2
EHZMZZ%M%, (29)

NI

rme M = lp—wmacca CTPYHHI.

Komebanus cTpyHB BOCHPUHUMAIOTCSI HAMU OOBLIYHO IO 3BYKY, U3MIa-
Baemomy crpyHou. He ocTanaBimuBasich Ha mpouecce pacIpoCTPaHEHUs KO-
s1e6aHUN B BO3LLyXE U BOCIIPUSTHUS 3BYKOBBIX KOJIEOAHUI HAIIIIM YXOM, MOXK-
HO CKa3aTb, YTO 3BYK CTPYHBI SBISIETCS HAJIOKEHUEM KIIPOCTHLIX TOHOBY,
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COOTBETCTBYIOIINUX CTOSINM BOJIHAM, Ha KOTOPBIE pa3iaraeTcs KonebaHue.
OTOo pasnoxeHune 3ByKa Ha MPOCTHIE TOHBI HE SBIISIETCS OMEPAIUEN TOIBKO
MaTeMaTUIeCKOTO XapaKTepa. BrlmeneHne IpoCTHIX TOHOB MOXKHO TPOM3-
BECTU YKCIEPUMEHTANIBLHO [IPU [TOMOILK PE30HATOPOB.

Bricora ToHA 3aBHCHT OT YACTOTHI KOJIEOAHWI, COOTBETCTBYIOIINAX
sToMy ToHy. Cmia TOHA OmpenesnseTcs ero SHeprueil u, CiemoBaTeNbHO,
ero ammuTynoi. CaMblil HU3KUN TOH, KOTOPBIA MOXET U3MaBATH CTPY-

HA, OIIPeNeIsieTCst CAaMOU HU3KOU cobcTBeHHON yacToTol wy = 7/l+/T/p u
HA3bIBAETCSI OCHOBHBIM TOHOM CTPYHBL. OCTajibHBIE TOHBI, COOTBET-
CTBYIOLLIKE YaCTOTAaM, KDATHBIM W], HA3BIBAIOTCI 06ep ToHaMu. Tembp
3BYKa 3aBUCUT OT MPUCYTCTBUS HAPSAY C OCHOBHBIM TOHOM OOEPTOHOB U
OT pPACIPENeNeHUs SHEPI UM 10 TaAPMOHUKAM.

Husmmit ToH cTpyHBL 1 ee TeMOpP 3aBUCAT OT CIOCO0a BO30YXKIEHUS
xonebanuii. JleficTBUTEILHO, CIOCOO BO3OY XK IEHUS KONEOAHUN ONMpPEnenseT
HaYAJIbHBIE yCIOBUS (3)

’U,(.CL', 0):90($); Ut ((E, 0):¢($)7

yepes KOTOPLIE BEIPaXaioTcsa Koshounmentsl A, u B,. Ecm A; = B, =
=0, TO HmM3mMM TOHOM OymeT TOH, COOTBETCTBYIOIIUI YaCTOTE Wy, LI
N — HAMMEHBIIIee YUCO, O KOTOpOro A, u B, OTIUYHEI OT HyI.

OO6BIUHO CTPYHA M3HAEeT OOWH U TOT XK€ TOH. B camom meine, nmpuse-
IeM CTPyHy B KojebaHue, OTTATHBASL €€ B ONHY CTOPOHY U OTIIycKas 6e3
HAUAJILHOM CKOPOCTH. B 53TOM criyuae

ut(x>0):0> u(l‘,O):(p(iL’)>0

TaK KaK
.
sin - &> 0.

Crnenyrorue kK03 @uumeHTHl, BOOOIIE MOBOPSI, 3HAYUTEILHO MEHbIIIE
. ™
A;, Tak kak GyHKIUA smTf 3HAKONepeMeHHa mpu n > 2. B uact-

HOCTHU, €ciit  (T) CHUMMETDPUYHA OTHOCUTEIHLHO CEPeNMHLI OTDPE3Ka, TO
As = 0. Taxum o6pa3oM, eCliu IPUBECTH CTPYHY B KONeGaHMe, OTTATUBAS
ee B onHy cropony (¢ (z) > 0), To Hu3mwmM TOHOM OyNEeT OCHOBHOW TOH
CTPYHBI, SHEPTHUS KOTOPOTO GOMbIIE SHEPTUU APYTUX TapMOHUK.

[IpusecTu cTpyHy B KoileGaHNe MOXKHO 1 ApyTruMu crocobamu. Hampu-
Mep, ecin HadaJlbHas QyHKONA He9eTHa OTHOCHTEIHHO CePeqUHEL CTPYHEI,
TO

A1:0
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W HUBIIUA TOH COOTBETCTBYET YaCTOTE

L\

Ecnu 3Byuainyio cTpyHy B3sITh TOYHO 33 CEPENUHY, TO 3BYK €€ PE3KO MEHsI-
€TCS U OHA 3ByYUT B OKTABY K CBOEMY TOHY. OTOT IPUEM U3MEHEHUS TOHA
YaCTO IPUMEHSETCS IPU UT'PE HA, CKPUIIKE, TUTAPE U APYTUX CTPYHHBIX UH-
CTPYMEHTAX M HOCUT Ha3Bauuwe ¢piaxoneTa. C TOYKM 3peHUs TEOpUU
KOJIe6aHUs CTPYH HTO SIBIIEHUE COBEPIIIEHHO SICHO. B MOMEHT NIPUKOCHOBE-
HUS K CepenrHe CTPYHBL MBI TACUM CTOSYME BOJIHBI, IMEIOIIINE B 9TON TOUKE
IIYYHOCTHU, U COXPAHSEM UL FaPMOHUKY, NMEIOIINE B 3TOX TOUYKE Y3JIbL.
Takum 00pa3oM, OCTAIOTCS TOJBKO UETHBLIE TAPMOHUKU U CAMOW HU3KOUN

qacToTON OymeT
2 T
Wy = —4/—.
! \/ p

Ecnu npukocHyThHCS K CTPYHE Ha pAaccTOSHUM 1/3 ee MIMHBL OT Kpad,
TO BBICOTA OCHOBHOT'O TOHA IOBHIIIIAETCS BTPOE, TaK KaK [IPX 3TOM COXPa-
HSIOTCS JIMIIL TAPMOHUKIY, NMEIOIINe Y3IIBl B Touke - = [/3.

Dopmyibr
m |T 2w [p
w1 I P n 7 w1 T, (30)

OIIPENEIISIIOIINE COOTBETCTBEHHO YaCTOTY U IEPUOL OCHOBHOIO KOJIEOAHNS,
OOBSCHSIOT CIENYIOIINe 3aKOHBI KOJIeOAHUS CTPYH, OTKPBLITHIE BIEDBBIE
SKCIIEPUMEHTAILHO (3aKOHBL Mepcena).

1. Ilns cTpyH OMMHAKOBOW INIOTHOCTU W ONWHAKOBOTO HATSIXKEHUS IIe-
pron konebaHuUsI CTPYHBL IPOIOPIIMOHAJIEH €€ [JINHE.

2. [Ipu 3amaHHO@ mJIMHE CTPYHBI HEPUON MEHSIETCS 0OpATHO MIPOIOP-
IIOHAJILHO KOPHIO KBAJPATHOMY M3 HATSKEHUS.

3. llpu 3apmaHHOV JIMHE M HATSKEHUU [IEPUOL MEHSETCS [IPOIOPINO-
HAJIBHO KODHIO KBaJPATHOMY U3 JIMHEWHOHN INIOTHOCTY CTPYHHI.

DTy mpaBUIIa JIETKO NEMOHCTPUPYIOTCS HA MOHOXOPIE.

B macToseM myHKTE MBI PACCMOTPEIN CTOSYUE BOJIHBI, BOZHUKAO-
e nNpy KOoneOaHUM CTPYHEL C 3aKPEINIEHHBIMY KOHIIaMu. Bompoc o cyitie-
CTBOBAHUY PEIIEHUS] BULA

u(z, t) = X (z) T (t)
SKBHBAJIEHTEH BOIIPOCY O CYILIECTBOBAHUU CTOSTINX BOJIH, TAK KaK MIPOGUIN
5TOrO PEIIeHNs MJISI PA3IMIHLIX MOMEHTOB BPEMEHU IIPOMIOPINOHAIILHEL.

3. IIpencraepiieHne OpPoM3BOJILHBIX KOojieGaHUII B BUOE CyIliep-
HO3UIUN CTOAYINUX BOJH. B m. 1 MBI pacCMOTpenu 33131y O CBOOOMHBIX
KOJIeGaHUSIX CTPYHBI, 3AKPEINIEHHON HA KOHIAX, X [OKA3AJIM CYIIECTBOBA-
HIe YACTHBIX DEIeHUH B BuAe CTOSYNX BOJH. TaMm xe Oblna maHa (op-
MaJIbHAsI CXEMa IPEeNCTABJIEHNS IPOU3BOIILHOIO KoslebaHus B Bume Oecko-

20 |T
W =Wy = —/



§ 3] METOII PA3NEJIEHWY TIEPEMEHHBIX 97

HEYHOW CYMMBI CTOSUMX BOJTH. B HACTOSIIIEM MyHKTE MaeTCs 060CHOBAHUE
BO3MOXKHOCTHY IPEICTABIEHUs TPOU3BOIILHOTO PEIEHUs B BALE CYIIEPIO3U-
UMM CTOSYMX BONH. B mepByio ouepent pacCMOTPUM OOOOIIEHUE XOPOIIIO
U3BECTHOTO [JIsi KOHEUHBIX CYMM MPUHIUIA, CYyIEPIO3UIAN HA CIIydai Gec-
KOHEYHBIX PSIIOB.

Mycts L (u) — muHelHB quddepeHInaibHbI OnepaTop, TaK UTO
L (u) paBeH cyMMe HEKOTOPBIX [IPOM3BOAHBIX GYHKUUK (OOBIKHOBEHHBIX
UM YACTHBIX) C KOYDOUIUEHTAMY, ABIAIOIMMACS QYHKIUIMA HE3ABUCH-
MBIX TIEPEMEHHBIX.

Hokaxem nemmy (060OMIEHHBIN IPUHUKUI CYLIEPIO3ULUY).

Ecau gywruuu u; (i=1,2,...,n,...) T64T0MCA 4ACTNHBIMU PeULe-
HUAMU AUHETH020 U 00KOPodHo20 dufdepenyuamvrnozo ypasnewus L (u) =
=0 (00bIKHOBERHOZO UAU C UACTNHBIMU NPOU3BOOHBIMY), TO PIA0 U =
=Y 2, Ciu; g6agemed maKice pewienuem Moo Ypasrenud, ecal 6bi-
wucaenue npou3sodwuir om u, dueypupyrowur 6 ypasuenuu L (u) =0,
MOHCHO COBEPULUMD NPU NOMOUYU NOUAENH020 JuPdeperyuposanud pada.

B camom gmene, ecnu npousBomHbIE U4, (PUCYPUPYIOIIUE B YPABHEHUN
L (u) = 0, BEIYUCHAIOTCA MOWICHHBEIM MuhdHEepeHInpOBaHuEeM psfia, TO B
CUILy JIMHEAHOCTH yPABHEHUS

L(U)ZL iC’luz :iCiL(ui):O,
i=1 i=1

TaK KaK CXOMSIINECS PSObI MOXHO CKJIAIBIBATL [IOWIEHHO. €M CaMbIM
IOKA3aHO, UYTO GYHKIUS % YIOBIETBOPSET ypaBHEHUI0. B kKauecTBe mo-
CTATOYHOTO yCJIOBUS IS BO3MOXKHOCTY MOUJIEHHOTO NuddepeHInpoBaHn
psama MBI IOCTOSIHHO OyZeM IOIIB30BATHCS YCIIOBUEM DABHOMEDHOM CXOIU-
MOCTHU PSIa

ZCiL (us), (31)

oIy 9aeMoro nocie nuddepeHnnpoBaHns n,

Bepuewmcs Teneps k Haleinr KpaeBon 3amade. Mbl OIXHLI IPEXIE BCE-
1o yOemuThCsl B HEIPEPBIBHOCTY (OYHKIIAN

l

e}
=1

oo
u(z, t) = Zun(x, t) = Z (Ancos%at—f-anin?at) sinﬂx,
n=1 n

(32)
u3 4ero GyIEeT CIeNoBaTh, uTO (4, t) HENPEPHLIBHO MPUMBIKAET K CBOUM
HAYAJILHLIM U FPAHWYHBEIM 3HadeHuAM. IS 3TOro MOCTATOYHO MOKA3aTh

D Cum.: Cumupuos B. . Kypc Beicuiein maremaruku. T. II. M., 1974;

Bymax B. M.,, ®omun C. B. Kparubie uarerpans: u psaasr. M., 1967.
7 A. H. Tuxonos, A. A. Camapckuit
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DPABHOMEPHYIO CXONUMOCTb psima, IUid 4 (%, t), Tak Kak OOLIWI YJIeH 5TO-
IO psina— HeNpepBIBHAS QYHKINS, & PABHOMEPHO CXOISIIIANCS PsIO HEIIpe-
DPHIBHEIX (QYHKIINI OIpenesiseT HenpephbiBHYO dyHKkuio. [lons3ysacs Hepa-
BEHCTBOM

lun (2, t)] < |An| + |Byl,
3aKITI09IAEM, ITO P
oo
> (|4n] +|Bu)) (33)
n=1
SIBIISIETCS MaXXOPAHTHBIM s psana (32). Ecnu maxopauTHsii psn (33)
cxomuTcst, TO pan (32) cXomuTcs paBHOMEDHO, T. €. yHkuwmsa u (x, t) He-
IIPEepPLIBHA.
U061 yOENUTHCS B TOM, 9TO U (%, t) HENPEPHIBHO IPUMEBIKAET K CBO-

UM HaYaJIbHBIM 3HAUEHUSIM, HAIO NOKA3aTh HEIIPEPBIBHOCTD 3TON (QyHKINH,
IJIs 1ero JOCTATOUYHO NOKAa3aTh PABHOMEPHYIO CXOOUMOCTD DSNA

o0 o0
ou ™ ™ ™ ™
ug (x, t) ~ L E a—(—Ansin—at+Bncos—at)sin—x

o = I I I
(34)
M CXOOMMOCTB Ma2XXOPaHTHOTO pAna
am =
n=1

Haxonen, urobel y6enursest B ToM, 94T0 GyHKIUs U (T, t) yIOBIETBOPSET
YPaBHEHWIO, T. €. IPUMeHUM OOOOIIIEHHBIN MIPUHINII CYyIEPIO3UIIAN, JOCTa-
TOYHO IOKA3aTh BO3MOXKHOCTH OBYKPATHOIO MOWIEHHOro mubdepeHupo-
BaHUA psina nyist u (, t), IJisl 9ero, B CBOK OYepelb, MOCTATOUYHO MOKA3ATh
PABHOMEPHYIO CXOOUMOCTD PSIOB

-~ Pun (W)Z i 2 (A cos 2 at + By, sin — t) sin
Uze ~ =—(- n —a in—at)sin—z
e D2 l S T P
n=1 n=1
> 0u, Ta\2 o= ™ . ™ . ™
Ugt ~n§:l oz = (T) E: n (An cos —~ at + By, sin A at) sin —- ,

KOTOPBIM C TOYHOCTBIO 0 MHOXWTEJIEH IPOMOPIXOHAIBHOCTA COOTBET-
CTBYeT OOLTUN MAaXKOPAHTHBINA P

> n? (|4n] +|Bu)). (36)
n=1
Tak kak
An:(Pna Bn:Ld}n;

m™a
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roe
l

1
2
/w(w)sin?wdw, 7,/1”:7 /w(x)sinyxdx,
0

0

2
(Pnzj

TO Hallla 3ada4a CBOOAUTCA K OOKA3ATEJIBCTBY CXOOUMOCTHU PAOOB

> leal (k=0,1,2),
n=1 (37)

n=1

C 5TOi LesIbI0 MBI HCIONB3yeM M3BeCTHLIE ) cBoficTBa panos Pypbe.

Ecnu nepuonuueckas ¢ nepuonom 2! dyukuus F (x) umeer k Hempe-
DBIBHBIX IIPOU3BOAHLIX, & (k + 1)-s1 IpOM3BO#HAS €€ KyCOYHO-HEIIPEPLIBHA,
TO YUCIIOBOMN DS

S ¥ (lan] + [ba), (38)

roe a, u b, —xkosddunuenter Pypwe, cxoqurcs. Kciau peus unet o pasno-
. ™ y
XKEHUN B PSI IO Sin T z byukuuy f (x), 3a0aHHOU TOIBKO B IIPOMEXY TKE

(0, 1), To Hamo, 4TOOHI mpemecTBYOMME TPECOBAHNS ObLIN BBIIOJIHEHBL
ms pyukuuu F (), momyuaromeiicss mpu HedeTHOM npomoiikeruu f ().
B wactrOCTH, mita menpepwiBHOCTH F'(7) mHeobxomumo, utobur f (0) = 0,
TaK KaK B IIPOTHUBHOM CJIy4ae [PA HEUYETHOM MIPOMOJIKEHUUN IOJIYIUTCS
paspelB B Touke x = (; aHAJIOTUYIHO HTOMY B TOUKe = = [ HOIXKHO OBITH
f () =0, Tak kak npomoikeHHas GOYHKUWs HEIPEPHIBHA M HEPUOLMYIHA,
¢ mepuonom 2[. HempepwiBHOCTE mepBoir npoussomuou mpu z = 0, z =
= | momyuaeTcs aBTOMATWUYECKM IPU HEUETHOM HpomoinkeHuu. Boobrie
[LJIST HEMIPEPBIBHOCTH YETHBIX [IPOU3BOLHBIX IIPONOJIKEHHON (QYHKIIUM Ha-
o moTpeboBaTh, YTOOBI

fBOy=fPU=0 (k=0,24,...,2n). (39)

HemnpepbIBHOCTL HEUETHBIX MPOU3BOMHBLIX UMEET MECTO 0€3 HOMOTHUTETh-
HBIX TpebOBaHUI.
Wrak, nns cXoouMOCTH PSIOB

> nflenl (=0,1,2)
n=1

1 Cwum., manpumep: Cmupuos B. U. Kypc Beiciieir maremaruku. T. II. M.,

1974; Bynak B. M., ®omuu C. B. Kparusie unterpans: u psaasr. M., 1967.
7*



100 YPABHEHUWA I'MIIEPBEOJINYECKOI'O TUITA [[JI. 11

IOCTATOYHO MOTPEGOBATH, ITOOH HAYAJIBLHOE OTKIIOHEHHE ¢ () yHOBIE-
TBOPSJIO CIELYIOUIM TPeOOBaHUAM.

1°. TIpowseomubie GyHKIWK ¢ (£) OO 2-TO MOPSIOKA BKIFOUUTEITHHO
HeNPEPLIBHEL, TPEThs IPOU3BONHAS KyCOUYHO-HENIPEPBIBHA 1, KPOME TOTO,

(0)=¢()=0; ¢"(0)=¢"(I)=0. (40)

st cxommMocTH PSmoB
oo
an |¢n| (k:_17 07 1)
n=1

HA, HAYAJIBHYIO CKOPOCTH 1 (1) HEOOGXOMMMO HAJIOXUTD CIEAYIOmne Tpe6o-
BaHUSI.

2°. ®yukuusa 1) (x) HenpepbIBHO-NUDGEPEHINPYEMa, UMEET KyCOIHO-
HEIIPEPBLIBHYIO BTOPYIO IPOU3BONHYIO U, KPOME TOrO,

¥ (0) =4 (1) =0. (41)

TaxuM 06pa3oM, HAMU IOKA3aHO, 4TO Jr060e Konebauue u (x, t) mpu

HAUAJBHBIX GYHKIUAX ¢ () u 1) (z), yHOBIETBOPSIOIINX TPEeGOBAHMIM

1° u 2°, mpencraBisieTcsi B BUOE CYHNEPIO3UINYN CTOSINX BOJIH. Y CIIOBUSI

1° m 2° ABASIOTCS MOCTATOYHBIMU YCIOBUSIMU, CBSI3QHHBIMU C IPUMEHEH-
HBIMI 3[I€CH CIIOCOOaMU TOKA3aTeIbCTBA.

Amnasornunas 3amaqa Gbula HaMU pelieHa B § 2, . 5 METOmOM pacIpocTpa-
HAIOIMXCS BONH. Ee pemenue uMeeT BUmI

r+at
P (z—at P t 1
u(z, t) = (= a)—;— (m+a)+%/\ll(a)da, (42)
z—at

rone ® u ¥ ABAAIOTCS HEUETHBIMU OTHOCUTENBHO () ¥ | TPOmONXEHUSMU Ha-
uvanbHEIX QyHkumit ¢ (z) u 1 (z), 3amannex Ha orpeske (0, [). Pyukuum P
u ¥, xax OBUIO TOKA3aHO, IEPUOAUUHEI C MEPUOAOM 2/ ¥ MO>TOMY MOryT OBITH
NIPENCTABJIEHBI PSIIAMU

o0 o0
@($):z:1<pnsinﬂ—lna:, \P(a:)zz:lzj)nsin?a:,
n= n=

roe pn u Pp —xodpdunmentor Pypve dyskumit ¢ (z) m ) (z). Iomcrasmas
oty pansl B Gopmyny (42) u mOIB3YSICh TEOPEMOM O CHHYCE U KOCUHYCE CYMMBI
7 PA3HOCTH, MOJIyIaeM BBIDAKEHUE

oo

u(z,t) = Z ((pn cos ? at + # thn sin Tr_ln at) sin ? z, (43)
n=1
COBHAMAIONIEE C MPENCTABIIEHNEM, TABAEMBIM METONOM PAa3eSIeHNs TePEMEHHBIX.
CaenoBarenbro, dhopmyna (43) ©MeET MECTO IPU TeX XKe IPENIOIOKEHUIX,
uro u dpopmyna (42) (cm. § 3, m. 1), koTopas GbuTa HONTyYeHa IPU yCIIOBUM, ITO
¢dyuknms P (z) menpepeBHO-muddepennmpyema nBaxnel, a byskumas ¥ (r) —
OmuH pas.
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Ilepexons x Gyukmuam ¢ (z) m 1 (), MBI TOMIMO ycioBuit aubdepennn-
PYEMOCTH IOIIXHBEI TOTPE6OBATD BHIIOJIHEHNS YCIIOBUI

p(0)=p1)=0, »(0)=y0)=0, ¢"(0)=¢"(1)=0. (44)
Takum o6pasom, ycmosusa 1° m 2°, apmigiommecs MOCTATOYHBIMA IS 060-
CHOBaHWS METONA Pa3leleHus IEPEMEHHEBIX, 3aBUCAT OT METOIa HOKA3aTeIbCTBA
U COOEPXKAT HOIOJIHUATENIbHBIE YCIOBUS II0 CPABHEHUIO C YCIIOBUIMU, obecriedanBa-
IOIIIMY CYIIIECTBOBAHUE PEIIECHU.
IIpu o6ocHoBaHUE BO3MOXHOCTK IIPENCTABIIEHUsS DELIEHUS KAaK PEe3yibTa-
Ta CyIEpHO3ULIUM CTOSYMX BOJIH MBI IPUBEJIM IEPBBI METON IOKA3aTeIbCTBA
CXOLMMOCTH PSIOB, IOCKOJIBKY OH HE CBA33H CO CIENUANIBbHON dopmyson (42),
NIPUIMEHUMOM TOJIBKO K IPOCTENIIEMY YPaBHEHUIO KoebaHuit, u 6e3 Tpyna MOXeT
OBITH ITEPEHECEH Ha PN IPYTUX 33039, XOTS 3TOT METOI IPEIBSIBISIET HECKOIIBKO
TIOBBINIIEHHBIE TPEOOBAHUS K HAYAIIBHBIM (DYHKIIUSIM.

4. HeomHoponHble ypaBHeHUsA. PaccMOTpUM HEOMHOPOIHOE ypaB-
HeHue KonebaHui

Ugp = a®Ugy + f (2, 1), a®>=-, 0<z<I, (45)

C HaYaJIBHBIMU yCJIOBUAMN

u(z, 0) = ¢ (z),
ut (z, 0) = ¢ (z),

1 OOHOPOOHBIMU I'DAHUYHBIMHA Y CJIOBUAMNA

0<z <, (46)

u (0, 1) =0,

win—of > 0. (47)

Bynewm uckars pemenue 3anaqn B Bune pasinoxenus B psin Pypoe mo z

u(z, t) =Y up(t)sin , (48)

™
—

l
paccMaTpuBas npu 5ToM ¢ Kak napamerp. s naxoxnenus u (z, t) HamO
onpenenuTs GYHKIUI Uy, (t). [IpencraBum dyukmuo f (z, t) 1 HaYaIb-
HBLIE yCIIOBHA B Buie panos Pypwe:

\

0 l
flat) =Y f0sin Fo S =7 [ 16 05T ds

n=1 0
0 l

o) =dpusinTa eu=7 [e@snTeds | (19)
n=1 0
50 1

V@) =Y pusin o =7 [G©sin T e
n=1 0
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Moncrasmnas mpennonaraeMyo Gopmy pererns (48) B ucxonHoe ypas-
Henve (45):

o0
. ™ ™\ 2 .
Zsm Tz {—a2 (T) Un (1) = tin () + fn (t)} =0,
n=1
BIOUM, UTO OHO OyIeT yIOBIIETBOPEHO, €CITN BCe KOIDDUIIMEHTHI Pa3Ioxe-

HUA PDAaBHEI HYJIIO, T. €.

™n

iin )+ (1) @ (1) = fu 1) (50)

s onpenenenust uy, (t) MbI IOy unin OOEIKHOBEHHOE MudHEPEHIUATBHOE
yPaBHEHUE C MOCTOSHHLIME KodddurmenTamu. Hauambubie ycimoBus maioT

u (z, 0) Zun sm — :13 = Z(pn sin %

ut (z, 0) Zun ) sin ? r = Zdzn sin ? z,
n=1
OTKYIa CIEyeT
0) = n
un (0) = ¢ } (51)
Un (0) = 9y,.

OTU [ONMONHUTENBHLIE YCIOBUS MOIHOCTBI) ONPENENSIOT DELICHue
ypasuerus (50). OyHKIMIO U, (f) MOXHO IPENCTABUTH B BULE

un () = uff) (#) +ufld (b),
rme

t

uD () = # sin ? a(t—7)- fo(r)dr (52)
0

— pellleHne HEOTHOPOMHOTO YPABHEHNU S C HYJIEBEIMU HAYAIBHBIMU Y CIIOBUSI-
vl

u!™ () = @, cos T at + ! z/zn sin 7rln at (53)

U B sTom MoxHO y6enurbces HenocpencreerHo. Popmya (52) moxer GbITH 1O~
JIyueHa METOIOM BapHUALNM MOCTOSHHEIX. CM. Takke TEKCT, HaOPaHHBIA MEeJIKIM
upudTOM B KOHIIE HACTOSIIIETO IIyHKTA.
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— pellleHne OTHOPOIHOTO YPABHEHNUS C 3aJaHHLIMI HAUAIBLHBIMY yCIIOBUS-
mu. Taxum 06pasoM, HCKOMOE DELIeHNEe 3aNULIIEeTCs B BULE

=1 / ™ ™
u(z, t) = E — [sin—a(t—7)sin—zx- f, (7)dT +

= mna ) l

0

o0
+ Z ((pn cos 2 at + ! 1,bn sin = at) sin = . (54)
ot l l
Bropas cymMMma mpencTaBiseT pelleHue 33maYui O CBOOOMHBIX KOIEeOAHU-
AX CTPYHBI IIPU 3a0aHHBIX HAYAJBHBIX YCJIOBUAX KU ObLiIa HaMU ucciaeno-
BaHA paHee AOCTATOUYHO nompobuo. O6paTUMCS K U3YUEHUIO EPBOU CyM-
MBI, IIPENCTABIISIONIEY BBHIHYXIEHHBIE KOIEOAHUS CTPYHBI IO JeACTBUEM
BHEIITHEH CHJIBI [IPY HYJIEBBIX HAYAJBHBIX YCIOBUAX. II0OIB3ysACh BBIpaXKe-
uueM (49) mas fy, (t), Haxomum

u® (z, t) =

41

~I|n

mTna

ZLsin%a(t—ﬂsin%xsin%f}f(f, T)dldr =

n=1

¢l
- [ [e@et-nre e, o9
00
rze
2 — sin ™, ™ ™
Gz, &t—T) :w_z:: T t—T)smT:vsm—f (56)

BrracanMm dusnaeckuit CMEBICT mOIydeHHOro perreHus. [lycts dyHk-
st f (€, T) OTIMYHA OT HyJs B HOCTATOYHO MAJION OKPECTHOCTU TOUKK

My (&o, 10):
S LECHFAAL <7<+ AT

®Oymxmumsa p f (¢, T) TPENCTABIAET MIOTHOCTD NENCTBYIOMIEN CUIILL; CUIIA,
npusIoKeHHas K yaacTky (&o, &o + Af), paBHa

Eo+AEL
F(r)=p / f (& 7 de,
&o
npuyeM
To+AT To+AT Eo+AE
I= / F(T)dfzp/ /f(f,f)d£df

70 T o
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€CTh UMITYJILC STOU CUITLI 33 BpeMs A7. Ecau npuMeHuTHL Teopemy O Cpel-
HEM 3HAUEHUU K BBIPAKEHUIO

t 1
U(w,t)Z//G(fv,ﬁ,t—f)f(f,f)dﬁdfz
0 0

To+AT Eo+AL
= [ [ cwer-nrenaarn
70 o
OynmeMm mMeThb
To+AT Eo+AL
u(z, t) =Gz, & t—7) / / f & r)dédr, (57)

T o
rue

bo<E<b+AL T<T< 0+ AT
[Iepexons B dopmyine (57) k npenenty npu Al - 0 u A7 — 0, nonydum
pyHKINIO

u(z, t) =G (z, fo,t—To)é, (58)

KOTOPYIO MOXHO TPAKTOBATEL KaX BIMSHAE MTHOBEHHOTO COCPENOTOUCHHOTO
UMIIYJIBCA, MOITHOCTH [.

Ecnu ussectna dynxuus I/p - G (z, £, t — T), upencrasisiomas nei-
CTBUE EMUHUIHOTO COCPENOTOUYEHHOTO UMIYIIbCA, TO HEMOCPENCTBEHHO SIC-
HO, 9TO NEHCTBUE HENPEPBLIBHO pacupeneieHHonl cuibl f (z, ) mOIKHO

OPENCTABIATLCS (HOPMYJITON

u
t 1
117
o w )= [ (G g -nrendan
0 0
(59)
coBmanaoreit ¢ popmysioi (55), Oy Y€HHO BbI-
@ me.
E-alt-7) Etalt-1) ®DyHKIMA BIMAHIS COCPENOTOUEHHOTO WM-
Puc. 23 yJIbCa Mg OECKOHEUHON MPSMOU ObLIa PaccMo-
TpeHa B mpenbimymiem maparpade. Hamomumwm,

117

YTO OHA SIBIISIETCS KYCOYHO-TIOCTOSIHHOW (DYHKITMEN, PABHON % 5 BHYTpU
ap

BEPXHET0 XapaKTePUCTUIECKOTO YIJIa, Ijist TOUKU (£, T) U HYJI BHE 5TOTO
yria. OyHKIUS BIUSHASI COCPEIOTOUYECHHOTO UMITYTHCA, OIS 3aKPEIIIEHHON
crpyuset (0, [) Moxer GbITH HOsLy4eHa U3 DYHKIK BIMSHUS I GECKOHEY-
HOM CTPYHBI IyTEM HEUETHOTO MPOMOJIXKEHUS OTHOCUTEIHHO ToueK = = 0
uz=I
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PaccMOTpUM MOMEHT BpeMeHM f, MOCTATOYHO OJIM3KWIA K T, KOTHA
BIUsAHNE OTpaxenus oT KoHnoB £ = 0 m = = [ eme me ckasbBaercs. s
5TOTO MOMEHTA, (D)YyHKIIUS BIUSHAS M300pPaKaeTCA TPADUKOM, TPUBEICHHEIM
Ha puc. 23. Pasnoxum sty ¢dyukuuio (nmonaras I = p) B pan @ypbe mo

. TN
sin 7 x; k03ddunuenTer Pypbe OyoyT paBHBI

1 E+a (t—1)
/G(a,f,t—ﬂsin?ada:— / sin?ada:
0 §—a(t—7)

A, =

~I o

:ﬁ {cos?[f—a(t—T)]—cos%[§+a(t_7)]}

2 ™ ™
—_ H - H - t — .
= o sin i &sin i a(t—r)

Orcrona momyvaem Ghopmyny

2 o1
G(x,f,t—r):EZﬁsin%a(t—ﬂsin?x-sin%f, (60)

KOTOpas COBIanaeT ¢ dpopmyson (56), HAMNEHHON METONOM Pa3NEIICHUS 16~
PEMEHHBIX.

Hsist 3HaveHnit ¢, OIpU KOTOPHIX HAUMHAET CKA3LIBATLCS BIIUSHUE 3a-
KDENJIEHHBIX KPaeB, NMOCTPOeHMe (GYHKIMY BIIASHUS [IPU ITOMOIIY XapakK-
TEPUCTUK IPOMO3IKO; IpencTasiieHne xe B hopme psana Pypbe coxpaHseT
CUJIy U B 3TOM CJIydae.

Mg orpaHUYMMCS TPUBEOEHHON 31eCh GOPMAIBLHON CXEeMOU PEIeHusI,
He BBISCHSIS YCJIOBUN NPUMEHUMOCTH MOIIYIEHHON (HDOPMYIIEI.

PaccmoTpum HEOmHOpOLHOE JIMHENHOE YPABHEHUE C MOCTOSHHBIMU K03dhdu-
nueHTaMuI

L(u) =u!™ +p1u™™ + 4 pp1u + pau = £ (2) (1)
i diu
(%)
" HaYaJIbHBIMUI yCJIOBI/IﬂMI/I
WD0)=0 (i=0,1,...,n—1). (2%)
Ero peurenune naercs hpopmysion
t
w= [U@=n s (3)
0

roe U (t) — pemeHmne OMHOPORHOTO yPABHEHUS
LU)=0
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C HaYaJIbHBIMU Y CJIOBUSIMUN

v 0)=0 (i=0,1,...,n—2), U™ P =1. (4%)

B camom mesne, BbrYmCIIsSsS mpousBomHEbIE v (t) muddepeHmMpoBaHMEM Ipa-
BBIX YaCTeW o ¢, HaXOOUM

U (=) f(r)dr + U(0) £(t) (U(0) = 0),
) f

t
u M (1) = )
4
u®(t) = / Ut — 1) f(r)dr +UD(0) £(¢) WUV (0) =0),
0
v (¢ — 1) f(r) dr + UT2(0) £(2) (U2 (0) = 0),

u(nfl) (t) —

WMty = [ UM (¢ = 1) f(r)dr + UV 0) ft) (U (0) = 1).

o o —.

IMoncrasnsas >Tu mpousBonHEe B ypasaenue (1%), momysaem
t
L(u)=/L[U(t—r>]f(r>dr+f<t)=f<t),
1]

T. . ypaBHeHUE ynoBieTsopsaerca. QueBwmaHO, 9TO HavaIbHEIE yerosus (2%) Tax-
XK€ BBIIOJIHEHEL.

Herpynuo nate Harmamnayio dwsmueckyio marepuperanuio byakuun U (t)
u popmymnet (3%). O6wrano dynkumsa u () TPENCTaBIITET CMEIIEHUE HEKOTOPOM
cuctemer, a f (t) —cwmwiy, meicTBymyo Ha 3Ty cuctemy. llycts mus t < 0
HAIIA CUCTEMa HAXOMWIACH B COCTOSHUM TOKOS W €€ CMEIICHUE CO3MAeTCI QyHK-
muer fe (t) (= 0), OTIMYHON OT HYJIT TONBKO B mpoMexyTke Bpemeru 0 < t < €.
MMnynsc 5Toi cuitel 0603HaUINM

I= /fg (1) dr.

0

O6o3raurM ue (t) GyHKIUIO, COOTBETCTBYIOIIYIO fe (t), CAUTas € mapaMeTPOM
m nomaras I = 1. Herpynuo y6enutscs, ato npu € — 0 cymecTByeT lin% ue (t),
e—

He 3aBUCAIIMI OT crocoba BeIOOpa fe (t), m 9TO >TOT mpenmes paBeH QyHKIUI
U (t), onpenesneHHOI BEILIE:

U (t) = lim ue (t),

e—0
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ecm mooxuthk U (t) = 0 mms t < 0. Taxum obpasom, dpyukmmio U (t) ecre-
CTBEHHO Ha3BaThb (I)yHKIII/IeI;I BIINSAHUA MTHOBEHHOI'O IMITYJIbCa.

B camom nene, paccMaTpuBas GopMyity (3") u IpUMeHSS TeOpeMy CPeIHEro
3HAQUYEHUS, IOJIyIaeM

’U/E(t):U(t—TE*)/fE(T)dT:U(t—TE*) 0L <e<t).
0

Ilepexoms x npemeny npu € — (0, BUOUM, UYTO CYLIECTBYET IIpeOest
lim wue (t) = lim U (t — 1) = U (¢),
e—=0 e—0

4TO 1 NOKA3bIBAET HAllle YTBepXKIeHUe.

IlepeitmeM k HpeANCTABIIEHWIO DEIIEHWS HEOMHOPONHOTO YDABHEHHUS depe3
U (t) — dyHKIUIO BIMAHAS MCHOBEHHOTO MMITYJbCa. Pas6us mpomexyTok (0, t)
TOYKAMM T; HA PaBHbIE UYaCTU

t
AT = —,
m
npencrasuM Gyuknmio f () B Bume
m
FO=>fi®),
i=1
roe
0 mput < 7T mt > Ty,
fi(t) =
f (t) npm T St < T,
Torma

w(t) =Y u(t),
=1

roe u; (t) cyTs pemenus ypasuerus L (u;) = f; C HyJIeBBIMU HAYAIHHBIMU IAH-
HBIMI.

Ecimm m mocraTtouno Bermmuko, TO GyHKIUIO u; (£) MOXHO pPacCMaTpPUBATH
KakK (DYHKITIIO BIUSHUS MTHOBEHHOTO MMITYJIHCA MHTEHCUBHOCTH

I = fi(r;) At = f (1;) AT,
TaK 4TO

m

w(t) =Y Ut—m)f () &r ——— [U(t—7)[(n)dr,
i=1 0

T. €. MBIl IPpUXOOUM K dhopmyite

t
uw(t)y= [ U@—r1)f(r)dr,
/
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HOKa,SI;IBa,IOH_Ief;I, YUTO BJIXAHVE HEIPDEPDBIBHO HeﬁCTByIOmeﬁ CUJIBI MOXHO IpencTa-
BJIATH cynepno3nune1‘/'1 BIIUSIHAT MTHOBEHHBIX MIIyJIBCOB.

(1)

B paccMoTpeHHOM BblE Ciaydae u, yHOBIeTBOpseT ypasHeHuio (50) u
ycaoBusM Un (0) = %y (0) = 0. Hns dyrkuum sausaus U () umeem

. 2 .
U+(?) U=0, U®0)=0, U(0)=1,

TaK 4TO

Orcrona u u3 (3*) momyuaem dopmymy (52):
t ¢

ul) (t):/U(t—T)fn(T)dT=L sin T a (¢ = 7) fu (r) d.

™na
0 0

IMomyuyernoe BoIIe MHTETpabHOE mpencrasienme (3*) pemrenus OGEBIKHO-
BerHOro mubdepertmamsroro ypasaerus (1*) mmeer, kak MBI yGenumuch, TOT
xe busmaeckmit CMbICH, 9TO u dopmyna (59), ma0mas KHTErPAILHOE IPEACTA-
BJIEHUE DEILIeHUs HEOLHOPOMLHOI'O yPaBHEHUs KoyieOGaHwMil.

5. O6miass mepeas KpaeBas 3amada. Paccmorpum 0611y o
IePBYIO KPAa€BYIO 3ama4y IS YPABHEHUs KOIeOaHUN.
Hatdimu pewenue ypasnenud

Ut = a%Upe + f(z, 1), 0<z<I, >0, (45)
Cc aonoﬂHumeﬂbelMU ycaosuAMU
Ut (ZL’, 0) =9 (ZL’),
u (l) t) = [2 (t))

Beenem HoByI0 HemsBecTHyIO hyHkumio v (x, t), momaras
u(z, t) =U(z, t) +v(z, t),
Tak 4ro v (z, t) mpencraBisieT OTKiIOHeHUE byHKuuu © (T, t) OT HEKOTO-

poit usBectroit pyukuuu U (z, t).
Ora byukiua v (z, t) GyIET ONPENENATHCSI KaK PEIIeHNe yPABHEHUS

Vg = a*vpe + f (2, 1), flz, t) = f(z,t) — [Up — a®Uys ]

C OOIIOJITHUTEJIBHBIMU yCIIOBAAIMN

v(@,0) =7 (@), () = () Uz 0),

vt (7, 0) = (z), ¥ () =9 (z) — U (2, 0);
v(0,8) = g1 (1), o1 (t) = pa (t) = U (0, ¢),
v(l,t) = f2(t), iz (1) = p2 (¢) —U (I, 2).
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Bribepem BcnomoraTenbuyro Gyukuuo U (z, t) Takum 06pa3oM, 4To0bI

(1) =0 u iz () = 0;
OJIs 5TOTO OOCTATOYHO MOJIOXKUTH
T
1

Tem cambiM 00IIas KpaeBas 3a0a4a it GyHKmn u (Z, t) CBemeHa K Kpae-
BOU 3amade mis QyHKuuu v (x,t) NPU HYJIEBBIX IPAHUYHBIX YCIIOBUAX.
MeTon perteHnst 5Toi 3a8a4u U3JI0XKeH BHIIE (CM. L. 4).

6. KpaeBble 3aaunm co cTallOHAPHBIMU HEOJHOPOTHOCTAMM.
BecbMa BaXXHBIM KJTAaCCOM 33U SBJISIIOTCS KPAEBBIE 3a0AYUM CO CTAIIMO-
HAPHBIMY HEOOHOPOMHOCTSAMHU, KOI'La IPAHUYHLIE yCJIOBUS U IIPpaBas 4acThb
YPaBHEHUA HE 3aBUCAT OT BPDEMEHU:

Uz, t) = p1 (t) + 5 [p2 (8) — pa ()]

Ut = azuzz + fO (Z’), (45l)
u(z, 0) = ¢ (), '
e (7, 0) = <x>,} (o

(47)

u(0,t) = w1, w1 = const,
u(l, t) =us, wuy = const.

B sTom Clly4dae pelleHrne eCTECTBEHHO UCKAaTh B BAOE CyMMBIL

u(z, t) = @ (2) + vz, 1),

rme 4 (7) — CTaumoHAPHOE COCTOSHUE (CTATUIECKUI IPOrub) CTPYHEI, OI-
penensemMoe yCIIOBUSMUI

+ fo(z) =0,

a’a@" (z) + fo
=uy, U (l) = U2,

@ (0)

a v (z, t) — OTKJIOHEHUE OT CTAIMOHAPHOrO cocTosuus. HeTpynHo BumeTs,
yro Qyuknus 4 () paBHA

l €1 z €1
+2 [ag [ 28 g - [ag [ 282 ge,
0 0 0 0

B uvacTuoCcTH, eciin fy = const, TO

|8

a(z) =u1 + (u2 — u1)

fO 2
+ 57 (lz — z°).

®dyukuus v (z, t), 04€BUAHO, yOOBIETBOPSIET OLHOPOLHOMY YDABHEHUIO

@ (z) =uy + (ug —u)

_ 2
Utt = Q" Vgy
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C OOHOPOOHBIMU I'DAHUYHBIMU yCJIOBUAMU

v(0,t) =0,
v(l,t) =0

1 HAYAJIBHBIMU yCJIOBUAMU

v(z, 0) =@ (2), ¢ (2) = ¢ (z) —u (),
ve (2, 0) = 1 (7).

Taxum 06pa3oM, v SIBIISIETCS PEIIEHNEM TPOCTERIIEN KPAECBOT 33,1,
paccMOTpeHHOU HaMu B II. 1 HacTosIero maparpada.

[Tpu BEIBOME ypaBHEHUS KOICOAHUI CTPYHBL U B PSIE€ IPYTUX CIYyUIaeB
MBI HE IPUHUMAJI BO BHUMAHUE MEHCTBUE CUITLI TsaxkecTu. V3 ckazaHHOTO
BBILLIE CJIELYET, YTO BMECTO SIBHOTO y4eTa CUJIBL TsAXKecTu (1 BOOOLIe CUL,
HE 3aBUCAILIMX OT BPEMEHU) MOCTATOUHO CHOPMYIIMPOBATE 3804y IJis OT-
KJIOHEHUS OT CTAIIMOHAPHOTO COCTOSHUS.

Pemmm mpocreiimryio 3amady momoOHONO THIA IPU HYJIEBBIX HAYAIBHBIX
YCIIOBUIX:

Utt = a’urs + fo (), (45")
u(z,0) =0, wut(z,0)=0, (46”)
u(0,t) =u1, u(l,t)=muso. (47"

B srom cimyuae msa dyakuum v (z, t) momyuaem 3amady
2
Vtt = a4 VUzzx,
’U(ﬁ,‘, 0):()0(1')2—1_1,(.7:), Ut (iL’, O)ZOa
v(0,t)=0, v(l,t)=0.

Herpynuo y6enuThCs, 9TO M4 PELIEHAS STOM 3a0a9l HET HEOOXOMAMOCTH HOIIb-
30BATBHCS TOYHBIM AHAJIMTHYIECKMM BEIDaXeHueM mitst 4 ().
Bripaxenue mius v (z, t) cornacuo dopmyne (17) umeer Bun

oo
v(z,t) = Z(Ancosa VAnt+ Bpsina /A t) Xn (z),
n=1

roe

Xn (z) =sin\/Anz (\/)\n = 7r_ln)
ecTb COOCTBEeHHAs (PYHKITUS CIIELYIOIIEN KPAeBOU 3aIadm:
X"+A1X =0, (8)
X(0)=0, X =0. (10)
W3 HauaIBHBIX YCIIOBUII CIIEAyeT, ITO
B, =0
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l

/ i (z) Xn (z) do.

0

Ap=—

~In

71 BLIYMCICHTS 3TOTO WHTErPaJja BeCbMa YIOOOHBIM SBIIIETCS CIICMYIONTAN Me-
tomn. [lons3yscs ypasaenuem (8), HaxXOmUM
_ 1 "
Xn (z) = — — Xn (2).
An
IToncTaBum 5TO BEIpaxKeuue B GOpMyily miis Ay ¥ BLIIOIHUM OBYKPATHOE WH-
TErPUPOBAHUE IO YACTSIM:

l
Ap =2 /a(a;) X!"(z)dz =
I\n
0

2 L ax) (@)

l
= — _I_X

1 l
+ /'E”(m) Xn(z)dz
0 0

Orciona, yuInTEBas ypPAaBHEHNE U TPAHUIHEIE YCIIOBUAL Il U (T), HAXOOAM

l
An = -2 up X1 (1) — uy X1, (0)—/f°a(2“"”) X (2)de | |
0

I

2 | l 1
Ap = P [(—1)n Uy — Uy — 0/ foa(zx) Xn (z) de .

B uactHOCTH, mis ogHOponHOro ypasreHus (fo (z) = 0) umeem

2
Ap = — -1 " U2 — Uy | .
n=—[(-1) ]
OTuM MeTOmoM ymoGHO BEIUUCIISATE KOdhduiuenTs Oypbe s rpaHuIHBIX yCII0-
BUII BTOPOTO W TPETHEr0 pOda, a TaKXKe B CIIydae KPAeBOU 3aIIa4UM IIJIS HEOTHO-
POIHOW CTPYHBI
d [ dX
— | k(z —] +Ap(x) X =0
k@ T [+ A @ X =0,

€CIIN N3BECTHEI COOCTBEHHBIE (DYHKIUN U COOCTBEHHBIE 3HAUECHMS.

7. 3amauu 6e3 HaYaAJIbHBLIX ycyioBHii. Kak ObLIO ITOKA3aHO BHIIIE,
3301893 O KOJeOAHUYN CTPYHBI MPU 33MAHHOM I'DAHUYHOM DEXUME MOXKET
OBITH CBEIEHA, K PEIIECHUI) HEOMHOPOMHOIO YPABHEHUs C HYJIEBLIMU T'Da-
HUYHBIMU YCIIOBUSMU.

Onnako 5TOT IpUeM 3aYacCTyIO YCIOXKHSIET pPelleHne 3a0a4ui, KOTOPOoe
MOXET OLITH HANNEHO HEIOCPENCTBEHHO.
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[Tpu m3yyeHuu BAUSHUS TPAHUYHOTO PEXUMA BAaXHO HAUTU KAKOE-
HUOYAb 9acTHOE pelreHue (OLHOPOLHOIO YPABHEHUS), YAOBIETBOPSIIOLIEE
330aHHBIM MDAHUYHBEIM YCJIOBUSIM, TaK KaK BBIUUCIIEHUE [TOIPABKU HA Ha-
JaJibHbIE NAHHBIE CBOLUTCS K PELIEHWIO TOrO XK€ YPABHEHUS C HYIIEBLIMU
TPAHUYHBIMYU YCIOBUSIMU.

Becbma BaxXHBIM KJTaCCOM 3371a4 O PACIPOCTPAHEHUN I'PAHNIHOTO pe-
XKUMa, SIBISIOTCS «33a49u 06e3 HAUAIbHBIX YCIOBUIS.

Ecnu rpaHUYHBIA peXUM OEHCTBYET HOCTATOUYHO IOJITO, TO BCIEIN-
CTBUE TPEHUS, IPUCYILETO BCIKON PEAIbHON (PU3MIECKON CUCTEME, BIUSIHAE
HaYaJIbHBIX HAHHBIX C TedeHreM BpeMmeHu ociiabenaer. Takum 06pa3zoM Mbl
€CTEeCTBEHHO NPUXOAUM K 3amade 6e3 HauanbHLIX ycuoBuil (I).

Hatimu pewenue ypasnenus
g = a*Uyy —auy (@ >0), 0<z<Il, t>—-00 (61)
(Io) NPU 300AHHBIL 2P AHUUHBIT YCAOBUTL
u (07 t) =M (t)a
wly ) = pis (1),
Oty 3anmaay HazoseMm (I ).
Crnaraemoe Qu; B IPABOU YACTU YPABHEHUS COOTBETCTBYET TPEHUIO,
IPOIOPHIUOHAILHOMY CKOPOCTH.

PaccMmoTpuM cHagasa 3amady O pacCIpOCTPAHEHUN TEPUOMMIECKOTO
TPAHUYHOTO PEXUIMA:

uw(l,t) = Acoswt (wma wu(l, t) = Bsinwt), (62)

u (0, t) = 0. (63)
s mampHeliero HaM ynobHee 3am1caTh TPAHUTHOE YCIOBUE B KOM-
JIIeKCHOU (popme

u(l, t) = Ae™t. (64)
Ecnu
w(z, t) =u® (z, t) + iu® (z, t)
yImoByeTBopseT ypasuenuto (61) ¢ rpannunbiMu ycmoBusMu (63) u (64),

to v (z,t) m u® (z,t) —ero meficTBuTENBHAS U MHEMAS JACTH — B
OTHENBHOCTH yIOOBJIETBOPAIOT TOMY K€ yDABHEHHIO (B CWILy €ro JIMHen-
HOCTH), yCnoBuio (63) U TPAHWYHBIM yCIOBUSAM IIpU & = |

u (1, t) = Acoswt,
u® (1, t) = Asinwt.

Wrak, HalimeM pelleHre 33,1390
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ITonaras
u(z, t) = X (z)e™?

U HOACTABJLASA HTO BEIDAXKEHUE B yPaBHEHNe, nostydaeM miis yukuuun X (z)
CIIEAYIONIYIO 3a0a49y:

X" +k2X =0 <k2:2}—§—ia%>, (66)
X (0)=0, (67)
X () = A. (68)

W3 ypasuenus (66) u rpanuusoro ycmosus (67) Haxomum
X (z) = Csinkz.

YcmoBue npu z =1 maer

A
¢= sin kl’ (69)
TaK 4TO
sin kx .
X(x)=4 Skl = X1 (z) +i X2 (2), (70)

roe X; (z) u X () — meiicrBurenbuas u MmuuMas gactu X (z).
Hckomoe pelieHre MOXHO IPEANCTABATH B BUIE

u(z, t) = [X1 (z) +i Xo (2)] et = u® (2, t) + i u® (2, 1),
rre
u® (z, t) = X (z) coswt — X () sin wt,
u® (z, t) = X (z) sinwt + X () cos wt.
epexons k npemeny mpu « — 0, HAXOMUM, UTO
k= 1lim k== (71)
1, COOTBETCTBEHHO,

sin(w/a - x)

(D - lim u® -

a' (z, t) = Ol(lg})u (z,t)=A sn(w/a 1) cos wt, (72)
_(2) . (2) sin(w/a-z) .

'\ (z, t) = lim u'? (x, t) = A ———= sinwt. (73)

a0 sin(w/a - 1)

8 A. H. Tuxonos, A. A. Camapckuit
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PaccMOTpUM CIEOYIOUIYIO 3a0a4Yy:
Ugt = P Ugy, 0 < T <[, t> —00;
(IU) u (0) t) M1 (t)> 1> —o0;
u (la t) = M2 (t)7

KoTopyio GymeM Hasparh 3amadein (Ip). Ouesmmuo, uro @M (z,t) u
a@? (z, t) semmorcs pemrenmamu 3amaan (Ip) IPU MPAHIYHEIX yCIOBHIX

a(0,t) =0, a®(l,t) = Acoswt,
a?(0,t) =0, a®? (I, t) = Asinwt.

Pemenne 3amaunr mpu o = 0 cyuiecTByeT He Bcerma. Ecmu gacTo-
Ta BBIHYXKIEHHBIX KOJIEOAHUN w COBMANAET C COOCTBEHHOW YaCTOTOU W,
KOIleOGaHUY CTPYHEI C 3aKPEIIEHHBIMU KOHITAMIU:

TO 3HAMeHaTenb B hopmymax ms @) (z, t) u a® (z, t) obpamaercs B
HyJIb U PEIIeHNs 33Ja91 663 HauaJdbHLIX YCIOBHI He CyIIeCTBYET.

OTOT paxT uMeeT IPOCTOM PUIMIECKUI CMBICIT: TP W = W)y, HACTYIa-
€T PEe30HAHC, T. €. He CYIIECTBYeT yCTAHOBUBIIErOCT peXuMa. AMmmuTyna,
HAUMHAS C HEKOTOPOTO MOMEHTA, t = ty, HCOTPAHWYEHHO HAPACTAET.

[pn wmaguaum Ttperus (o 7# 0) yCTAHOBUBIIUHCT PEXUM BO3MONKEH
npu J1000M 3HAYEHUN W, Tak Kak sinkl # 0 opu KoMIuiekcHOM k.

Mycts w1 (£) =0, a pe (t) — nepuonuueckas GyHKIWS, TPEACTABAMASIL
B BUIE PAIA

A | :
pe () = Y + Z(An coswnt + By, sinwnt), (74)

n=1

rIe w— HauMeHblIadg yacrtora, A, u B, —xospduunenter Pypre. Torma
pelenne 3amaun mjist ciaydas « = 0 OpuHUMAeT BUI

A s . sin(wn/a - x
u(z, t) = 2—?:54— nz::l(An coswnt + By, sinwnt) W ,

€CiI TOJIBKO HU ONHA U3 JacCTOT wn He COBIALAET C COOCTBEHHBIMU da-
CTOTAMU 3aKPEIIeHHON CTPYHHI.

Ecmu xe pus (t) — Hemepuonuyeckas GyHKIUsA, TO, pasjiaras ee B WH-
Terpan Pypbe, aHATIOTUIHBIM METOIOM MOXKHO MOJIYYUTH PEIICHNE B WH-
TerpalibHON (opMe.

OTMeTrM, 4TO pemieHue 3a0aur 0e3 HAYAIBHBIX YCIOBUM NpU o =
= (0 ompeneneHO HEOOHO3HAYHO, €CIIA TOIIBKO HE HAKIIANBIBATH KAKUX-IOO0
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IOTIOJTHUTENbHEIX yCiaoBUi. B camMoMm meme, mpubaBisis K KaKOMY-JTO0 pe-
LIEHUIO DTOW 330a9u JIIOOYI0 KOMOMHAINIO CTOSYUX BOJIH

™ . TN . ™
Z (An cos T at + B,, sin T at) sin T z,

roe A, u B, — Ipou3BOJbHLIE MOCTOSHHLIE, BUMUM, 9YTO 5Ta CyMMa OyneT

VIOBJIETBOPSITH TOMY K€ YPABHEHUIO U TEM XK€ IDAHUYHBLIM Y CIIOBUSIM.

UT0o6bI mOLyunTh eAMHCTBeHHOE pewenue 3anauan (I, ) npu a =0, BBe-
[IEM IOMOIIHUTEIHLHOE YCIIOBUE KICUE3AOIIEr0 TPEHUSS.

Pewenue 3adauu (Ip) mbl Hasvisaem yo064LMEOPTOUUM YCAOBUI KUC-
ue3a0ULe20 MPENULS, eCAl OHO A8agemca pewenuem 3adaun (1) npu o —
— 0.

Anamornuno perrraeTcs 3amava, eciau KOHEl £ = | 3aKpPEeIJeH, a mpu
z = 0 3a0aH TDAHUYHBLIN DEXUM.

Pemenne o0rmiest 3amaun 6€3 HAUAIBHLIX YCIIOBIH

u (07 t) =M (t)v u (la t) = p2 (t)
OIIpenelrsaeTCsa B BUOe CyMMBI OABYX ClIara€MBbIX, OJIA KaXKO0TO U3 KOTOPBIX

HEOMHOPOMHO JINIITE OAHO M3 I'PAHUYHBIX yC.]'IOBIfIfI.

IlokaxeM eqUHCTBEHHOCTH OTPAHUUEHHOTO pelIeHus 3ana4uu 6e3 HauaIbHbIX
ycmouit mis ypasaenus (61). Ilpm 3ToM MBI GymeM IpEOIoNIaraTh HEIPEPHIB-
HOCTB PEIIEHUS BMECTE C €r0 IPON3BOAHLIMU IO BTOPOTO MOPSIAKA BKIIIOUNTEIILHO
Bobmactu 0 <z < I, —oo <t < tg, ecu rpaHUYHBIE 3HAUCHUS

u (Oa t) = M1 (t)a u (lv t) = p2 (t)

onpeneneHbl B obiractu — oo < t < tg.
IIycts u1 (x, t) u us (T, t) — OBA OTPAHWYEHHBIX PELICHUS PACCMATDPUBAC-
moir 3amaun (I),

|u1|<M, |u2|<M,

roe M > 0— HexoTopoe 4ucio.
Pasunocts sTux dyskmui

'U($7 t) = u1 (1'7 t) —u2 (1'7 t)

orparnuena (|v| < 2M), ynosnerBopsier ypasHeHuio (61) 1 OXHOPOIHBIM rpa-
HWYHBIM yCIIOBUSIM

v(0,t)=0, w(l,t)=0.
Kosdpunumenter Pypre mnst pyukuum v
l
/v (z, t) sin ? zdzx,
0
OUYEBUIIHO, YIOBIIETBOPSIOT yPABHEHUIO

vp (t) =

~In

i}n—f-m}n—f-w%vn:() (wn:ﬂTna)’ (*)

TaK KaK BTOPBIE mpom3Bonube bynkuumu v (z, t) menpepsBuel g 0 < - < 1.

8*
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O6miee pemeHne ypaBHEHUS (*) UMEET BUI

o

a PO
vp (t) = Ane + Bpe™ 7, (x%)

2
roe ¢p W (¢p — KOPHU XapaKTePUCTUYECKOT'O yPABHEHUS, DaBHbIE

2 2
1 «@ « 2 « «a
q;;)__§+ I_w%’ qg):—g— T—w% (a>0).

Tax xak a > 0, To Re qgl’z) < 0. CrnenoBarenmbHO pemeHme (*%) yDaBHEHHS

(%) 6ynmer orpanwyeHHBIM mpu ¢ — — 00 Jmmwb gt Ap =0 mw B, =0, T. e.
vp (t) =0 st moboro n.
Taxum obpasom,

v(z,t) =0 u wu(z,t) =us(z,t).

8. CocpenoroueHHast cuiaa. PaccMoTpuM 3amady o KoneGaHMsX
CTPYHBI TION OENCTBUEM COCPENOTOYEHHON CUJIIBI, IPWIIOXKEHHOW B TOYKE
z = zo. Ecmu cumna pacmpenesneHa Ha HEKOTOPOM ydacTke (Lo — €, To +
+ ¢), To pemenre Haxomurcs o Gopmyse (55). CoBepiuas mpenenbHBIR
nepexon npu € — 0, MOXHO IOJIYYATH PEIIeHNe MOCTABIEHHON 3a,1ad.

C mpyroit CTOpOHBI, IPU BHIBONE YPABHEHUS KONEOAHUN MBI BUIENN
(cm. (8) u3 § 1, m. 1), 4TO B TOUKE Z(, K KOTOPOIl IPUIIOKEHA COCPELNOTO-
UEHHAs CUJIA, IPOUCXONUT PA3PBIB IIEPBOM IPOM3BONHON, a caMa (DyHKINS
ocTaeTcs HenpepuBHOU. Pemrenue 3amaun u (z, t) 0 KoneGaHUIX CTPYHBI
IIOIT NEMCTBUEM CHUIIBI, COCDEIOTOUEHHON B TOUKE T, MOXKHO IPEACTABUTH
OBYMS PA3TAUHBIMU GOYHKITASIMU:

u(z, t) =uy (z, t) opu 0 < z < zo,

75
w(z, t) =us2 (z, t) npu g < z < L. (75)
Oty GyHKIME HOIKHEL yOOBIETBOPITE YPABHEHUIO
Ut = a’uyp TP T # To, (76)
IPAHUYHBIM ¥ HAYAJIBHBIM yCIIOBUSIM
U1 (Oa t) =0, wu (.CL', 0) = (P(.T), (77)

Uz (la t) = Oa Ut ($7 0) = ¢ (QE)

U yCIIOBUSIM CONPSIKEHUS B TOUke T = o (cM. (8) m3 § 1), cocTosmum us
YCII0BUS HenpepbelBHOCTH GyHKIUK © (T, ¢):

u1 (2o, 1) = u2 (20, 1) (78)

U YCIIOBUS, CBA3LIBAIOIIETO BEIIMUUHY PA3PLIBA, IIPOM3BONHOM ¢ cuimoit f (1),
COCPENOTOUYEHHON B TOUYKE Z(:

u|t"  ou ou

ox 26—0
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3ab0THUTHCSI O COOIIOAEHNI HAYAITBHBIX YCIIOBUIA HET HeobxonumocTu. Eciu
MBI Hafl[leM J4acTHOe pelneHue ypasHeHus (76), yIOBIeTBOPSIOLIEe IPAHNY-
HBIM ycrnoBusM u3 (77), a Takxke (78) u (79), To, mpubaBisLsa K HEMY pelle-
HZe ONHOPONHOTO yDaBHEHWs KOjeOaHWUH, MBI BCera CMOXEM YIOBIIETBO-
PUTH 3aIaHHBIM HAYAJIbHBEIM yCIOBUSIM.

PaccMoTprM 9acTHBIN Citydai

f() =Acoswt, —oo<t<+o00,

¥ HaWZieM pellleHne, yIOBIIETBOPSIOIIEE NI TPAHUIHLIM yCIIOBUSM, IIPE-
mosiarasi, 9TO CUJIa NEHCTBYET BCE BPEMs, HAUMHAL OT ¢ = — 00 (yCTaHO-
BUBIINMACS PEXUM), T. €. PelluM 3ahady 6e3 HauaJlbHBIX NAaHHBIX. Bymem
HICKATDb PeIleHrEe B BUOE

uy (z, t) = X1 (z) coswt mpu 0 < = < zo,
us (z, t) = Xo (z) coswt mpu g < o < [.

W3 ypasuenus (76) cienyer

2
X{'+(E) X1 =0mpu 0 < z < o,
@ (80)

2
Xé'—l—(g) Xo=0mpuzo <z <L
a

Oyukmuu X7 # X2, KpoMe TOTO, MOMXKHBI YIOBJIETBOPSTL I'DAHUYIHBIM
YCIIOBHSIM

X1(0)=0, X>(I)=0, (81)

BhITEKAOINM 13 (77), U yCIOBUSM CONPSIKEHUS

X1 (wo) = X2 (o), X{ (zo) — Xﬁ (o) (82)

:E’

Boirekatornum u3 (78) u (79).
W3 ypasueruit (80) n ycnosuit (81) Haxomum

X1 (:E):Csingx, Xz(l’):DSiHE(l—CU);
a a
ycrnosust conpsixkenus (82) maioor

Csingfvo— Dsing(l—xg)zo,
a a

A
CECOSEZL'O'FDECOSE(I—Z'()):—.
a a a a k
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Omnpenersis orciona kovdduuuenter C' u D, momydaem

L w
Ag SN~ (I — o)
a .
u; = — ———— sin—x coswt npu 0 < z < zo,
kw . w a
sin — [
a

w
A sin — xzo
sin — (I — ) coswt mpu zo <z < 1.

sin — [
\ a

Ananoruuno s3amuceiBaercs pewmerue npu f (t) = Asinwt.
Nrax, momyueno pemenne mis ciydas f (&) = Acoswt unu f (t) =
= Asinwt. Eciin f (t) — nepuonuueckas GyHKuus, paBHas

f) = % + Z (a, coswnt + B, sinwnt)

n=1

(w — HamMeHbIIAsE YACTOTA), TO, OYEBUIHO,

. wn
1 ( aoz - oo asin e (I — =) N
ul:E{T (1—7)+Z on sin X

n=1 wnsin —1
a

X (ancoswnt+ﬂnsinwnt)}, 0< 2z <z

1(apx x > asin;xo wn (l —x)
UQZE{—(I__)“‘Z sin X

2 l .own
n=1 wn sin — [
a

x (an coswnt + By, sinumt)}, zo <z <.

(83)
Ecmu ¢yukuuns f () memepumommueckas, TO, IPEACTABIISIL €€ B BULE UHTE-

\

b IlepBbie craraembre 5TUX CyMM COOTBETCTBYIOT CTAIMOHAPDHOMY mporuby,

onpenersiemomy 1o Benmamee critbl f (t) = ap/2 = const, kax HETPYAHO BUOETH,
dyHKIIAMI

%m(l—@) mpu 0 < z < zo,
%mg (1—%) npu zg <z <.
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rpasa Pypbe, aHAIOTMYHBIM METONOM MOXHO MOJIyUUTH DEIIECHUE B UHTE-
rpanbpHOU (popme.
Ecmu 3namenarens y stux dyukuuii (83) paBen Hyio:

. wnl
sin — =0,
a
™m
WNn = —a = W,

l

T. €. €CNIX CHEKTD YaCTOT BO30OYXKIAMOUIEH CUIBI CONEPKUT ONHY U3 Ua-
CTOT COOCTBEHHBIX KOJeGaHull (PE30HAHC), TO yCTAHOBUBLIEIOCS PEIICHUS
HE CYIIECTBYET.

Ecnu Touka mpuimoXeHus CUIIBL Ty SIBASETCS OOHUM U3 Y3JI0B CTOSUIEH
BOJIHBI, COOTBETCTBYIOIIIE CBOOOMHOMY KOJIEOAHUIO C YACTOTOR Wy, TO

. W,
sin — zog =0,
a
. W,
sin — (I — zo) = 0.
a

IIpm 5TOM UMCANTENN COOTBETCTBYIOIINX CIATAEMBIX IJIS U OOPAIIAITCS
B HYJIb U SIBJIEHVE DE30HAHCA He UMeeT MecTa. Eciu ke TOuka IpuiIoXeHns
CUJIBL, DEUCTBYIOLUIEH C YaCTOTOR Wy, SBJISETCS MYYHOCTHIO COOTBETCTBY-
IOITIEN CTOSTIEN BOJTHBI C YACTOTOR Wy, TO

. Wm
sin— 29 =1
a

U SIBJIEHUE PE30HAHCA OyIeT BLIpaXKeHO Hambosee Pe3Ko.

Orcrona cienyeT NpaBuio, ITO OISl BO3OYXKICHNUS PE30HAHCA CTPYHEI
IPY OENCTBUM HA HEe COCPENOTOUYEHHON CUIION HANO, YTOOBI YaCTOTAa €€ W
ObL1a PaBHA OMHOM M3 COOCTBEHHBLIX YAaCTOT CTPYHBI, & TOYKA IPUIIOKEHUS
CUJIBL COBIAAaJIa C OMHOM U3 IIyUHOCTEH CTOsSUell BOJIHEL.

9. O6mIas cxeMa MeTona pa3aejieHUs mepeMeHHbIX. Meron pas-
IEeJIeHU s IEPEMEHHBIX TPUMEHUM He TOJIBKO ISl YPaBHEHUS KOnebaHui om-
HOPOIHOW CTPYHBI, HO U IJIST yPaBHEHUS KOJIeOAHUN HEOMHOPOOHON CTPYHBL.
Paccmorpum cremyroryio 3amagy.

Hatdimu pewenue ypasnenud

L[U]Z%{k(fv)%]—qw)u:p(:v)%, O<z<l, t>0, (84)

y006ﬂ€m6 opAouwee Ycao8uam

u (0, t) =0, u(l,t) =0, t >0, (85)

w(z,0)=p(z), ut(z,0)=v¢(z), 0Lzl (86)
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3mecy k, g u p—uenpepwiBHbe HA oTpe3ke 0 < x < | MOIOXKUTENBHEIE
dysxman (k> 0, p> 0, ¢ > 0)Y). IIposemem pemrenne >Toit 3amadum Me-
TONOM Pa3OeeHUs IePeMeHHEIX. I OTBLICKAHNS YaCTHLIX PEIIeHn 00pa-
TUMCS, KaK U PAHBIIE, K BCIOMOTATENLHON 33aU€ O CYIIIECTBOBAHUM CTO-
SIIMX BOJIH.

Hatimu nempusuasbroe pewenue ypasnenud (84), ydosaemesopmowee
2PAHUUHBIM YCAOBUIM

u(0,t) =0, u(l,t)=0
u npedcmasumoe 6 sude NPou3sedenug
u(z, t) =X ()T ().

[Toncrapmnsas npenmonaraemMyo GOpMy PELIeHUS B yPABHEHUE U MIOIL3YSIChH
TPAHUYHBIMU YCJIOBUSMU, [TOCIIE PA3OEICHUs IEPEMEHHBIX MTOITyYaeM

d dX

B _ — =

T [k (z) I } gX + X =0,
T" + \T = 0.

Hus onpenenenus dysaknuu X () MBI IOJIyYuM CIELYOMIYIO KD ae-

BYIO 347249y Ha COGCTBEHHLIE 3HAUCHU 2.
Haidimu me 3nauenus napamempa A, npu KOMOPuIT CYw,ecmsyom He-
MPUBUGALHBIE PEULEHUT 3600UU

L[X]+ A\pX =0, (87)
X(0)=0, X()=0, (88)

a makkHce HATMU MU PeUeHU.

Taxue 3HaUeHUS MmapaMeTpa A HA3LIBAIOTCA COOGCTBEHHBIMU
3HAYEHUSIMU, a COOTBETCTBYIOLINE UM HETPUBUAILHBLIE DEIIEHUS —
cobcTBeHHBIMU GyHKOuaMu 3amaau (87)—(88).

ChopmynupyeM OCHOBHBIE CBOHUCTBA COOCTBEHHBIX (QYHKIMA u COO-
CTBEHHBIX 3HAUEHUN Kpaesoil 3amaun (87) u (88), HeoOXomuMBbIe ISl Dajib-
HEWIIero n3JI0XKeHs.

1. CymecTByeT CYeTHOE MHOXKECTBO COOCTBEHHBIX 3HAUEHUR A <
< A2 < ...<Ap..., KOTOPHIM COOTBETCTBYIOT HETPUBUAJILHLIE DEIIEHUs
3amaun— coberBennbe dynknuu X (z), Xo (z), ..., Xn (2), ...

D Tor ciyuwait, korna k() B HEKOTOPBIX TOYKax OOpAIAETCS B HyJb, PAc-
cmarpusaercs ornenbHoO (cm. Homosmmenne IT).
2) IIpu p = pg = const, k = kg = const MBI momyvaeM KpaeByIO 3amady O
COOCTBEHHBIX KOJIEOAHUIX CTPYHBI C 3aKPEINICHHBIMUY KOHIIAMM:
X"+puX =0 (p:p—o)\),
ko
X (0) =0, X () =0,

KCCIIENOBAHHYIO B § 2.
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2. IIpu q > 0 Bce COOCTBEHHBIE 3HAUEHUS ), MOJOXUTEIBLHEL.
3. Cobereennnte byukunu X, (z) u X, (z) npu m # n opToroHanb-
HBEI MexXIy coboi ¢ Becom p (x) nHa orpeske 0 < z < I:

l
/ Xom (2) Xn () p(2)dz =0 (m #n). (89)

4. Teopema pasnoxumoctu B. A. Crexmosa. [Iponssonsuas
¢byukuus F (z), nBaxnbl HempepblBHO nuddepeHuupyeMas u yIOBIeTBO-
pstowmias rpaanudkiM yenosuam F (0) = F (1) = 0, pasmaraeTcsa B paBHO-
MEPHO 1 aGCONMOTHO CXOMSAIIMIACS PN MO COOCTBEHHBIM QyHKIUIM X, (z):

1
= 1
P =3 R X, Fa= g / F () X, (2) p(z)ds,  (90)

l
P = [ X2 (@) (@) da.

HoxazaTenscTBO yTBepxaeHnit 1 1 4 OCHOBBIBaETCS OOBIYHO HA, TEO-
pUU MHTErpallbHBIX yDaBHEHWI, U MBI HE OymeM 3Iech ero NpuBOLUTL. B
HACTOSIIIEM IIYHKTE MBI OCTAHOBUMCS HA JOKA3aTEIbCTBAX CBOUCTB 2 1 3.

ITpexxne uem mepefiT K [OKA3aTeNbCTBY 3THUX CBOMCTB, BBLIBEIEM
Tak HasbBaeMyw dopmyny [puna. lycts u (z) u v (z) — npous3BonbHLIE
dyukIUu, nBaXIbl nuddepeHnrpyemMoble Ha uHTEpBaJe a < & < b u umero-
II[7e HEelIPEPHIBHYIO [IEPBYIO IIPOM3BONHYIO Ha oTpe3ke a < = < b. Paccmo-
TPUM BEIPAXKEHUE

uwL[v]—vLul=u(kv) —v(ku) =k —ovu)].

WNuTerpupys 5TO paBeHCTBO MO % OT a OO b, momydaeM GOpMyay
I'punma

b b
/(uL 0] — v L [u]) dz = k (ue’ — ou) | - (91)

a
a

Hokaxem cpoitctso 3. Ilycre X, (z) u X, (z) —mBe cobcrBeHHBIE
(bYHKINYM, COOTBETCTBYIOIINE COGCTBEHHBIM 3HAUEHUIM A, U A,. [loma-
rasg B ¢dopmyne (91) w = X, (z), v =X, () u yunroiBas rpaHuIHEBE
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ycmosus (88), Gymem nmers V)

[
/{XmL[Xn]—XnL[Xm]}dxzo (a=0, b=1),
0

OTKyIa, MOJb3ysch ypaBuenueM (87), moiydaem

l
O = Ann) / X, (2) X (2) p (2) dz = 0.

Takum o6paszoM, ecin A, # Ay, TO UMEET MECTO yCIOBUE

l
/ Xon (2) Xy (2) p () do = 0, (92)
0

BBIPAKAIOIIEE OPTOrOHAIBHOCTE ¢ BECOM p (%) COGCTBEHHBIX (DyHKIWIT
Xm (z) 1 X, (2).

Hokaxem Tenepb, 9TO KaXAOMYy COOCTBEHHOMY 3HAYEHHIO COOTBET-
CTBYET C TOUHOCTBHIO IO IOCTOSIHHOTO MHOXUTEISI TOIBKO ONHA COGCTBEH-

Has QyHKOUS 2)). B camom meme, Beskast coOCTBeHHAST PYHKITUS OIPEmETis-
€TCsI ONHO3HAYHO Kak perieHne nubdOepeHnnalIbHOIO YPAaBHEHUS 2-I0 HIO-
pPAOKa MO 3HAUEHUIO CaMOM GYHKIINY U ee TTepBoi mpon3BonHou mpu z = 0.
Honyctus cymiectBoBanue nByx ¢yHknnit X m X, OTBEUAIONIUX OTHOMY
Z TOMY XK€ 3HAUEHUI0 A u oOpalnaronmxcs B Hyib npu = (0, u B3sB

D pomseonuste X, m X|, HempepeBHE Bcomy Ha oTpeske 0 < = < [,
Brymrouas touku £ = 0 m x = [, Tak kax ypasuenue (87) maet

k(z) X, (z) = /(q—Amp)dex-f-C.

T

OTciona u clemyer CylecTBOBaHMe mpom3BomHoi X, mpu £ =0 u = = I.

2) Iloka3bIBaeMOe CBOMCTBO HEPBOY KPAEBOW 3aadYy OCHOBAHO HA TOM, UTO
IBa JIMHENHO HE3aBUCHMEIX pelleHus AuddepeHInaIbHOr0 ypaBHEHNs 2-TO II0-
psIOKa He MOT'YT O0pAIllaThCs B HyJIb B OQHOI U TOH XK€ TOYKE. OTO yTBEPXKIe-
HUE OTHOCHTCS K KPAeBOH 3alade C HYJIEBLIME I'DAHWYHBIMEU ycioBusMmu. IIpu
Opyrux rpaHmYHBIX ycaoBmsx (mampmmep, X (0) = X (1), X' (0) = X' (1)) mo-
IyT CyLIECTBOBATH IBE DA3IMUHBIE COOCTBEHHBIE (GYHKINU, COOTBETCTBYIOIIIE

2
ONHOMY K TOMY € COGCTBEHHOMY 3HAYEHUIO <XT(L1) (z) = cos %n z, Xr(LZ) (z) =

2
:sin%Tnx npu Ap = (%Tn) , n=20,1, 2,...).
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pyHKINIO

YO=30

BUIVIM, ITO 9Ta QyHKINS yOOBIETBOPSET TOMY XK€ yPABHEHUIO 2-TO HOPSL-
ka (87) u TeM e HAYaAIbHBIM yCIOBUAM, 4TO U hyHkius X (z):

dx* . X'(0)
o 0=

Tem cambim mokaszano, uro X* (z) = X (z) u uro

X (z) =AX (z) A:)?’(O)

OrMmeTuM, 4TO B MPOLECCE MOKA3ATEIbCTBA MBI YUUTHIBAJIA TPEOO-

Barune X' (0) # 0, koTOpoe GE3yCIOBHO BELINOMHAETCS, TAK KAK PEIICHNE
JIMHENHOro ypaBHeHUs (87), OnpenensieMoe HauaJIbHEIMY Y CIIOBUSAMU

X(0)=0, X'(0)=0,

TOXIECTBEHHO DABHO HYJIIO M TE€M CAMBIM He MOXeT OBITh COOCTBEHHOU
¢byuxnumeit (cm. c. 120).

B cuny nuHEAHOCTM M ONHOPONHOCTU YPABHEHUS U KPAEBBIX YCJIO-
BUIl OYEBUIHO, 4TO ecinu X, (x) ABIsSEeTCs COOCTBEHHOU (DyHKUMEN mpu
COGCTBEHHOM 3HAYEHUUN N, TO byukuus A,X, () (A4, — npousBoibHas
MOCTOSIHHASL) TaKXKe SBISIETCS COBCTBEHHON OYHKIMEN IITsT TOTO XKe 3Hate-
HUST \,. Bpime 6bL10 DOKa3aHO, YTO STUM BIIOJIHE UCUYEPIILIBAETCS KITACC
cobcTBenHbIX QyHKIUN. CoOCTBEHHBIE QYHKINN, OTINIAOIINECST MHOXKU-
TeJIeM, MBI, PA3yMeeTCs, He CUMTAEM CYIIECTBEHHO PA3TUUYHBIMU. YTOOLI
HCKITIOUUTDL HEOIPENEIeHHOCTh B BEIOODE MHOXKUTEJNISI, MOXKHO IOOYUHUTH
cob6CcTBeHHBIE QYHKIINN TPEOOBAHWIO HOPMUPOBKM

l
X = [ X2 (@) (@) do = 1.
0

Ecnn mekoropas yukuus X, (z) He ymoBierBopser 5TOMy TpeGOBaHUIO,
TO €€ MOXHO «HOPMUPOBATL®, YMHOXAas Ha KOdhduiment A, :

1

A X, (z) = X, (), A, = ——.
| Xl
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Ecmu noguuauts cobeTBennsie hynkuun 3amaun (87) — (88) ycmosuto
HopmupoBku (||X,|| = 1), To oHr 06pa3y0T OPTOrOHAILHYIO U HOPMUPO-
BaHHYIO CUCTEMY

l
/xmmxummmM={°’m#“

1, m=n.

O6paruMcs K I0Ka3aTelbLCTBY cBoicTBa 2. JlokaxeMm, uro A > 0 mpu
> 0. Oycrs X, () —HopMupoBanHas coOCTBEHHAs (DYHKLIUSA, COOTBET-
CTBYIOIIAs COOCTBEHHOMY 3HAUEHUIO Ap, TAK 9TO

L[X,)=—-p(z) Xy (z).

YuMuO%as 06€ 4aCTu 5TOr0 PaBEHCTBA HA X, (T) U MHTErpupys mo & OT
0 mo [, momyuaem

l l
M [X2@) @) s =~ [ X @) DX
0 0

1 1
d
)\n——/Xn%[k(x) ]dw-{—/q dz,
0 0

rak Kak bysakuus X, () npenmonaraercs Hopmuposanuoi. arerpupys
[0 YACTSM U MOJb3YsCh PAHUYHLIME ycioBusaMu (88), momyuyaem

niim

1

/\n:—XnkX’ /l ]de+/q()X5(x)dx:
0

OTKyIa ! CIIEAYyeT, ITO
An >0,

Tak Kak 1o ycnosuwo k(z) >0 u g (z) > 0.

OcraBisis HOKA3aTENBCTBO TEOPEMBI PAIIOKUMOCTHU B CTOPOHE, KPAT-
KO OCTQHOBUMCS HA, BHIUUCIICHUN KOS(DDUIIMEHTOB PA3IIOKECHUS.

Herpynuo BumeTsb, 4To

1
X B 0/ X, (z) dz. (94)

n
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B camom meme, ymMHOXAas1 06€ IaCTU PABEHCTBA
oo

F(z) =Y F.X,(z)
n=1

Ha p(z) X, (x), uarerpupys mo = ot 0 40 ! W yuINTHIBas OPTOTOHAIIB-
HOCTH COOCTBEHHBIX (DYHKIWIT, [OIIy9aeM HAINCAHHOE BBILIE BBIDAKCHWE

nis koaddummerTos F, (kosdpbunumenTon Pypoe)l).
Bepremcs Temeps K ypaBHEHUIO C YACTHBIMK MPOU3BOMHBIMHU. IIis
¢byukuuu T (t) MBI IMeeM ypaBHEHUE

T" + \,T =0 (95)

6e3 Kaxux-1ub0 MOMOIHUTENBHLIX YCIOBUH. B cuity mOoKa3aHHOM MOIOXKU-
TENBHOCTH A, €ro DelleHue NMeeT B

Ty (t) = Ap cos v/ Ant + By sin /At

rome A, u B, —HeonpeneneHHbE KO>pduuneHTE. TakuMm 06pa3oM, BCIO-
MOTaTeNIbHAS 33029 UMEeeT OeCUrnCIeHHOe MHOXECTBO PEIIeHH BUOA

U (2, 1) = T (t) Xn () = (An €08 V/Ant + By, sin \/Ant) X (2).

OGpaTI/IMCSI K DELICHNIO 3a0a494 C 3a0aHHBIMI HAYaJBbHBIMU yCJIOBUI-
MH. ByneM HNCKaThb PEIIECHUE B BUOE

oo

u(z,t) = Z(A" cos \/Ant + By, sin v/ Ant) X, (). (96)

n=1

dopMasibHAS CXEMa, YIOBIETBOPEHUS HAUAILHEIM yCIoBusM (86) OCHOBBHI-
BAETCsI HA TEOpPeMe PA3IOXKMMOCTH 4 ¥ IPOBOAUTCS COBEPIIEHHO TaK XK€,
KaK ¥ IJIsl OMHOPOnHOU cTpyHel. U3 paBencTs

’U,(.CL', 0) = (P('T) = ZAan ((E),

Ut (ZL’, 0) =9 (l‘) = ZBn \/EXn (:L’)

HaXoOouM, 9TO

A, = Pn, B, = Yn (97)

Vs

roe ¢n 1 Y, —xosddunuenter Pypbe dyukuuit ¢ () u 1 (x) npu pas-
JIOXKEHUU 110 OPTOrOHAJIBHOU ¢ BecoM p (x) cucreme dyukuumit { X, (z) }

1) Bo3MOXHOCTE TIOWICHHOTO MHTErpupOBaHUS Psfa ciemyeT u3 reopemsr Cre-

KJIOBa O paBHOMEDHOI cxomumoctu psana (90).
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OrpasnumnBasch OOIIEH CXEMON METOMN, PA3NEJICHUS [IEPEMEHHBIX, MBI
He [PUBOOUM YCJIOBHN IPUMEHUMOCTH 3TOrO MeTONA KaK B OTHOIIEHUU
K03hPUITMEHTOB YPABHEHNS, TAK U B OTHOIICHNN HAYAIBHBIX (QDyHKIIWH.

OcnoBomnomarasoime paboThl IO 0G0CHOBAHUIO STOrO METONA, TPUHA-

nexar B. A. Creknosy V.

Bamaun

1. Haitru dysxnmio u (z, t), ONPEmessiontyio mpouecc KoimeGanus CTPYHBL
(0, 1), 3akpemieHHOM Ha KOHIAX U BO30yxXmaeMmou (puc. 24) OTTATUBAHWEM €€ B
Touke z = ¢ Ha BesmuuHy h, T.e. u(c, 0) = h (cm. IIpunoxenne I). Hauanmsnas
CKOPOCTh paBHa HYIIIO.

2. 3akpemieHHas HA KOHLIAX CTPYHA B TOYKE T = ¢ OTTSHyTa cuion Fy.
HaiiTu xomme6aHusS CTPYHBI, €C/IM B HAYAJILHEIL MOMEHT CHUJIQ IIEPECTAET IEHCTBO-
BATb, a HAUAJIbHASI CKOPOCTH DABHA HYIIIO.

3. Hatitu pyuknmio u (z, t), OIPEHEISIONIYIO TPOLECC KOJIEGAHMUS CTPYHBI
(0, 1), saxpemsieHHOI Ha KOHIAX U BO36YXIaeMOl mMIyiibcoM K, pacmpemesieH-

T—c
HBIM Ha OoTpeske (c —d, ¢+ d): a) paBHOMEPHO, 6) MO 3aKOHY v( COS 55 T (cm.

IIpuoxenwme 1), ecim HAYAIILHOE OTKIIOHEHUE PABHO HYJIIIO.

4. Hairtw dynkumio v (z, t), OIPEmessIOnyio IPOuece KONebaHms CTPYHBL

(0, 1), 3axpenneHnol Ha KOHIAX I BO30yXKImaeMOX uMIyiibcoM K, MPUIIOXEHHBIM

B Touke z = ¢ (cm. IIpmmoxenwue I).

| Hauanbzoe oTKIIOHEHVE PABHO HYIIIO.

i 5. IoxasaTb AaIAUTUBHOCTD

Lh SHEPrAUW OTHEJIbHLIX T[AaPMOHUK IS

mpormecca KoimeOGaHuy Ipu CPAHUIHBIX

yenoBusax u = 0, ug = 0. PaccmoTpeTs

Puc. 24 TaKXe CIIyYail TPAHUYHOTO YCJIOBUS

3-ro poma ugz + hu = 0 (Bce psamsr

IPENNoIaraTh PABHOMEDPHO CXONSAIIMMUCH). BBEIMUCIMTL SHEPTUIO OTHEITHHBIX
rapMOHUK B 3amadax 1 — 4.

6. IIpyxwuHa, 3aKpeIsIeHHasl OMHIM KOHIOM B Touke = = 0, pacTsaHyTa rpy-
30M Maccel M, momBemeHHBIM B TOuke ¥ = [. HaiiTu xosre6aHusT Ipy KUHBL, €CIT
B MoMeHT ¢t = () rpy3 magaer u B HAJbHENIIEM Ha KOHeL & = [ He OeHCTBYIOT
HUKAKWE CUJIBL.

7. OmuH KOHEI CTepXHsI 3aKPEeIIeH, 8 Ha BTOpoi meicTByetT cwia Fy. Haii-
TH KOjeGaHUs CTEPXKHS, €C/IM B HAYAJIBHBLI MOMEHT CHJIA IIEPECTAET HEeHCTBO-
BATh.

8. UcciemoBaTs mpouecc kose6aHus TPy KUHLL, OUH KOHEI KOTOPOl 3aKper-
JIeH, a KO BTOPOMY KOHILY B HAYaJILHBIA MOMEHT IIOABEIINBAETCS I'Py3 Maccel M.
Haganpubie ycioBus mynessre.

9. K omuOponmuoi crpyHe ¢ 3akpemteHHBIMU KOHmaMu ¢ =0 umw =1 B
Touke T = ¢ npukpemnena macca M. Haittu orkionenue ctpyns: u (z, t), ecou:

|
|
zr=0 r=c r=1

1) Crexmos B. A. Bamaua 06 oxTaxmeHmm HEOMHOPOMHOTO TBEPIOTO
crepxus [/ Coobm. Xapek. mar. o-sa. Cep. 2. 1896. T. 5, Ne 1, 2;
Crexnos B. A. Ocuosusie 3anaun marematuuyeckoit pusuku. T. I. Ilerporpan,
1922; Uansuu B. A. O paspemmumocTu CMEIIaHHBIX 33,034 IS TUIEePOOIIMIecKux
z napabomraecknx ypasreruu // YMH. 1960. T. 15, sem. 2. C. 97—154.
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a) B HQUAJILHBII MOMEHT B TOYKE & = C CTPYHA OTTAHYTa HA BEeIWIUHY h OT
TOJIOXEHUST PABHOBECUS U OTIYIICHA (€3 HAYAJIbHOM CKOPOCTH; 6) HAYAILHOE
OTKJIOHEHVE U HAYAJIbHAS CKOPOCTH paBHBI Hymo (cMm. [Ipmmoxenwue I1T).

10. UccnenoBaTs mpouecc kKoneGaHMs IPYXUHBI CO CBOOOMHBIMU KOHIIAMU
IpU PABHOMEDHOM HAYAJIHHOM PACTAXEHUM (IPENCTABUTD MOMEINb STOU 33[a4M).

11. WccnenoBaTh mpouecc KojaeOGaHUs IPYXWHBL C YIPYTO 3aKPEINIEHHBIMU
KOHIIAMU TIPU OAMHAKOBBIX KO3(hGUIIMEHTaX XKECTKOCTHU, eCIX HAYAIHHEIE YCJIO-
BUS IDPOU3BOJIBLHEL.

Pemenne uccinenosars npu Masibix b («Msarkoes 3axpemseHue) u mpu 60IIb-
mwmx h («XecTkoe» 3aKPEIICHUE) U BEIYACIATEL COOTBETCTBYIOIIE IOIPABKY K
COOCTBEHHBIM 3HAUEHUSM IJIS CTPYHBI CO CBOOOMHBIMU 1 33KPEIICHHBIMU KOHIIA-
MH.

12. Hairtw oTknonerne 4 (T, t) CTPYHBI C XKECTKO 3aKPEIIIEHHBEIME KOHIA-
MU, eciii KOoneOGaH!s IPOMCXOOAT B Cpene, COIPOTUBIIEHNE KOTOPOH IPOIIOPIIMIO-
HAJIbHO CKOPOCTH, a HAYAJIbHBIE YCIIOBUSA IPOU3BOJILHEL.

13. M30mmpoBaHHbIA 3IIeK TPAIECKUAIA IIPOBOL, AJINHEL [ C XapaKkTepUCTUKA-
vu L, R, C u G =0 3apsxkeH 00 HEKOTOPOrO MOTEHIUWAJIA ¥g. B HaYaIbHBIA
MOMEHT OIWH KOHEIl IIPOBOMA 3a3€MJISIeTCs, a BTOPOM OCTAeTCsA BCE BPeMs M30JIU-
posauHbIM. HaiiTu pacnpeneseHne HAIPSXKEHUs B IIPOBOLE.

14. CrpyHa C 3aKPEIIIEHHBIMIA KOHIIAMY KOJIEGIIeTCS O, NEACTBUEM T'apMO-
HUYECKOU CHWIIbI, PACIPENeNIeHHOI ¢ WIOTHOCTEI0 f (2, t) = @ (z) sinwt. Hanrm
oTkyioneHUE ¥ (T, t) CTPYHBI IpU HPOU3BOJILHBIX HAYAJIBHEIX ycjoBusax. Vccie-
IIOBATHb BO3MOXHOCTBH DE30OHAHCA U HAWTHU PEIIeHHe B CIIydae Pe30HAHCA.

15. Pemmrts 3amauay 14, mpenmostaras, 4To KojleGaHUSI IPOMCXONAT B Cpefe,
COTIPOTUBJICHNE B KOTOPOU IPOIOPUMOHAIBHO cCKopocTu. HaliTu ycTanoBUBIITECS
K0J1e6aHUS, COCTABIISIONINE TVIABHYIO YaCTh PELIeHUs npu ¢ — o0.

16. Yupyruit CTepXeHb IIUMHEL [ PACIIONIOXEH BEPTUKAILHO U XKECTKO IIPU-
KpeIlJIeH BePXHIM KOHIIOM K CBOOOIHO HamaiolieMy JudTy, KOTOPHIA, JOCTUTHYB
CKOPOCTH ¥g, MTHOBEHHO OCTAHABIMBAETCA. HaliTm KosmeOaHUS CTEPXKHS, MPEm-
ToJIarasl ero HUXHUN KOHeIl CBOOOMHBIM.

17. PemmTs ypaBHEHUE

2 2
uit = a uzz —b°u+ A
TIPU HYJIEBBIX HAYAJILHBLIX YCJIOBUAX W TPAHUUHBLIX YCIOBUSIX
w(0,t) =0, u(l,t) =B,

rome b, A u B— nocTosSHHBIE.
18. Pemmnrs nuddepeHunaabHoe ypaBHEHNE

2
utt = a uzge + Ashz
npu HyneBBIX HaYaJIBHBIX ndOBHﬂX n I‘pa,HH‘IHI;IX yC.T[OBI/ISIX
u(07t):Bv u(lvt):Ca

rone A, B u C' — nocrosiHHBIE.
19. K omgmoponuoil cTpyHe ¢ 3akpemsieHHBIME KOHmavMu £ =0 uw z =1[ B
rouke £ = ¢ (0 < ¢ <) mpuoxeHa rapMOHIYECKAs CHIIA

F (t) = Py sinwt,

neucTByomas HaumHas ¢ momenTa ¢ = 0. Haiitu orknonenune crpynwr u (z, t),
IPennoiaras HadaJIbHbIE YCIIOBUS HYJIEBBIMU.



128 YPABHEHUWA I'MIIEPBEOJINYECKOI'O TUITA [[JI. 11

20. Pemmuts 3amauy o KOIeGaHUSIX HEOMHOPOMHOTO CTEPXKHS IJIUHEL | C
XKeCTKO 3aKPeIICHHBIMI KOHIIAaMU, COCTABIIEHHOTO U3 JIBYX OMHODOOHBIX CTEPX-
Heir, coenuHEHHBIX B Touke 1 = ¢ (0 < ¢ < [), eciu Ha9aJIbHOE OTKIIOHEHUE NMEET
BUI

Ea: npu 0 <z < ¢,
u(z,0)=< €
lfc(l—x)npnchgl,

a HaJaJIbHBIE CKOPDOCTY PABHBI HYJIIIO.
21. HawiTu ycTaHoBUBHINECS KOJIe0AaHWS NMPYXWHBI, ONWH KOHEI KOTODOM
3aKpeNJIeH, a Ha BTOPOU NENCTBYET CHUIIA

F (t) = Asinwit + Bsinwst.

22. Haiitz ycranoBuBIImecs KoyieGaHUS HEONHOPOLHOIO CTEPXKHS, COCTa-
BJIEHHOTO U3 IBYX ONHODPOLHBIX CTEPXKHEW, COEQUHEHHBIX B TOYKE T = C, €CIIK
ONWH KOHEI[ CTEPXKHSI 3aKPEIJIEH, a BTOPOIl IBIXKETCS IO 3aKOHY

u(l, t) = Asinwt.

§ 4. 3amaua c maHHLIME Ha XapaKTEPUCTUKAX

1. ITocranoBka 3amauu. Paccmorpum psim 3amad, SIBISIIOIIAXCS Pa3-
BUTHEM NIEPBOI KPAEBOU 3a0auu IJIS YpaBHEHUS KomebaHuit CTpyHbL. s
IPOCTOTHI OymeM M3ydaTh SBJIEHUS BOJIM3M OTHOTO Kpas, CINTAs APYTrou
Kpall yIaJleHHBIM B OECKOHEYHOCTH, T. €. B KAaUeCTBe HCXONHON 33Ia4u
BO3BMEM 33141y IS MOJTyOEeCKOHEYHOU IIPSIMOM.

YpaBHeHre KONeOAHMIA CTPYHBL Upy = G Uy, CHMMETPUYHO OTHOCH-
TeNbHO MEPEMEHHLIX T U ¢, €CiaM HOJOXKHUTH a2 = 1, T. €. M3MEHHTH
macmTab BpeMeHu, BBems nepeMmenHyio t = at’. OmHAKO IONOIHUTENH-
HEIE YCIIOBUSI BHOCAT ACAMMETPUIO B MATEMATHIECKOE TOIKOBAHUE T U
t: B HauUANBHLIX ycnoBusx (mpu t = 0) 3amatorcs nee dyuknun u (z, 0) u
ut (z, 0), B TO BpeMs Kak B IPaHUYHBLIX ycioBusx (npu z = 0) 3amaercs
TonbKO omHa, dyukmusa u (0, t).

Kak 6b110 oTMeueno B § 2, m. 9, Mexny QyHKIIUSIMYU U UX HOPMAJTBHBI-
Mu npom3BonHbIME Ipu £ =0 u z = (0 cyIIecTByeT COOTHOIIEHTE

ut (0, 2) +ug (0, 2) = ut (2, 0) + uy (2, 0) (a2 =1)

pu IPOU3BONILHOM 3HadeHuu z. Orciomga cnemyer,uronpu £ =0 u t =0
HEJIb3s He3aBUCUMBIM 00pPa30M 3a[aTh BCE 5TU (HYHKITUN; IPOU3BOILHEIMU
SIBIISIFOTCSI TOJIBKO TPU YCIIOBUSI, YTO U YKA3BIBAET HA HEBO3MOXHOCTH CUM-
METPUIHON MOCTAHOBKY JOIOJIHUTEIBHBIX YCIIOBUH.

HononmHNTENBHBIE YCIOBUAS MOTYT 3aaBAThCS MO0 HA MPSIMBIX JIN-
usx ¢ =0, t =0 (c 3amagaMu mOHOGHOrO POXA MBI MMENN LENO L0 CUX
mop), b0 Ha, HEKOTOPHIX KPUBEIX B (ha30Boi miockocTu. Hampumep, rpa-
HUYHbIE 3HAUEHNS MOXHO 3aIaBaTh Ha Hekoropoil kpusoir Ci (z = fi(t)),
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OMHAKO IJIs PA3PEIIMMOCTU TaKOoi 3amaun kpuBas (7 HOMXKHA OBITH HO-
CTATOYHO TJIAKON ¥ YIOBIIETBOPSTH €Ill€ HEKOTOPHIM MOMNOJIHUATEILHBIM
YCIIOBHSIM.

Paccmorpum mporecc komebammii rasza B Tpybe € MOMBUXKHON

rpanunell (OOBMXHBIM MOpHIHEM). SICHO, WTO CKOPOCTH MepeMelLe-
HUSI TPAHULBI, OBUXYIIENCS IO
3akoHy T = fi(t), Hemp3a cum-
TaTh IPON3BOJILHON: OHA HE TOJIXK-
Ha IPEBOCXOAUTH CKOPOCTH 3BYKA
a (fi(t) < a). leomerpuueckum
CJIEICTBAEM BTOrO SBISIETCS TO,
uro kpuBas C) (z = f1(t)) momx-
Ha OBITH OTHAEJICHA XaPAKTEPUCTU-
ko ot mmHUM t = 0, Hecyen
HauaJbHBlE 3HadeHus (puc. 25).
Ecnu xoTs 661 B OMHON TOUKE JTU-
uusa () nexaiia HUXe XapaKTepu-
CTUKM T = at, TO 3HaUeHne (yHK-
i u(z,t) BIONHE OLpenels-
JI0ch OBl HAYAJIBHBIMU Y CIIOBUSMU Puc. 25
¥ HEe MOTJIO OBl 330aBATHCS ITPOU3-
BOJIbHO. PUBMUECKUIA CMBICII TOrO CBSI3aH C TEM, UTO [IPU ABIXKEHUN I'a3a
CO CKOPOCTSIMU, IPEBOCXONSIIINME CKODOCTBH 3BYKA, YPABHEHUE aKyCTUKU
TepseT CUIIy U HAAO MOIB30BATHCS HETMHENHLIMU YPABHEHUSMU Ta30BOU
nuHavukn Y.

HauganpHBIE YCIIOBUSI MOXKHO 33[1aBaTh HE TOJLKO Ha ocu ¢t = (0, HO
u Ha Hekoropoi auHuu Cy (t = fo(z)), KOTOpas HOIKHA YIOOBIETBOPATH
rpebosanuio |f] ()] < 1/a (upu srom Cp nexuT B 061aCTH BIMSHUS Ha-
YAJIBHBIX JAHHBIX ). 38184 MOHOGHOTO TUIIA JIETKO PEIIAOTCS ¢ TIOMOIIBIO
MHTErPaIIbHOrO ypaBHeHus Konebanuit (cM. § 2, m. 7).

He cTaBs cBOel IeIbi0 HATH HOJHLIN IEPEYEHb BCEX BO3BMOXKHBIX KPa-
€BBIX 33/71a4, paccMOTpuM Ooiee mOAPOOHO 331aMy ONPENeIIeHUs PELIeHNusI
[0 DAHHBIM HA XaPAKTEPUCTUKAX. DTy KPAEBYIO 3a[0a4y YaCTO HA3BIBAIOT
samaudein I'ypca. 3amaua ¢ mAaHHBIMM HA XapaKTEPUCTUKAX IPENCTa-
BiIsieT GOJIBIION MHTEPEC ¢ TOYKU 3peHus: ¢pusnyueckux npuioxenuit. Oua
BCTPEYAETCS, HAIPUMED, IIPU M3yUEeHUN IIPOIECCOB cOpOImy m necopommu
razos (cm. IIpunoxenue V), npoueccos cymku (cM. 3anady 1 B KOHIE ma-
parpada) ¥ MHOIMX OPYTUX 3a1ad.

2. MeTon nociienoBaTenbHBIX Ipubmkennii miist 3agaqyu I'yp-
ca. Paccmorpum npocreiintyio 3a0ady ¢ JAHHBIMEA HA XaPAKTEPUCTUKAX

Ugy = f (.Z', y):
u (.ZL’, 0) =¢1 (l‘), (1)
u(0,y) = @2 (y)-

D O IIpunoxenwue IV, c. 163.

9 A. H. Tuxonos, A. A. Camapckuit



130 YPABHEHUWA I'MIIEPBEOJINYECKOI'O TUITA [[JI. 11

IonOMHUTENbHLIE YCIOBHS NAHLI HA TpAMLIX £ = 0 u y = 0, aBisommxcs

xapakTepuctukamu ypasaerus (1). Bymem mpenmomaraTs, uTo GyHKIIMR

1 (z) 1 @2 (y) nubGepeHTUpPYEMBL U YOOBIETBOPSIOT YCIOBUID COMPSIKE-

st @1 (0) = 2 (0). MaTerpupys mocienoBaTeNbHo 10 £ U Y yDABHEHUE
1), momyuum

ty (2, y) = uy (0, y) + / £ (€ y)de,

u (@, ) = u(z, 0) +u (0, y) - u (0, 0)+/dn/f(£, n) de,
0 0

nim

T

w(@,y) = o1 (2) + 02 (4) — 1 (0) + //f € mdedn. ()

TaxuM 06pa3oM, I IPOCTERIIEr0 YPABHEHMS, HE CONEPKAIIErO MePBhIX
IPOM3BONHBIX Uy, Uy U MCKOMON (DYHKIIWH, DEIIEHHE IPEINCTABIISIETCS B
SBHOI aHasmTudeckoir hopme (2). M3 popmynsl (2) HEIOCPEACTBEHHO Clie-
IyeT eOWHCTBEHHOCTD W CYIIIECTBOBAHUE PEITICHUS MOCTABIICHHON 3aa4M7.
[lepeiineM K PEIICHNIO JIMHEHHOTO YPABHEHNS TUIePOOIMIECKOrO TUIIA,

Uzy = a (2, Y) ue +b(z, y)uy +c(z, y)u+ f(z, y) (3)

IIPU [ONOJIHUTENBHEIX YCIOBUAIX Ha XxapakTepuctukax £ =0, y =0

u(z, 0) = ¢1 (), (3")
u (0, ) =2 (y),
rme @1 (x) u s (y) yOOBIETBOPSIOT TpeGoBaHUAM NUMHEPEHIIUPYEMOCTI
u conpsxenus. KosbunuenTs a, b u ¢ 6ymeM IpeamnonaraTh Hempephbis-
HEIMU QYHKIUAMUA T 1 ¥.

®opmyma (3) mokasbiBaetT, uTo GyHKIUA U (T, iy) YOOBIETBOPSET WH-
TerponuddpepeHnnaIILHOMY YPaBHEHIIO

T

u (z, y)zf/[a(f, n) i + b (E, 1)y + ¢ (€, 1) u] d dn +

0

T

o1 (2) + 92 (y) — 01 (0) + / / FE& mydedn.  (4)
0

0

I[JI}I €r'0 pelIeHNA BOCIIOJIB3YEMCI METOOOM IIOCIIEOOBATEIIbHBIX HpI/I6.TII/I}Ke—
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Huit. BeibepeM B KauecTBe HYJIEBOTO MPUOIMKEHUS DYHKITIIO

Uo (CE, y) =0.

Torna (4) maer 1 NOCIENOBATENIBHBIX IPUOIINKEHUN CIIEAYIOLINE BEIPA-
KEHUS:

y x )

w (2, 9) = @1 (&) + @2 (4) — 01 (0) + //f (&, ) dé dn,

0 0

T

Un (2, y) = u1 (z, y) +/y/ {a € n) aifang_l N

o,
+b6(& ) uan = +ele, n)unl] dﬁdn-)

OTMeTuM HOIMyTHO, 9TO

Y
Oun _ Ouy Oun_1 Oup_1
E - a.CL' +/ |:Cl, (:L” 77) 81- + b(:l:’, 77) 8’[7 + C(:L’, 77) un1:| dn:

0

Bun o Bul [ c')un,l 8’[1,”,1
B—y_8—y+0/ |:Cl,(f, y) aé_ +b(£, y) 8]/ +C(£7 y)unl:| df

(6)

HoxaxeMm PaBHOMEPHYIO CXOOMMOCTD [OCIEN0BATEILHOCTEN

Oou, Oou,
{Un(fﬂ: y)}v {W(% y)}v {8—21(% y)}
st 5TOr0 pacCMOTPUM PA3HOCTHU

Zn (T, Y) = tpt1 (T, y) —un (2, y) =

O0zp_1

:/y/z{a(g,n) 5e +b(&n) A +c(§,n)zn—1(§,n)]d§dn,

9*
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8Zn (.T, y) _ 8un+1 (.T, y) _ 8“”” (CE, y)
0x B 0x 0x

Yy

_ an_l 8zn—1

= [ ot 22 4o 2 o) 2 ()]
0

0zn (ZL’, y) _ 8unJrl (ZL’, y) _ Ouy, (CL‘, y)

dy dy oy

— [ e n B2 e vi6n Tt s e6 ) de
0

[Iycte M —BepxHsisi rpaHuia aOCOMIOTHBIX BEIUYUH KO3(POUIIEHTOB
a(z,y), b(z,y), c(z, y) u H—BepxHasa rpanuiia aGCOMIOTHLIX BEIUMINH
2o = u1 (T, y) u ee IPOM3BOLHBIX

9z

oz

9z

<H
Oy

|Z()| < H, ‘

<™, ‘

opy u3MeHeHuu T u Y BHyTpu Hekoroporo kBampara (0 <z < L, 0 <
<y < L). Hocrpoum MaxxopaHTHbIE OLEHKU [yl GYHKUWEA 2z, 0z,/0T,
0z /0y. OueBunHO, 9TO

2
21| < 3HMazy < 3HM %
821
Bz < 3HMy < 3HM (z +y),
82:1
a—y < 3HMz <3HM (z +y).
IIpenmnonoxum, 9TO UMEIOT MECTO PEeKypPPEHTHLIC OLCHKI
o] < 3E Mgt D
" (n+1)! 7
On| _gpppngen—r @FU)"
Oz n!
Fn| _gpppngen-r @FU)"
Oy n!
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roe K > 00— HeKOTOpOe MOCTOSHHOE YKCIIO, 3HAUEHNE KOTOPOTO Y TOYHUM
ke, [lons3ysce sTumu onenkamu u dopmyinoin mis (n + 1)-ro npubaun-
JKEHUS, TOCHIe PANA YIIPOILIEHNN, YCUINBAIOIINX HEPABEHCTBO, Oy JaeM

_ +y)"*t2 [z 4y
< 3gurtign-t @ 2) <
[zl (n +2)! n+3+

(z+y)"*2  3H (2KLM)"+?

3HM" K"
< m+2)! KM (nt2)l

0zZn+1 < SHM™M R (z+y)" (z+y 4+2) <
Oz m+1)! \n+2
+y)tt 3H (2KLM)"+
gp g S XV SH QKLM)T
< m+D)! K et
0zZn+1 < SHM™M R (z+y)" (z+y 4+2) <
Oy m+1)! \n+2
+y)tt 3H (2KLM)"+
SHM"1 K" @7 = =)
< m+D)! K et
rme K =L+ 2.

B mpaBbIx yacTsax 5TUX HEPABEHCTB C TOYHOCTHIO 10 MHOXUTEIIEH IIPO-
HOPIMOHAIBLHOCTH CTOSAT obIme wieHsl pasioxerus e2XLM . D1y onenxn
MIOKA3BIBAIOT, UYTO MOCHENOBATEIBHOCTY DYHKINHR

Up =Ug+21+...+ 251,

%—%_{_%_{_ +8Zn_1
dr Oz oxr 0z ’
Oun, _ Oug 0z 0zn—1
S "y Ty Tt g

CXOOSATCSI PABHOMEDHO K IIPENeIbHBIM (YHKIUSIM, KOTOPBIE MBI O003HAYNM

’U,(.CL', Z/) = nlggoun (.CL', y)7

w(z,y) = lim 22 (5, y).

n—o00 8y

[Tepexons x mpemeiy non 3uakoMm uHTErpasa B hopmynax (5) u (6), 6ymem
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IMETH

\

y
w(z,y) = 1 (2,9) +/ a(€,m) v+ b(Em) w + (€, ) u] de di,
0

O\H

v(z,y) = % (z,y) + /[a(r,n) v +b(z,n) w+ c(z,n) u] dy, (7)
0
w(z,y) = aaiy (@) + [[al€.) 0+ b(e.)w + cl€.v) ul de.

BriTekarorire oTcromna paBeHCTBa,
V=Up, W= Uy

[O3BOJIAIOT YCTAHOBUTH, YTO PYyHKUUS U (T, y) YIOOBIETBOPSET MHTErPO-
nuddepeHnnaIbHOMy yPABHEHUIO

u(z, y) = 1 () + 92 (y) — 1 (0) +

T

+0/0/[a(£, Mg +b(E ) uy+ (& mut f(E n)dedny,  (4)

a TaKXe MCXOMHOMY Mu(dHEepEeHInaILHOMY YPABHEHNIO (3), UTO IpPOBEPS-
eTcs HenocpencTBeHHO mubdepenmuposanuem (4) mo = u y. Pymxums
% =wu(r,y), KaK HETPYOHO YyOEOUTHCS, YIOBIETBOPSIET U MNOMOIHUTEI -
HBIM YCJIOBHSIM.

IlepeiimeM X MOKa3aTelbCTBY €OMHCTBEHHOCTH PEIeHUs PacCMaTpH-
Baemoir samaum (3) —(3'). Iomyckas CyIIeCTBOBaHUE OBYX DELICHUIL:
uy (z, y) u us(x, y), cpasy Xe MOILydIaeM Ui UX PA3HOCTU

U (112’, y) = U1 (CL‘, y) — U2 (112’, y)
OOHOPOOHOE MHTerponuddepeHnnaIbHOe ypaBHEHNE

Yy x
Uz, y) ://(aUI+bUy+cU)dfdn.

O6o3uauast majiee uepe3 H; BEpXHIOW rpaHb a0COMIOTHHIX BEJIMUNH
U (2, y)| < Hi, |Us(z, y)| <Hi, [Uyl(z,y)|<H

nna 0 <z < L, 0 <y < L unoBTOpsIs OLleHKHU, TPOBENCHHBIE TS hYHKITUAT
zn (T, Y), y6e>KnaeMc;1 B CIIPABEIJIMBOCTY HEPABCHCTBA

(z +y)t2 < 3H; (2KLM)"+?
(n+2)! K2M  (n+2)!

|U| < 3HyM" T K™
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npu mo6oM 3HadeHnn n. OTCOma ClemyeT

U(LL’, y) EO: unmmm - uy (CL‘, y) = U2 (CL‘, y):
YTO W OOKA3BIBAECT €OAUHCTBEHHOCTH PEIICHUA 3aOa4uM C OAHHBIMI Ha Xa-
pPaKTepUCTUKAX.

Ecmu xosdduiuesTsr a, b U ¢ MOCTOSHHEL, TO ypaBHeHue (3) ¢ mo-
MOIIIBIO TTOACTAHOBKNA

[IPUBOLUTCS K BUALY

Ugy + Crv = f. (8)

Mpu C; =0 MBI HONMyYaeM 3amady M mpocTeinero ypasaerus (1), pe-
LIeHre KOTOPO naeTcs dhopmyinoir (2).

Ecmu Cy # 0, To perennue 3amaquu nis ypapHeHus (8) Takxke MOXET

OBLITH IIOJIYYEHO B SBHOW AHAJUTUUIECKON (HOpPME METOMOM, U3JIOKEHHLIM B

§ 5.

Bamaun

1. Yepes Tpy6y (z > 0), 3aHOIHEHHYIO BEIIECTBOM, CONEPKAIIMAM BJIIATY,
TIPOMyBaeTCs BO3MYyX (CO CKOPOCTHIO V). IlycTh v (%, t) — KOHIEHTpALUs BIIATH B
TOTJIOMIAEMOM BeImeCTBe, u (T, t) — KOHIEHTpPAIusI CBOGOMHBIX MApOB. BuiBeCTH
ypaBreHue mis byukuuit u(z,t) m v (z,t), ONUCHIBAIOIMX IPOUECC CYIIKW,
ecim: 1) mpomecc m30TepMUYECKWI W 2) M30TEpMa, CYUIKA UMEET BUL U = YU,
roe 7y — mocTosHHasS m30TepMbl (cM. Takxke [Ipmwioxerue V).

2. IIo Tpy6e (z > 0) HOpPOmMyCKaeTCs CO CKOPOCTBIO VU TOPSIas BOMA.
IIycTs w — Temmeparypa Bomel B Tpybe, v — TeMIEpaTypa CTEHOK TPYOHI, ug —
TeMIIEPATYPa OKPYXKAIOIIel cpentl. BeiBecTn ypaBHeHUS miis u U v, IpeHeGpe-
ras paclnpeneseHueM TeMIEPATYPHL 10 CEYeHUIO TPYObI M CTEHOK M CUMTAsSI, ITO
Ha TPAHWUIAX BOLAa — CTEHKA U CTEHKA — CPeNa CYIIECTBYeT IEPEelal TeMIepa-
TYyp u mpomcxonuT Temnoobmer no 3akony Heiorona (cm. ra. III, § 1).

§ 5. Pemrenne o6mnx JIMHEMHBIX YpPaBHEHUNA
runep6oIMYEecKOro TUIa

1. ConpsxeHHble nuddepeHINATBHBIE ONEepPaTOPbI. Y CTAHO-
BIM HEKOTOpBIE BCIIOMOTaTeIbHBIE (DOPMYIIbI, HYKHBIE HaM IJIs [IPENCTa-
BJICHUsI PEIIeHN KPAEeBLIX 3amad B MHTEerpaabHon gopme. IIycts

Lu] =Ugz — Uyy +a(z, y)us +b(z, y) uy +c(z, y)u (1)

(a(z,y), b(z,y), c(z,y) — mbdepennmpyemere GyHKIIM)
— nMuHeNHBIN nuddepeHnnaabHbI ONepaTop, COOTBETCTBYIOIINT JITNHEN-
HOMY yDABHEHMUIO MUNepOOIMIecKoro Tuma. Y MHoXas L [u] Ha HEKOTODYIO
(YHKIMIO v, 3aIMIIEM OTHENbHLIE CIaraeMble B BUIE

VU = (VUz)z — (Vpll)y + Vg, vbuy = (bvu)y — u (bv)y,

Vlyy = (VUy)y — (Vyt)y + Uty,y, veu = ucv.

vau, = (avu), — u (av),,
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CyMMupyst OToeNbHBIE ClTaraeMble, 0Ty IaeM

vE[u]zuM[v]—i—a——l-a—y, (2)
rre

M [v] = Ve — vyy — (a), — (bv), + cv, (3)

H = vu, — v,u + avu = (vu), — (20, — av) u = (4)

= —(vu)y + (2us + au) v, (4)

K = —vuy + vyu + bou = —(vu), + (2v, + bv)u = (5)

= (uv), — (2uy — bu)v. (5)

HBa nuddepeHnuanIbHEIX OIEPATOPa HA3BIBAIOTCS COIP SI2K € H H b
MU, €CIU Pa3HOCThb

v L[u] —u My

SBIIAETCSA CYMMOU YaCTHBIX MIPOM3BOMHEIX IO £ U Y OT HEKOTOPHIX BHIPA-
xeunit H nu K.

PaccmarpuBaemseie HaMu omepaTopsl L u M, OUeBUIOHO, SIBIAIOTCS
COTIPSAKEHHBIMU.

Ecau L [u] = Mu], To oneparop L [u] HasbIBaeTCs CaMOCOMD -
X € HHBIM.

IBoitaoit urTerpas ot passoct v L [u] —u M [v] 1o mHekoTopoi obna-
cru (G, OrpaHUYEHHON KyCOYHO-TIanKuM KouTypoMm (', paBen

[[weu - umidsin = [ an- K o), ©
G c
TI€ U U U— OPOU3BOJIbHBIE NBAXKILI quddepeHuunpyeMble GyHKIuM (IBY-
mepras dopmyma [puma)t).
2. NurerpanbHas dopma pemreHusi. Bocnomb3yemcs: hopmyIioi
(6) mist pereHus CIenyoIeR 3aadn.
Hatiimu pewenue aunetinoeo ypasrenud 2unepooiuueckozo muna
Llu] = tiow — uyy +a(z, y) ta + b (2, y)uy +c(z, y)u=—f(z,y), (7)

ydosaemeopaiou,ee HaUuaAbHbIM Ycaosuim na kpusot C

ulo = ¢ (),

7/
Up o = (z) )

1) Bynak B. M., ®omuu C. B. Kparuse unrerpans: u psaer. M., 1967.
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(u,, — MPOM3BOMHAS TIO HATIPABICHWIO HOpMau K kpusoi C), u natimu my
06acmp, 8 Komopot pewenue onpe-
deagemca ycaosugmu (7). Y

Kpusas C 3amama mpum sTOM
ypaBHEHUEM

y = f(z),

roe f(r) — nubdepennupyemast
dbyukuua. Hamoxum wa kpusyro C
yCIIOBUE, 4TOOLI BCAKAS XaPAKTEPH-
CTUKa CEMEUCTB y — 2 = const u y +
+ x = const mepecekaina kpusyio C' Puc. 26

He 6osiee OMHOrO pasa (miIs 4ero He-

obxonumo, urobst |f'(z)| < 1). ®Popmyna (6) mIsT KPUBOIMHENHOTO Tpe-
yronbuuka M P(Q, orpammuennoro myroun P xkpusoir C' u oTpeskamu
xapaktepuctuk M P u MQ (puc. 26), maer

0 xr

// (vLu] —uMlv])dédn =

MPQ

M P Q
:/(Hdn—Kdg)+/(Hdn—Kd§)+/(Hdn—Kdg).
Q M P

[IpeoGpasyem mepBLIE OBa MHTErPaia, B3AThHIE BAOIL XapakTepucTuk M Q)
u M P. llpuauMas BO BHUMAHUE, ITO

dé =—dn = —% Ha QM,
(ds — »smemenT nyru Boons QM u MP)

d
%:+m:—;%HaMP

u none3yscek dopmynamu (4) u (5), nomyuaem

M M M
EﬁHm—sz—!ﬁ@m+ZQ%gJ%;0u%:

=4wm+mw+f@%—%%ﬁu%
Q
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¥, AHAJIOTUYHO,
P

M
/(Hdn—de) — (uv)m + UUP+P/< )uds.

M
Orcroma u u3 dopmysst (6) cnenyer

(e + g |

o T T a+b
+P/<as 2\f )ud8+Q/<8s 2\/§U>Ud8+

Q
1 1
t3 (Hdn—de)—§ (v L[u] —uMv])dédn. (8)
P MPQ
OrTa dopmymna SBIAETCA TOXKOECTBOM, BEPHBIM IJIs JIOOBIX AOCTATOYHO
rnankux GQyHKOUA © W v.
[IycTe 4 —pemeHne NMOCTABIEHHOW BBHIE 33a49d C HAYAIBHBIMA
yCrnoBmsaMu, 8 QYHKOUS v 3aBUCAT OT TOYKE M Kak OT mapamMeTpa u
YAOBIIETBOPAET CIELYIOMIM TPEGOBAHMAM:

M [v] = vee — vy — (@) — (bv), + cv =0 BuyTpE AMPQ (9)

b—a

—— v Ha xapaktepuctuke M P,
ov_Javet T @)
s b+a

22

v Ha xapakTepuctuke MQ,

v(M)=1. (9")
W3 ycnosuin na xapakrepuctukax (9') u ycnosusa (9”") maxonmm
4

Sb—a
ex —— | ds wa MP,
P /2\/5

-

exp /1;4_—\/_; ds ma MQ,

rme so— 3HadeHve s B Touke M. Kax Mur Bumenu B § 4, ypasuenue (9) u
sHaueHus GyHKIuKM v Ha Xxapakrepuctukax M P u M () momHoCTbIO ompe-
nensitoT ee B obsmactu M P(Q). PyHKIUO v 9ACTO HA3KIBAIOT Py HKIIHUE i
Pumana.

\
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Taxum obpasom, dopmyma (8) mms GYHKIUM %, YOOBIETBOPSIOLIEN
ypasrenuto (7), IPUHEMAET CIEAYIOLINI OKOHYATEIbHELA BUL:

(w)r + (W)

uw(M)= 5

Q
+% /[v(u§dn+und§) — u (ve dn + vy d€) + uv (adn — bdE)] +
P

+% / / o (M, M) f (M')dony (doy = dEdn).  (10)
MPQ

OTa popMmysa perraeT MOCTABIEHHYIO 33aa4y, TAK KaK BBIPAXKEHHUs, CTO-
SILIIKE TIOJ] 3HAKOM MHTErpaiia BIoiab P(Q), comepxaT QyHKIMY, U3BECTHBIE
uma gyre C. B camom mene, Gyskius v GbLTa OMPENeNeHa BBIIIE, 3 QyHKIUNT

U’|C = 90(37)7

o' (x) — ¢ () f' (x)
L+ (f' (2))?

u = Ug COS S Up COS n)= (pl (x) f’ (x) +z/}(x)
ylo s (Y, 8) + up cos(y, n) 1+ (f (z))2

Uy |o = us cos(z, s) + u, cos(z, n) =

)

BLIYMCIIAIOTCS TTPU HOMOITY HAYATBHBIX NAHHBIX.
®opmymna (10) moKa3BIBAET, YTO €CIIM HAUAIBHBLIE HAHHBIE U3BECTHLL
Ha nyre PQ, TO OHU MOJSHOCTBLIO OMPEAENSIOT QYHKIINIO B XapaKTEPUCTH-

weckom A PMQ, ecim dyuxmms f(z, y) m3secTHa B 5Toit obmacTu ).

®opmyma (10), mosmyyeHHas B OPEOIONOKEHUN CYIIIECTBOBAHUS PEIIle-
HILS, OIIPENENISET ero Yepes HadaJlbHbIE TAHHBIC U IPABYIO YaCTh yPABHEHUS
(7) m TeM caMbIM, IO CYIIECTBY, HOKA3BIBAET ENUHCTBEHHOCTH DEIICHUS
(cp. ¢ dopmymnon MamamGepa, ri. 11, § 2, c. 56).

MoxHo mokasare, uyTo GyHKIusa u, onpenernsemas dopmyson (10),
ymoBsieTBopseT ycnosuam 3amaun (7) — (7'). OmHaxo MBI Ha 3TOM IOKa3a-
TEIBCTBE HE OCTAHABIMBACMCA.

3. ®usnueckas mHTeprperalus ¢yHKIuun Pumama. Boracaum
dusuueckuii cmbicn Gyukuuu v (M, M'). IInsg 3Toro HallmeM perieHue He-
OIMHOPOMHOTO yPABHEHUS

Llu]==2f1 (f=2f)

U Ecnu xapakrepucTuka nepecekaer kpusyio C' B nByx Toukax P mw M (cm.

puc. 26), To suagenue u (M;) HE MOXET 3a4ABATHCS MPOU3BOJILHO, & ONPENEsia-
ercsa mo ¢opmyne (10) ¢ HavampHBIME maHHBIME HA ayre PQ) u 3HaveHMIMU

f(z,y) B APM;Q:.
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C HyJEBLIMF HAYAJILHEIMU ycnoBuamu Ha kpueoi C. Ob6pamasics k (op-
myse (10), BUouM, 4TO UCKOMOE DEIIeHUe UMEeeT BUL

u (M) = // v (M, M') fy (M"Y doyp. (11)
MPQ

[Ipennonoxum, aro f; (M) — nokanbHas Gyukuus Touku M, pas-
Has HYJIO BCIOLY, KDOME MaJIOl OKpeCTHOCTU S, TOUKU M7, U yIOBIETBO-
PSIIOIIAS YCIIOBUIO HOPMUPOBKHU

// fi (M) dopy = 1. (12)

Se

®opmyina (11) B 9TOM Cily4ae IPUHUMAET BUL

u () = [ [0, 3 £ () o (13)
Se

[Tone3ysice TeopeMoit O cpenHeM 3HAYEHUN, MOXHO HAINCATH

ue. (M) =v (M, M) //fl(M’)doM/:v(M, M7,
Se

roe M{ —HekoTopas Touka obmactu Se.
Crarusast e-okpectHocTb S B Touky M; (¢ — 0), Haxommm

w(M) = lim u. (M) = v (M, M). (14)

®yukius fi, KaK MBI BHUOEIN HA, PSIOe MOPUMEPOB, OOBIYHO SIBJISETCS
INIOTHOCTBIO CUIIBI, a IIEPEMEHHAs Y —

Yy BpemeneM. Bripaxenune
M !
\ [ frrydos = [ [ e mean
1 Q1
Se Se
M (15)
, TPEICTaBigeT COBON WMMITYIbC CHITBL.
P Q Orciona BBuny dopmyust (11) 3akiio-

gaem, uro v (M, M) asnsercsa GyHK-
el BIAWSHUS €OUHUIHOTO UMITYIILCA,
npuiIokeHHoro B Touke M;. @yukuusa v (M, My) = v (z, y; &, 1) Obuia
ompeneneHa kak GyHknus mapamerpos M (z, y), ymOBIETBOPSIOIIAS MO
koopnuuaram &, 1 Touku M) ypaBHEHUIO

Mg, [v] =0 (16)

Puc. 27

€ IONOJHUTENbHBIMU yeoBusMu (9').
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Paccmotpum dyuxmmio
uw=u (M, M),

ABIAIOIIYIOCA GyHkumeir napamerpos Mi (£, 17) U yOOBIETBOPSIOLIYIO O
KOOPOMHATAM Z, Yy TOYKH M ypaBHEHUIO

ﬁ(m’y) [u] =0 (17)

C IOTOITHUTENbHLIMU yCoBusaMu (puc. 27)

b—a
@: 2\/§u Ha xapakrepuctuke M;Qq,
s b+a
u Ha xapaxtepuctuke Mq P, 18
22 p p 141 (18)
’U,(Ml, Ml) =1.

W3 sTux ycmoBuit HaXOMUM

( s

b—a
e —— | ds va M:Q)q,
Xp / 2\/5 H lQl

w (M, M) = 0 (19)

S

b+a
ex —— | ds wva M, Py,
P /2\/5 s

\ S0

’U,(Ml, Ml) =1.

Ypasuenue (17) u ycnobus (18) moiHOCTBHIO OIpEnensor GyHKIMO ¥
B ueTwIpexyroynbuHuke M P; M1()1, OrpaHUUEHHOM OTPE3KAMU XaPAKTEPU-
CTUK Mpl, MQl n M1P17 MlQl-

Ipumenss dopmyiy (6) x gwersipexyronsuuky M Py M;Q1, noiydaem

// <v£[u]—uM[v])dfdnz7<Hdn—de>+]M+7l+71:o
MP My @y i o, i, B

(R(&, n) —nepemennas Touka uarerpuposanus 8 M Py M1Q)1). Hons3ysce
dopmynamu (4) u (5) nns K u H un ycnousmu (9') Ha XapakTepuCTUKax
i QyHKOUM 0, HETPYAHO BEIYACIMATH IIEPBBEIE OB WHTErPANA IIPABOIL
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JacTH:
Py
/(Hdn —Kd¢) = — (wv)m + (wo)p,,
M
M

/ (H di — K d€) = — (uv)ur + (u)gy,
Q1

nono6HO ToMy, Kak 5T0 ObuIO crennaHo npu BeiBope Gopmyist (10).
Ananoruuso, nons3syscs pasercreamu (4'), (5') u ycnopusmu (19) ms
dbyukuun u (M, M;) Ha XapakTEpUCTUKAX, HAXOMUM

My
[ (- K de) =

Py

My My

- / [~ (vu)e di — (u), d€] + / 0 [(2ug diy + 2uy d€) + (au dy — bud€)] =
Py Py

My My

= /d(uv)+/2 (% - Z——\;;u>vd5= (uv)py — (uv) py

Py Py
ds
(de=-an=75).
Q1

[t K ) = o, — g, (a6 =an=22).
My
CyMMuUpyst BCe 5TU YE€THIPE PABEHCTBA, MMOIYIaEM

2 (u0)ar = 2 (uv) s

uim
u (M, My) =v (M, M), (20)

TaK KaK

(u)ar, = (V) = 1.
Taxum o6pasom, Mel BuguM, 9to v (M, M;) — GyHKIMIO BIUAHNS €qUHIY-

HOT'O UMTYJTHCA, COCPEOOTOYEHHOTO B TOUuKe M7 — MOXKHO ONPenenTh KaK
pelleHne ypaBHeHWS

‘C(:t,y) [1} (M7 Ml)] =0, M= M(.CL', y)v M, = M, (55 77)7

C IONOJHUTENbHBIME ycroBusMu (18).
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4. YpaBHeHUS C HOCTOSHHBIMU KodbdunuentTamMu. B kauecTse
nepBoro npuMepa npuMenenus ¢popmyist (10) paccMorpum 3amady ¢ Ha-
YAJIbHBIMU TAHHBIMU 11 YDABHEHUs KOJeOAHUA CTPYHBL:

Uyy = Uz + f1 (z, t) (y:at, fi :a_f2>’

u(z, 0) = ¢ (z),
_ Y

w0 =h@ (n=2)
B ¢opmysne (10) nyra PQ ssisiercs orpeskom ocu y = 0.
Oneparop

L[u] = Uga — uyy
SIBJIIETCST CAMOCOIPSIKEHHBIM, TIOCKOJIBKY
Mu] = Lu] = Uze — Uyy.

Tak kak a =0 u b =0, To byukuuss v Ha xapakrepuctukax M P u
M@ pasua epunune. OTcoga ciienyer, 4To

v(M, M") =

s mo6oit Touku M’ BryTpu TpeyrompHuka PM Q.

Y =y
M(z,y)
z
Puc. 28

YauTBIBas 3aTEM, UTO B HAIIEM CILyJae

dn=0 nma PQ,
IOy 9aeM
Q
wiany =D 2 e [[ 16 waean
P PMQ
3ameuas, uto P=P(z —y,0), Q =Q(z+y,0), rme z u y—

Y,
koopauHatTel Touku M = M (z,y) (puc. 28), u mONB3ysACH HAYAIBHBIMA
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ycaoBuaMu, OyneM UMeTh

pz-y+et+y _

u(z, y) = 5
z+y y z+(y—n)
1 1
=5 [wm©owry [ [ neman
Ty 0 z—(y—n)

Boseparasce k mepeMeHHBIM £ U t, mostydaem opmyity Iamambepa

p(x —at) + ¢ (z + at) N

u(a, 1) = :
1 z+at . t z+a(t—7)

+ 50 / + 50 / / 7 d¢ dr,
z—at 0 z—a(t—-7)

C KOTOPOU MHI yXke BeTpedasuch B § 2, m. 9 (dopmyma (30)).
B kauecTBe BTOPOTO MpuUMEpa PacCMOTPUM 3a[ady C HAYAILHBIME
YCIIOBUSIMU JIJ1sl YPABHEHUS C MOCTOSHHBIMU KO3(hOUITMEHTaMY

Uge — Uyy + QU +buy +cu=0, —oco<z<oo, y>0 (21)
(a, b, c—mocTosHHEbIE YKCA),
uly=0 = ¢ (x), (22)
Uy |y=0 = ¢ (z). (23)
IToncranoBka
U =ueltry (24)

HO3BOJISET IpuBecTU ypasHeHue (21) k Gosee mpocToMy BUAY:

1
Upe — Uyy +c1U =0, 01:Z(4c—a2+bz), —o<r<oo, y>0,

(25)
C OOIIOJTHUTEJIBHBIMU yCIIOBUAMMU
Ulymo = 9 (@) e/ = 1 (1), —o00 <o <, (22)
b ax/2 '
Uylymo = (1) ~ Lp(@) ) /2 =y (2), —co<a<oo, (28)

€CJII TOJILKO BBIOPATH MapaMEeTPBl A U [t COOTBETCTBYIOIIIM 0Opa3oM,
osIarast

A=2

b
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Ounpenenenve dyuxnuu U (z, y) 00 HAYAILHBIM HAHHBIM U yPaBHE-
uuio (25) ceomurcs K moctpoenuto byukimu Pumana v (z, y; &, n).
OyHKIMA v MOMKHA, yIOBIETBOPATD yCIOBUSIM

Vpg — Uyy + 10 =0, (27)
v = 1 ma xapakrepuctuke M P, (28)
v =1 na xapakrepuctuke M (cm. puc. 28).

Bynem uckats v B BumE
v=1u(2), (29)

roe

=@ €2~ (y—n? wm 2°=(z-&°~(y-n> (30)

Ha xapakrepuctukax MP u M() mnepemennas z oOpallaeTcs B
Hynb, Tak uto v (0) = 1. Iasmee seBas vacTh ypasHeHus (27) mpeobpa-
3yeTCs CIenyIommM 00pa3oM:

Vow — Vyy + 10 = 0" (2) (22 — ) + ' (2) (222 — 2yy) + c10 = 0.

2

HuddepeHunpyst BeIpaxeHue miisk z° OBAXKMOBL, 0 T U Y, IOJLYIUM

22, = x — &,
zzy:_(y_n):

22z —l—z% =1,
2 _ _
ZZyy + 2y = 1.

Orcrona u u3 dopmysnsr (30) maxomum
22— 2 =1, 2pp—2zyy =~
YpaBHeHUE mJIS v TPUHUMAET BUI

1
'+ 20 +cv=0
z

npu yeaosun v (0) = 1. Pemenuem 5TOro ypaBHEeHUs ABISETCs QYHKIUL
Beccens nynesoro nopsanka (cm. Homonuenune 11, u. I, § 1)

v(2) = Jo (Ver 2),

nim

via,yi &) =Jo (Ver @ =82 —w—m7). (31)

10 A. H. Tuxonos, A. A. Camapckuit
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Bocnonbsyemcs Teneps mia naxoxnerus U (z, y) dopmymon (10), ko-
TOpas B HAIlIEM CIIy4Yae IPUHUMAET B

Q
U(M):fjtéf(wndg—mndg) (dn=0). (32)
P

BorunciuM npensapuTenbHO nHTErpad no orpesky PQ (n = 0):

Q z+y
[wv,—vyac= [{n(VaTe=7 =) vatc.0)-
P z-y
U0 vauh (avE- o)y
) Vel =67 — 7] e
Honesysace mavaneabMu ycnosuamu (22'), (23'), maxonum
Uz y)zwl(x—y)+¢1(w+y)+
’ 2
a+y
g [ (VavVE-o= ) h©d+
z+y 1 z— &2 — 2
+3vay | 1 (Ve i )iwar, G
2 a (z—-¢&)—y

orkyna B cuity (24), (22') u (23') monyuaem dopmyiry

p@—y)e TVt oty e T

u(z, y) = >
Lo 7y{g.fo (va V-7 ) -
- Vamiy (ﬁm) bererste0p (g de+
+ % v/ 7yJ0 (Va Ve =7 =y ) e /@Oy (e)de,  (35)

IAIOIIYI0 PelIeHne TOCTABIEHHON 3aIa4N.
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Paccmorpum wacTaei cnyuait ¢ =0, b =0 (torma ¢; =c¢), T. e.
ypaBHEHHe

Ugy — Uyy +cu = 0.

W3 dpopmyuner (35) cpasy momyuaem

r+y
oz —y) + oz +y)

u(z,y) = : +y [ W(VeVE— =) vy de+

=Y

1 ””“’Jl(\/&m)
v [ e

Ty

p(§)dg.  (36)

Momaras 3mece ¢ =0 u y = at, npuxonum k dopmyne Hamambepa

z+at

olz—at)+e(z+at) 1 -
2 2a
z—at
IAIOIIEN peIrleHre YpaBHEHUS KOJIeOaHUN CTPYHBI
1
Uz — Utt = 0
IPpU HaYaJIbHBIX YCJIIOBUAX
u(z, 0) = ¢ (),
u (T, 0) = d} (l‘),

SAIIAYN K T'NIABE 11

1. Pemurs 3amaqay 1 u3 § 4, mpenmosaras, 9TO B HAYAJIbHBI MOMEHT KOHI[EH-
TpaIus BIArXW IIOCTOSHHA BIOIBL BCEH TPYOBI U Ha BXOZ IHOZAETCS IIOTOK CYXOTO
BO3IYXA.

2. Pemnrs 3amauy 2 u3 § 4, cunTas, 9TO HAYAIbHASI TEMIEPATYPA CACTEMEL

PaBHa 1, & TeMIEpPAaTypa Ha KOHIle TPYOBI BCce BpeMs MOAOEPXKUBAETCSI PABHOMI
vo > uQ-

3. Pemuts cucremy tenerpadubix ypasrenui (cm. § 1, (21))

iz +Cvt +Gov =0,
ve +Lit + Rt =0
IJIsL OECKOHEYHON JIMHUIN IIPU HAYAJIBHBIX YCJIOBUAX
i(z,0)=¢(z), v(z0)=1¢().
10*
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Ykazanue. Ceectu cucremy ypasreruit (§ 1 (21)) k ypaBHeruio 2-ro nopsin-
ka 1yis omHOM m3 dyukumi 4 (z, t) wim v (x, t), HanpUMep

ige = CLiy + (CR+GL) it + GRi

¢ HaualbHBIME ycnoBusmu i (z, 0) = ¢ (z),

_(l +E~)
LT’

7 BOCHOJIB30BATHCA 3aTeM (hopmysou (35).

4. ViccnenoBaTs pemenne TeaerpadHOro ypaBHEHU, IOy 1eHHoe ((hopmyita
(35)) mmst ciaywas manex G u R. Paccmorpers mpemensHbii ciaygain G — 0,
R — 0 u momyuuts u3 dbopmyunst (35) dopmyny Hanambepa ms pemeHus ypas-
HeHUs Koyle6aHUl CTPYHEL

0i

E :—zwl(w)—f¢($)2¢0($)v

t=0 t=0

ITPMNIIO2KEHWA K I'NIABE II

I. O xoneGaHuu CTPYH MY3BIKAJILHBIX MHCTPYMEHTOB

Komebimromiasics cTpyHa Bo30yXkOaeT KOnebaHUS BO3OYXa, BOCIPUHU-
MaeMbIe yXOM YeJIOBEKa KaK 3BYK, u3maBaeMblil crpynoir. Cuia 3Byka xa-
paKTepu3yeTCs HHEPruer Win aMIUIUTYION KOojeOaHWil, TOH — IePUOOOM
xonebaHuit, a TeMOp — COOTHOIIIEHNEM HEPTUi OCHOBHOI'O TOHA U 00ep-

rouos ).

He ocranapnuBasce Ha (PU3MOIOrMYECKUX IMIPOIECCAX BOCIPU-
STHUS 3BYyKa U HA IIPOIECCe Iepernadn
3ByKa II0 BO3LYXY, MBI OyIeM Xapak-
TEePU30BATDH 3BYK CTPYHEL €e HHEPTUel,

! 5 MEPUOAOM U PACIpENeNieHneM SHEPruu
} , 1O 0bepToHaM.
z=0 r=c v=1 B My3BIKAmbHBIX MHCTPYMEHTAX
Puc. 29 OOBIYHO BO30YXKIAIOTCSI IOMEPEYHEBIE
kosebanus cTpyH. Pasnuuator Tpu Tu-

IIa CTPYHHBIX NHCTPYMEHTOB: IITNIKOBLIE, YIAPHBIE I CMEIUKOBEIE. B ymap-

HBIX HHCTPYMEHTaX (HaIpuMep, Posiilb) KosiebaHue BO30yKIAETCA yaapOM,

IPUOAIONIIM CTPYHE HAUYAIBHYIO CKOPOCTH 0€3 HAavaJIbHOTO OTKIIOHEHWS.

B mmnkoBbix uncrpyMentax (Hampumep, apda, rurapa) KoiaeOaHUsA BO3-

OyXIaIOTCS NIPUIAHUEM CTPYHE HEKOTOPOIO HAUAIBHOTO OTKJIOHEHUs 0e3

HAYaJILHON CKOPOCTH.

Cobonubie koneOaHust CTPYHBI, BO30YXKIAEMON TPOU3BOIBHBIM CIIO-

cob0oM, MOTYT OLITH IpencTasiedsl B Bumge (cm. v 11, § 3)

oo

u(z, t) = Z(an cos Wyt + by, sinwy,t) sin ? T (wn = ? a) .

n=1

U Panen Ox. B. C. Teopus 3Byka. M., 1955. T. I, ra. VI.
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B xauectBe ynpaxseHus x § 3 6bI1a IpensioxkeHa 3anada 1, gexarrias
B OCHOBE IIPOCTENIIEH Teopuu BO30YKIEHUS CTPYH IIAITKOBBIX MHCTPYMEH-
TOB. Pemenre 5Toit 3a0a4n MOKA3BIBAET, UTO €CIIN HAYAIBHOE OTKJIOHEHUE
CTPYHBI IPEACTABIECHO B BUMIE TPEYTOILHUKA C BBICOTON h B TOUKE I = C
(puc. 29), To

2hl? m™e
. — L W) 1
“ m2n%c(l —¢) ST (1)
OHeprusi n-ii TApMOHUKY PABHA,
| I ) 12a? . 5 TNC

1 yObIBaeT O6PATHO IPOIOPHIOHAJIBLHO 1.2,

B zamaue 4 x § 3 paccMaTpuBaETCsI MPOCTEHIIAS TEOPUs yIAPHOTO
BO30YXKIOEHUSI CTPYHBI IPU MIOMOIIY COCPENOTOUYEHHOTO B TOUKE C yIapa C
UMITYJIBECOM K. PemeHMe 3TON 330249’ MIPpEeaCcTaBIIAETCI B BUOE

2K <1 . wnc . wnz ™
u(z, t) = — — sin — sin —— sinwyt (wn = — a) , (3)
Tap = n l ) )

2
. 9 TTNC
E, 27 S (4)

Taxum ob6pasom, mpu BO3OYXKIOEHUN CTPYHBI YIOAPOM, COCPENOTOUYCH-
HBIM Ha HeGOJBIIIOM UHTEPBAJIE [UINHLL §, SHEPTUU PA3INYHBIX TapPMOHUK
(mms KOTOPBIX ¢ MAJIO O CPABHEHUIO C PACCTOSIHUEM MEXMy y3iamu) Oy-
OYT MaJIo PA3IUIaTHCSI MEXY COOOI U TOH, U3OABAEMBIA TAaK BO30OYXKIEH-
HOW CTPYHOU, HACHIIIEH O0EPTOHAME. DTO 3AKITIOUEHUE JIETKO IPOBEPSIETCSI
9KCIIEPUMEHTAILHO. Eciu HaTAHyTyIO CTPYHY (HA MOHOXOpHE) YOAPUTH
JIe3BUEM HOXA, TO CTPYHA 3a3BEHUT: 3ByK Oymer HachileH obepronamu. B
posiyie CTPYHA BO30OYXKOAETCS YOAPOM MOJIOTOUYKA, 06TsaHyTOrO KoXxen. Ta-
KOe BO30yXK[IeHrEe CTPYHBI MOXKHO IIPENCTABUTDH [IPU IOMOIIU CIIEOYIOIINX
CXeM.

1. CTpyHa BO3OyXIAETCS 32aHUEM TOCTOSHHON HAYAIBLHON CKOPOCTH
vp Ha mHTepBase (¢ — 4, ¢+ J). Oror ciydail GymeT COOTBETCTBOBATH
TIIIOCKOMY 3KECTKOMY MOJIOTOUKY, UMEIOIIIEMY IIUPUHY 20 U yIapSIOIeMy
B Touke c. IIponecc konebanuii omuceiBaercs Gyukuueir (cMm. 3anady 3 u3

§3)
4l i 1 . 7wnc ™o

. . TNT . ;
— sin —— sin —— sin —— sinw,
n? l ) ) ’

I SHEPTUM OTOEJIBHBIX 'aPMOHUK PDaBHBI

_ 4Mv]

Lo TNC . o TNO
E, = sin? e 2 .

n2m?
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2. CTpyHa B030yXIaeTCSI HAUAIHLHON CKOPOCTHIO

zT—c T
ou . Vo CO8 ——— - o T |z —¢| <6,
E(xa )_

0 upu |z —¢| > 0.

OTOT Ciydail COOTBETCTBYET XKECTKOMY BBIIYKJIOMY MOJIOTOYKY IIAPUHEI
26. Takoll MOJIOTOYEK B HEHTPE UHTEPBaJIa 20 BO30yXKIaeT HAUOOJILIIIYIO
HAYAJTBHYIO0 CKOPOCTh, YTO CXEMATUUECKN MOXET OBITH OMUCAHO MPUBEICH-
HO# BhIIe QyHKIued. Bo3byxnenHoe TakuM oOpa3oM KojgeOaHue uMeeT
Bun (cM. 3amady 3 u3 § 3)

¥ SHEPruyu IapMOHUK DaBHBI

_ 16v36%p 1 5 ™Y 5 TNC

N .
2 212
[1 — (20n/1) ]

3. MonoTouek, Bo30yxk maroimmii KosieGaHUsI CTPYHEL, HE SIBIISIETCSI Ve~
AIIBHO XECTKUM. B 5ToM cirydae k0nebaHus OPenessiioTCs YKe He HAUallb-
HOM CKOPOCTBIO, & CUJIION, MEHSIOIIecs co BpeMeneM. Taxum 06pa3oM, MbI
IPUXOOUM K HEONHOPOTHOMY YPABHEHUIO C IIPABOM YACTHIO

r—c T

t
Ey cos -—sinl,ecnn|x—c|<6, ogtgr,
F(z,t) = ) 2 T

0, ecnu |z —c| >0, t>T.

Pemterue sToro ypaBueHus mist ¢ > T MNPEOCTABIISIETCS B BUIE

16F,m0 <X 1 ! 2 !

t = — E —
vz ) mpa = 26n\° nart\ 2
1= (T) 1= (T)

. TNT (t 7')
X sin — sinw, |t — = ).

l 2
Paccmorpensbie npruMepsl HOKA3BIBAIOT, YTO [IXPUHA WHTEPBAJIA, 10
KOTOPOMY HIPOM3BOOUTCS yIAap, W IMPONOIIKUTEIIFHOCTH BPEMEHU YIapa
IMEI0T BeCbMa CYIIECTBEHHOE BJIUSHUE HA BEIWYWUHY SHEPIUU BBICOKHAX
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o6epTonoB. OTMETUM, KDOME TOTO, YTO IPUCYTCTBUE MHOXKUATENS Sin WTnC
TIOKA3BIBAET, UYTO €CIIU LEHTP yAapa MOJIOTOYKA MPUXOMAUTCS HA Y3€T Nn-i
TapMOHUKU, TO YHEPTUSI COOTBETCTBYIOLIEN TAPMOHUKN PABHA HYJIIO.
Hanuuwe BbiCOKMX OGEPTOHOB (HAUMHAS C 7-TO) HAPYIIAET TCapMO-
HIYHOCTD 3BYKa U BBEISBIBACT OLLIYIIICHUE HHCCOH&HC&I) . Hammne HN3KNX
06epTOHOB, HA0OOPOT, BEI3LIBAET OIIYIIIEHUE MMOJTHOTHI 3ByKa. B posie me-
CTO yIapa MOJIOTOUKA BEIOMPAIOT OIIM3KO OT TOYKU 3aKPEIJICHUS CTPYHBI
MeXOy y3iaMmu 7-ro u 8-ro 0o6epTOHOB, YTOOLI YMEHBLIIUTH UX SHEPTUIO.
Peryrmpyﬂ INPUHY MOJIOTOYKA U €ro XECTKOCTh, CTPEMATCA YBEIUYUTH
OTHOCUTENIBHYIO SHEPruio Hu3Kux (3-ro u 4-ro) o6epToHos. B crapbx xon-
CTPYKIIUIX PO, o0JTamaBIInX 60Jiee Pe3KUM, Taxe N0 HEKOTOPOU CTerle-
HU 3BEHAIIIIM TOHOM, NOJIB30BAJINCh Y3KUMU U XKECTKUMU MOJIOTOYKAMMU.

I1. O xosne6Ganun crepxHeNn

B kypcax meTonoB MmaTeMaTnuecKoin Gu3nKu OCHOBHOE MECTO OTBOIUT-
Cs1 ypaBHEHUSIM 2-T0 mopsiaka. OnHAKO GOJBIIIOE YMCITO 33134 O KOIEOAHUSIX
CTEpXKHeHN, IJIACTUH U T. . IPUBOAUT K YPABHEHUSIM 00JIee BEICOKOTO IO-
psioka.

B kxauectBe mpumepa ypaBHeHUs 4-rO HOpPSOKA PACCMOTPUM 33IaTy
0 COOCTBEHHBIX KOJIeOAHUSIX KAMEPTOHA, YKBUBAJIEHTHYIO 3a[ade O KOJe-

Yy
Y AN 7T h
4 1 i -
I/ I - —

Puc. 30

OaHUSIX TOHKOIO IPSMOYTOJIBLHOI'O CTEPXKHS, 3aXKaTOTO ONHUM KOHIIOM B
maccuBHbie Tucku. Omnpenenenre GOPMBL U YACTOTHI KOJIEOAHIN KAMEPTO-

1) Hanpuwmep, ecnu ocroBHAst 9acToTa (nepBas rapMonuka) B 440 xonebanuit B
CEKyHIy COOTBETCTBYET HOTE «JI» MEPBOM OKTABEI, TO B CEMb Pa3 OOIbIIas da-
CTOTa COOTBETCTBYET HOTE «COJb> YETBEPTOM OKTABHEL. VIHTEPBAJ «JIs— COIIb»,
TaK HA3BIBAEMAs MAJIasg CENTUMA, MMEET HeNPUATHBIA I CIIyXa, JUCCOHUPYO-
I XapaxTep.
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Ha CBOOUTCS K PEIIEHNIO0 KYPABHEHUS MONEPEYHBIX KOIEOAHUN CTEPXKHIS>

2 4

0%y ,0%

— +a’— =0. (1)

ot oz
K sToMy ypaBHEHHIO MPUXOOSAT BO MHOTUX
330a9aX O KOIeOAHUSIX CTEPXKHEN, IIPU Pac-
JeTe yCTONYMBOCTY BPAIIAIOIINXCS BaJIOB,
a TakXxe IpU HU3YyYeHUu BUOPAIUU KOpPa-

Gueir D).

[IpuBenem seMeHTAPHLIA BEIBOI yPaB-
menus (1). Paccmorpum npsamoyronbHbLil
crepxenb mmuuon | (0 < x < 1), BeicoTOI h w mwmpunoir b (puc. 30).
Boinenuwm simement niuust dx. Ilocime nu3ruGa ToOpIeBbIe CEYEHUS BBIIEIIEH-
HOT'O 5JIEMEHTA CTEPKHS, IPEANOIAraeMbIe INIOCKMMU, OOPa3yoT yroa dip.
Ecnr mepopManmm Maibl, a IJIMHA OCA CTEPXKHS P U3rube HE MEHSIETCS
(dl =dz), To

Puc. 31

_ Oy

0
d"”‘ax ~

or

0%y

z+dz

Cuoit MaTepualia, OTCTOSIMEA OT ocu cTepxHs y = 0 Ha paccTosHUE 7,
U3MEHsEeT CBOW muHy Ha Benuuuny 1 dp (puc. 31). Ilo sakony 'yka cuma
HATSXEHWs, NEMCTBYIOIAS BIOJIbL CIIOS, PABHA

do _ 5.y 004

- = L0 nan

dz Oz ’

rone E—wmomynb ynpyroctu mMarepuana crepxHsa. [LonHei mrubaiommi
MOMEHT CWJI, NEHCTBYIOIINAX B CEYEHUN I, PABEH

dN =FE -bdn-n

2 h/2 2
_ %% 2, _ 0%
—h/2

roe

h/2
bh?

— 2 _
J—b/ndn— 19
—h/2

— MOMEHT MHEPIOUU IIPAMOYTOJIBHOI'O CEYECHUA OTHOCUTEIJIBHO cBOen ropum-
3ouTanbHON ocu. OGo3HaunM yepes M () MOMEHT, NEUCTBYIOLINIA Ha, TP~
BYIO YaCTh CTEPXHs B KAXIOM cedeHuu. B ceuenunm x + dr, oueBUIHO,
IedcTByeT MOMEHT cuil, paBubii —(M + dM).

1 Cwm., nanpumep: Kpeinos A. H. Bu6Gpauus cynos. CII6., 1907; Co6panue

rpynos akanemuka A. H. Kpeuosa. T. X. M.; JI., 1948.
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N36eiTounbI MOMEHT —dM ypaBHOBEIIIMBAETCS MOMEHTOM TAHI€H-
HUAJIBHBIX CHII

dM = F dz.

Orcrona B crity paBeHCTBa, (2) IOTyuaeM BeIUYNHY TAHTEHIIMAIILHON CUITBL

oM 03y

[IpupaBHsB nefCTBYIOIIYIO HA SJIEMEHT PE3YJIbTUPYIOLIYIO CUILY

oF 0%y

TIPpOU3BEACHUIO MaCCHI 3JIEMEHTa Ha YCKOpEHUe

F(z,t)=

0%y

pS — dx

o2

r€ p— IIOTHOCTH CTEPXKHs, S— MJIOIIAAb [OMEPEUHOro cedeHus (mpu

9TOM MBI OpEHeOpEeraeM BPAILATENbHBIM [ABUXKEHUEM IIpU U3rube), moiry-
YaeM ypaBHEHHUE MOMEPEYHBLIX KOJICOAHMI CTEPXKHS
0%y 0%y EJ

2 =0 a? = .

— 4+ a"— = _p_S

ot? oz* (1)

Fpa,HI/ILIHBIMI/I YCIIOBUAMU OJId 330CJTAHHOTO KOHIIA T — 0 aBmsroTCH
HEIIOOABM2XHOCTB CTEPXHA 1 TOPU3OHTAJIBHOCTDH KaCaTeIbHOM:

9y

=0, Ox

z=0

=0. (4)
=0

y

Ha cBoGomHOM KOHIIE NOIIKHBL PABHATHCS HYIII0 M3rubaommi MomeHT (2)
U TAHTEHIUANbHASA Cuiia (3), OTKyma CIIedyeT, 4TO

9y >y

922 53| =0 (5)

z=Il x=I

Hiist TOro 9To6BI IOIHOCTHIO ONPENENINTh ABIXKEHIE CTEDXKHS, HYXKHO
elre 3a0aTh HaYaJIbHBIE YCJIOBUS — HAYAJIBHOE OTKJIOHEHNE U HAYAJIbHYIO
CKOPOCTb

=f(z) m % =p(z) (0<z<L]). (6)

t=0

y

t=0

Taxum 06pasoM, 3amada CBOOUTCS K pelneHuio ypasrenus (1) ¢ rpanuu-
HeIME ycsousMu (4), (5) u ¢ HauampHBIMEI yenoBusMu (6).
Bynem penrars 3amaty MeTONOM pa3esieHWs [ePEMEHHBIX, OJarast

y=Y ()T (1) (7)
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Moncrasnas npemnaraeMyto dopmy pemerus B (1), umeem

T Y@ (@)
a2T(t) Y (z)
s dysxnun Y (z) nonydaem s3amady 0 COGCTBEHHBIX 3HAUEHUSIX
Y® — Y =0, (8)
day d?Y Y
Y =0, — =0, —— =0, —— =0. (9
z=0 dx z=0 dx =l dz =l

O6wuee peurenne ypaBHeHUs (8) IPENCTABIAETCS B BALE

Y (z) = Ach VAz + Bsh VAz + Ccos VAz + D sin VA z.
N3 yenoeuit Y (0) =0, Y/ (0) =0 maxomum C' = — A, D = — B. Orcona
cIlenyer, 4To

Y (z) :A(Ch{l‘/x.r—cos 4)\56) +B(sh{1/X:v—sin 4)\56).
Yenopua Y (1) =0 u Y (I) =0 masor

A(ch VAL + cos §4/Xl) +B(sh V1 + sin §4/Xl) =0,
A(sh VAL —sin {“/Xl) +B(ch VAL + cos {I/Xl) =0.

Ora OmMHOpPOLHAS CHCTEMa IMeeT HeTpUBMAIbHLIE pemteHus A u B, ecin
OIpeneNuTeIb CUCTEMEl PABEH Hy/IO. lIpHpaBHUBAS >TOT OIPENCIUTETh
HYJIIO, HOJIy4aeM TPAHCIEHIEHTHOE yPABHEHNE Il BEIUUCICHIS COGCTBEH-
HBIX 3HQUEHUIN:
4 . 4 4 4 4 4
sh? VA1 — sin? VA1 = ch® VA1 + 2ch VA1 cos VAL + cos® VAL

2

Tax xak ch?z —sh®z = 1, To 5T0 ypaBHEHME MOXHO 3aIIMCATH B BUIE

chp-cosp=-—1 (u:{l/Xl). (10)
Kopuu ypasuenus (10) 6e3 Tpyma BBIYUCISIOTCS, HAIpUMED, rpadu-
qeckn V:
H1 =~ 1,875,
M2 R 4,694,
s ~ 7,854,
oo
JT-S 5(2n—1) opu n > 3.

1) O peramcrenun kopuen ypasuenus (10) cm.: Ponenn IIx. B. C. Teopus
3Byka. M., 1955. T. I, ra. VIIL
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[Mocnenusas dopmysa maeT 3HAUEHUE (i, C TOYHOCTBHIO OO TPEX MECSITUIHBIX
3HAKOB, HAUUHASI C N = 3, U C TOYHOCTHIO [0 IIIECTOTO 3HAKA I 1 > 7.
PaccMmoTpuM Tenepb 4acTOTHI KOMeOaHUT KaMEepTOHA. Y DABHEHUIO

" 2
T°+a° )\, T =0
YIOBJIETBOPSIIOT TPUTMOHOMETpUUIECKNEe QyHKIIUN

T, (t) = ay, cos 2wv,t + by, sin 2wv,t

e 55 [5
" 27 2\l pS 2wz \| pS’

YacToTHl V), COOCTBEHHBIX KOIEOAHUHI OTHOCSITCS KAK KBAIPATHL [iy,.
Tak kak

C 9aCTOTON

2 2
B2 ~6,267, B3~ 17548,

M1 1251

TO BTOPOIl COOCTBEHHBIN TOH BBIIIE OCHOBHOIO TOHA 0ojiee ueM Ha OBE C
TIOJIOBUHOY OKTAaBBI, T. €. BBIIIE IIIECTOW TapPMOHUKU CTPYHBI IPU PaB-
HOM OCHOBHOM TOHE, TPEThbe K€ COOCTBEHHOe KOiebaHue BEHIIE OCHOBHO-
o TOHA 60Jlee YeM Ha YeThIpe OKTaBbl. Hampumep, eciu KaMepTOH UMeeT
OCHOBHYI0 4acTOTy B 440 konebanuii B CeKyHIy (IPUHATHIA CTAHIAPT M1
a' — HOTBI «JIs1» IEPBOU OKTABHI), TO CIIEAYIOIIast COOCTBEHHAS 9aCTOTA Ka-
MepToHa, OyzmeT pasHa 2757.5 komeGauus B cekyuny (mexnmy ¢’ = 2637,3
u f"" =2794,0— mexnmy HOTaMu «MI» U «(pa» IETBEPTOU OKTABEL PAB-
HOMEPHO TEMIEPUPOBAHHOU TaMMbI), TPETb XK€ COOCTBEHHAS 4acTOTa, B
7721,1 xonebaHMs B CEKYHNY yKe BBIXONUT 3a MPENESIbI IIKAJIEL COOCTBEH-
HO MY3BIKAJILHBIX 3BYKOB.

[Tpu BO3Gyx)meHuUM KOIEOAHWI KaMEPTOHA, YIApPOM MPUCYTCTBYET HE
TOJILKO IePBasi, HO U BBICIIINE TAPMOHUKU, Y€M U OOBSICHSIETCS MEeTAJLIIN-
YECKU 3BYK B HAYAIIBHBIA MOMEHT. OMHAKO C TEYEHNEM BPEMEHU BBLICIIIIE
TapMOHUKY OBICTPO 3aTYXAOT U KAMEPTOH N3IAeT YUCTHIA 3BYK OCHOBHOTO
TOHA.

I1I. Konebauus HarpyXeHHOI CTPYyHBI

1. ITocranoBka 3amaum. PaccMoTpum 3amady o KOJeOGAHUIX 3a-
KpemeHHoil Ha kKoHuax crpyHsl (0, ), B HECKOIBKUX TOYKAX KOTOPOIL

z=ux; (1=1,2,..., n) IOMEIIEHH COCPENOTOUCHHEIE MACChL M.
YcnoBusg B TOUKe T; MOXKHO MOJIYyUYMTh OBYMs crocobamu. Eciu B
touke z; (1 =1, 2,..., n) npuwioxena cocpenorouenHas cuia Fj; (t), o
JOIIKHET BEITIOIHATEHCS COOTHOIICHM ST
U(l'i—o, t):u($l+0> t): (1)
z;+0

z;—0
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B mamnom cnyuae mon F; crmemyer moHmMMAaTh cuny mHepuuu. llogcrasmss
B dopmyy (2)

Fi = — Mz Ut (CL‘Z', t),
IOJLy YUM

z;+0

M;ug (x5, 1) = ku, (3)

:t,'—O

Boswmoxen u npyroit BeiBon ycnosus (3). Pacnopenenum maccy M; na
yaacTke (Z; — €, T; + €) C TMOCTOSHHOU INIOTHOCTBIO 0; U BOCIIOIbL3YEMCSI
ypaBHEHUEM KOJIeOAHUN [JIsi HEOMHOPOMTHOW CTPYHBI

0 ou
(p+6i)utt_£<k%>, r,—e<x<z+e, (4)

rie p— INIOTHOCTE CTPYHEL IlycThb u,. (2, t) — permenune 5TOro ypaBHEHUS.

Wurerpupys ypasaenue (4) mo z B mpemenax or T; — € 00 T; + €
U COBEpIas MpemenbHbll nepexon npu € — 0, momyunm ycmosue (3) mis
byukuuu v (z, t) = 611_% ue (z, t). Ha obocHOBaHMM IPEneNBLHOTO mepexona

MBI HE OCTAHABIIMBAEMCSI.
ChopMymupyeM MOTHOCTHIO HAIITY 333y .
Hatimu pewenue ypasnenus xoaebanut

0?u 0 Ou
p 92 oz (k £> ) (5)

Y006.4eME0PTIOULCE 2DAHUUHBIM YCAOBUIM
0,t)=0
U( ) ) ~ ’ (6)
u(l, t) =0,
YCAoBUAM CONMPAHCEHUA 6 MOUYKAT T = T;
U(xl—O, t) :U(CEZ'—FO, t)7

z;+0 (1=1,2,...,n) (7)
M;ug (x4, t) = kug,

.ti—O

U HaAYaAAbHBIM YCAOBUAM

ede o () u 9 (x) —3adanwnvie Pyrnryuu.
2. CoGcTBeHHBIE KOJIe6aHUsT HArpyXkeHHOU cTpyHbl. OcTaHo-
BUMCsI IIDEXKIe BCErO Ha UCCIENOBAHUKM COOCTBEHHBIX YaCTOT U Npobduien
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CTOSTUMX BOJIH IJIs HATPYXKEHHOU CTPYHBL. IS 5TOr0 MBI HOXKHLI HAWNTHU
pelIeHre IIOCTAaBIIEHHON 3a/lavuu, [IPeICTABAMOE B BUE [IPOU3BENCHMUS

u(z,t) =X ()T (). 9)

Moncrasnsasa 910 BhIpaxenue B ypaBHeHue (5) U MONIB3YsICh IPAHUIHBIMUA
YCIIOBUSIMU, MOJTYYNM IIOCJIE PA3NeIeHNs ITePEMEHHBIX

T" + AT =0 (10)

d dX
- - X: X’I X:
I (k d:v) + Ap (kX)) + Xp 0,

X(0)=0, X()=0.

Y cI0BUST COIPSIXKEHUSI HAIOT

X (z; —0) =X (z; + 0),
z;+0
T.

z;—0

MlX (CEZ) T" = kX’

puaumas Bo BHUMaHuUe ypasHenue (10), mepenuinem mocuemsee COOTHO-
III€eHe B BUOEC

z;+0

k)X’ = —AMZX(ZL’l)

:t,'—O

Taxum obpasom, mis byskuuur X () MBI IOIy4aeM CIEAYIOLIYIO 3a0ady
Ha COOCTBEHHBIE 3HAYUEHUS:

%(kx')mpxzo, k(@) >0, plz)>0, (11)
X(0)=0, X()=0, (12)

X(zi—0)=X(z;+0) (i=12 ...,N), (19)

kX’(.CL’i+O)—le(xi—0)+)\MiX($i):0

OTauuuTenbHON 0COBEHHOCTHIO PACCMATPUBAEMON KPAEBOU 3a0aUM SIBIIS-
€TCsl TO, YTO TMAPAMETP A BXOOUT HE TOJILKO B YPABHEHUE, HO U B HOMOJI-
HUTEIbHEBIE YCIOBUSI.

Mt&r He 6yneM 37ech OCTAHABIUBATHCS HA TOKA3ATENBCTBAX CYIIECTBO-
BaHUS 0ECUNCIIEHHOTO MHOXECTBA COOCTBEHHBIX 3HAUEHUN U COOCTBEHHBIX
GyHKINH, TOTOXUTEILHOCTA COOCTBEHHBIX 3HAUYEHU, TEOPEMBI PA3JIOK -
MOCTH. DTa KpaeBas 33[0a4ad, TAK XKe KaK U 330a4Yi OOBIYHOTO TUIA, PAC-
cMoTpenHbie Hamu B 1. 11, § 3, cBOOUTCS K HEKOTOPOMY MHTErPAIILHOMY
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YPaABHEHUIO, KOTOPOE B HAHHOM CIydae SIBJISIETCS HATPYXKEHHBIM WUH-
TErpalibHLIM YPABHEHWEM U SKBUBAJIEHTHO WHTEIDAIBLHOMY yPABHEHUIO B
nuTerpaiax Ctunroeca.

OcranoBuMcs Gosee TOAPOOHO HA BBIBOAE YCIOBUS OPTOTOHAIBLHOCTHU
cOOCTBEHHBIX QYHKIIUN

X1 (QE), X2 (QE), FEN

KOTOPOE B HAHHOM CILydae OTJIMYHO OT ycioBus (92) u3 § 3 u HasbiBaeTcCs
YCJIOBAEM OPTOTOHAJIBLHOCTH C HATPY3KOH.

Kax 6bu10 mokasano B ri. I, § 3, cobcrBennbe GyHKIMM TSI KPAEBON
331891

dx

d dX
dzx

k—) +ApX =0,

X(0)=0, X(1)=0

OPTOrOHAJILHEL C Becom p Ha uaTepBase (0, [):

1
/Xm () Xn () p(x)dz =0 (m #n). (14)
0

Pacrpenemnsas xaxmywo mMaccy M; C TOCTOAHHON MJIOTHOCTBIO §; Ha
HEKOTOPOM MHTepBalle Z; — € < £ < T; + €, rme € > 0— MmaJoe 4ucio,
MBI IIPUOEM K 330a4€ O COOCTBEHHBIX KOJIEOAHMSIX HEOMHOPOOHON CTDPYHBI
¢ WIOTHOCTLIO pe (x). IIycTts Ay 1 Xop () — cOOCTBEHHBIE 3HAUEHUS U
cobcTBeHHBIE QYHKIIUU 3TON 33a4l, IJISI KOTOPBIX HOJIKHBI BBHIMOIHATHCS
YCIJIOBUSI OPTOTOHAJIBHOCTH

1
/Xsm () Xen () pe (x)dz =0 (m #n). (15)
0

Beinenss B paBencrse (15) unTerpassl no yaacrkam (z; — €, &; + €)
U COBepIIas MPeNeIbHBIN Hepexon Ipu € — 0, MBI MOIYyYNM COOTHOIIEHIEe

! N
/Xm (z) X, () p (z) dz + E M; X (i) X (2;) =0 (m #n), (16)
0 i=1
HA3KIBAEMOE yCIIOBUEM OPTOTOHATLHOCTH C HATDY3KOi 1.
Mer cHOBa OCTaBIsIEM B CTOPOHE BOIIPOC O BO3MOXKHOCTH TAKOTO IIEpe-
XOza.

1) KypauTr P.,, Tuns6epr I Merons maremaruueckon pusuku. M.; JI.,
1951. T. I, rx. VL.
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YcmoBue opToroHasibHOCTH (16) MOXKeT OBITH MOIYYEHO U YUCTO HOp-
MaJIbHBIM IyTeM u3 ypasHeHus u ycnosuit (11) —(13). Ilycres X, (z) u
Xy, (x) —cobersennste dyukiun sanaun (11) — (13), cooTseTcTByIOMNE
COGCTBEHHBIM 3HAUEHUAM Ay, U Ay, YIOOBIETBODSIOLINE yDABHEHUSM

Xm
i (k d—) + AnpXm =0,

dx dx
d dX,
— |k AnpX, = 0.
dz < dz > T Anp

YMHOXUM TIepBoe ypaBHeHUe Ha X, (x), Bropoe—Ha X, () u BLUTEM
U3 TIEPBOTO PEe3yNIbTaTa BTOPOi. HTerpupys momyueHHHOE DABEHCTBO TI0-
cienoBaTensHo mo yaactkam (0, z1); (21, =2); ...; (zn, |) u ckinansBas,
OynmeMm mMeThb

l
o — An) / Xon (2) X (2) p () d

N Titl d
-3 / - [XpkX! — X,kX! 1dz =0,  (17)
=0 ;.
nprueM MbI mostaraeM xg = 0, zxy1 = [. Beimonuss maTerpupoBaHue B

KaXOOM U3 CJIAraeMBIX CYMMBI M OOBENWHSS UJIEHBI, COOTBETCTBYIOIINE
noncTaHoBKaM £ = z; —0 u = x; + 0, noIyyaeM CyMMy ClIaraeMbIX BUIA

Ai = (XnkX), — XpkX), )oma;—0 — (XmkX,, — XnkX), )o=a;40-
ITpu sTom momcranoBku pr £ = 0 u & = B CUjTy TPAHUYHLIX YCIOBUN
0obpalaTCs B HYJIb.

s Boraucienuss A; BOCMIONMB3yeMCsl YCIIOBUSMU COTPSIXKEHUS

Xj(zi —0) = X (= ; .
, ]I (l‘ 0) J (ZL’ + 0) (] =m, n) (131)
k)Xj (l‘l + 0) — k‘X] (l‘l — 0) = — ]\4'1)\J Xj (,’L’Z)
IlepenuceBas A; B BUIE
A = X (1) KX, (; = 0) — kX, (z; +0)] —
— X (z3) [k X7, (2 = 0) — kX, (z; + 0)]

1 nonb3ysck dhopmyioi (13"), Haxomum
Ai = X (z3) Midy X, (73) — X (75) Midy Xo (75) =

Teneps pasesHcTBo (17) MOXHO 3anuCaThH B BULE

l N
(A = An) / Xin (2) Xn () p (2) do + 3 Mi Xom () Xn(a:) 0 = 0.
0

i=1
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Ecmu A, # A\, TO OTCIOHA Cpa3y Xe CIIeyeT yCJIOBUE OPTOrOHAILHOCTM
¢ "arpyskoit (16).
Hopwma, cobcTBennbix dynknuin X, (z) ompemensercs mo hopMmye

=1

l N
1X,.[12 = / X2 (2) p () do + 3 M; X2 (). (18)
J .
OueBUIHO, YTO NPU PA3JIOKEHUN HEKOTOpOU hyukuuu f () B psm:

KO03hPUIIMEHTHI Pa3ioX)eHus: OyayT OmpenensThes mo GopMmydie

l N
/ £ @) X (@) p (&) do+ Y M: f (2) X (1)

fn= PHE - 19

3apmaua ¢ HAYAJIBLHBIMY YCIIOBUSIMY, TOCTABIEHHAS B M. 1, permaercs
o OOLIYHOI CXEeMe METONd Pa3leieHMs MEePEeMEHHBLIX. AHalormyHo pac-
CMATPUBAETCS 3a0aua O KOJeGaHUM CTepXKHs (Unu GajKy) IpU HAJININK
COCPENOTOYEHHBIX MACC.

3amaua 0 KoseGaHUsIX CTPYHBI, HATPY KEHHOI COCPENOTOUEHHBIMI MaC-
caMu, HAXOOUT IITUPOKOe IMpuMeHeHre B ¢usuke n Texuuke. Eie Ilyaccon
pelIan 3a1auy O IPOAOJILHOM OBUXEHUU IPY3a, MOABEIIEHHOTO K YIIPYTon

mnru. A. H. Kpsuios nokasan ), 4mo K 5TOM 3amade CBOLUTCS TEOPUS MH-
OVKATOPa MMapOBOY MAIIWHBI, KPYTUIBHBIX KOJIEOAHUIN BaJIa C MAaXOBUKOM
Ha KOHIIE, PA3HOI0 POLA «IPOXKAIIUX®> KJIAMAHOB u T. . s Teopun MHO-
TUX M3MEPUTENbHBIX NPpUOOPOB BAXKHO M3yUeHME KPYTUIBHBIX KOJIeOaHUMA
HITHU, K KOHI[y KOTOPOI IOABELIeHa Macca (HAIPUMED, 3€PKAJIbIIE).

Ocobyio akTyanbHOCTH 3a[ada MONOOHOTO TUIMa Ipuobpena B CBSI3U
C M3yYEHUEM YCTONUYMBOCTY BUOPALNE KPBHITLEB camoreTa. s perenus
9TOH 3a8a49u HEOOXONUMO BEIYUCIIEHNE COOCTBEHHBIX YAaCTOT KPLLIa (Galiku
MIEPEMEHHOT0 CEUEHHUs), HArpyXeHHoro Maccamu (MoTopsr). Kpome Toro,
paccMaTpuBaeMas 331add BCTPEYAETCS IPU pacdeTe COOCTBEHHBIX KOJe-
6aHMT AHTEHH, HATPYXKEHHBIX COCPENOTOYEHHBIMU €MKOCTSIME M CAMOWH-
nykuuamu (B cBa3u ¢ 3TuM cM. [lpusoxkenue VI, NOCBAIIEHHOE aHAIOTAY
MEXIy MEXaHUIECKVMU U DIIEKTPOMATHUTHBIMY KOJIeOAHUSIME).

M=1 He ocTaHABINBAEMCS 30€Ch HA MPUOJINKEHHBIX METONAX HAXOXIe-
HUs COOCTBEHHBIX 3HAUYEHUM U (QPYHKIUN 3a0a4d, AHAJIOTMYHBIX Hpubiiu-
JKEHHBIM METONAM HAXOXIEHUS COOTBETCTBYIOIINX BEJINYNH IJIsI HEOTHO-
POIHOU CTPYHBI.

U Kprmos A. H. O mexoTopsix nuddepeHnnaIbHEIX YPABHEHAAX MaTeMa-
p p P yp

trueckont pusuku. JI., 1933. Tm. VII.



III. KOJIEBAHIS HAT'PY>KEHHOW CTPYHBI 161

3. CTpyHa c rpy3oM Ha KOHIIE. 3HAUUTEIBHBIA TPAKTUIECCKUI
MHTEPEeC MPENCTABISIET 334a49a O KOIeOAHWSIX OOHOPOMHOW CTPYHBI, ONWH
koHer[ KoTopoit (z = 0) 3axpersieH, a KO BTOpOMy Koy (z = [) momseriexn
rpy3 maccel M.

B sTom ciyuae ycnoBue npu & = ! IpUHUMAET BUL

Mutt = — kum (l, t)
1 I aMIININTYObl CTOAYNX BOJIH IIOJIy4YaeTCsa YpaBHEHUE
X" 4+ A X, =0
C TPAHUYHBIMU yCJIOBUAMU
M
X, (0)=0, X\ ()= X ()

Orcrona HaxooUM

in/\
X, (z) = i AL
sin v/ A, 1
rae A, OHpeNelseTcs U3 ypaBHEHU
M
ctg VAl = — V. (20)
p

Yecnosue oproronansHoctu yukuuit { X, (z) } npunnmaer Bug
1
/Xn () X (z) pdx + M X, (1) X, (I) = 0.
0
Berauncnum xBaspaT HOPMEBL
!
N, = /XZ (z) pdz + M X2 (I).
0

Wcnonwbsys ypasuenue (20), nomyuaem

2
2 2 2p

3amada ¢ HAYAJIBHBIMY OAHHBIMEA PEIIAeTCsl OOBIYHBIM METOIOM.

4. IToupaBku miyisi cOGCTBEHHBIX 3HaYeHUil. BeruucauMm monpas-
KU [isi COOCTBEHHBIX YACTOT B CiIy4yae OONBIINX M MajbIX HAarpy3ok M.
Isist IpOCTOTHI PACCMOTPUM TOT CJIy4ail, KOTIA IPY3 MOMABEIIEH K KOHILY
cTpyHbl. BO3MOXHEL IBA IPENENIBHBIX CILydasl.

1. M =0. Kouenr z =1 cBo6omen. COGCTBEHHBIE 3HAUEHUS OMIPENEIIs-
10TCS 13 POPMYIBI

)\(1) _2n+1m

2
11 A. H. Tuxonos, A. A. Camapckuit
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2. M = co. Konen z =1 xectko 3akpemnen: u (I, t) = 0. CobcTaen-
HEIC 3HAYEHUS ONPENEIITIOTC U3 GOPMYJIBD
™
l
Hac 6ymer wunrepecoBars ciyuait mansix M (M — 0) u Gosblamx
M (M — ).

. 1
1° M — 0. Hafimem monpaBky K COOCTBEHHOMY 3HAUEHUIO /\7(1), oA~
ras

AP =

Vo = VA +eM, (21)

roe € — Hekoropoe yucio. lloncrasnss (21) B ypasuenue (20) u npeseGpe-
ras M2 u Gomee BLICOKUMY CTemeHsMu M, momydaem

2M
=AW (12— 22
An An< pl>, (22)

T. €. COOCTBEHHBIE YACTOTHI HATPYXEHHON cTpyHbl npu M — (0 BO3pa-
CTAIOT, NPUONUXKASICH K COOCTBEHHBIM YaCTOTaM CTPYHBI CO CBOOOMHBIM
KOHI[OM.

2° M — co. Beibupas 1/M B xauecTBe mapaMeTpa MaJOCTH, HOIO-

KNM
Va= P se k.

Ypasuenue (20) maer
p

E = .
A2

[Ipu 5ToM MbI mpere6Gperaem umeHaMu, conepxanmvu 1/M? u Goree BbI-
cokue crenean 1/M.
Takum obpasom,
2
= A =224

1
\/E:\/@‘FWM:

T. €. IIPU YBEJIUYEHUN HATPY3KU COOCTBEHHBLIE YACTOTHL YOLIBAIOT, PABHO-
MEepPHO IpUOIMKAsICh K COOCTBEHHBIM YaCTOTAM CTPYHBI C 3aKPEIJIEHHBIMUI
KOHITAMU.

P 20

MU’ (23)

IV. YpaBHeHNs ra3soquHaAMUKN U TE€OPUsA YOapHBIX BOJIH

1. YpapHeHus rasogumHaMuKu. 3aKOH COXPAaHEHUs SHEPrUN.
YpaBuenus akyctuku (cM. § 1) ObUIM MONYYEHBI B IPEAIIONOKEHAN MAJIO-
CTU CKOPOCTEN OBUXKEHUS I'a3a W MAJIBIX U3MEHEHUN TABJIEHUS, YTO IO3BO-
JINJIO JIMHEAPU30BATh YPABHEHUS M'MIPONUHAMUIKN.
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B 3amauax, BO3HUKAIOIINX IPU U3YUECHUN [TOJIETA PAKET U CKOPOCTHBIX
CaMOJIETOB, B Teopur OAJIIIMCTUKY, B3PBIBHEIX BOJIH U T. II., IPUXOIUTCS
UMETh [eJI0 C TUAPOAMHAMWYECKAMU IIPONECCaMM, XapaKTepU3yIOIIIMU-
cs1 6ONBIMIMMY CKOPOCTSIMU U IPAnueHTaMu maBieHuir. B sTom ciyuae nu-
HelHOe NPUONKeHe aKyCTUKHA HEIIPUTONHO U HEOOXOMUMO IOJIBE30BATHCS
HEJIMHEMHBIMU YPABHEHUIME TUAPONMHAMUKU. [[OCKOMBKY ¢ TAaxoro poma
OBIKEHUSIMU HA IPAKTUKE IPUXONUTCS BCTPEUATHCS NI I'a30B, TO MIPU-
HSTO O TUAPOAWMHAMUKE OOJIBIINX CKOPOCTEW MOBOPUTH KAaK O T'a30BOU IU-
HaMUKe, WM Ta300UHAMUKE.

YpaBHEHUS ra30MMHAMUKY B CIy4ae OLHOMEPHOIO NBUXKEHUS rasa (B
HAIPABIICHAN OCA ) WMEIOT BUI

op 0

T + %(pv) =0 (ypaBHEHVE HETPEPHIBHOCTH ), (1)
p % + pv % =— % (ypaBHeHUE IBUXKEHUS), (2)
p=f(p, T) (ypaBHEHEE COCTOAHMS). (3)

Taxum o00pa3oM, ypaBHEHUS Ta30OMHAMUKN MOPEOCTABIISIOT COOOH
VPABHEHUS OBUXKEHUS UICATHHON CKUMAEMON XUIKOCTU TIPU OTCYTCTBUI
BHEIIIHUX CUJL.

[lepeiinem Temeps K BBIBOAY 3aKOHA, COXPAHEHUS HHEPIUU. DHEPTUS
enUHULB 00bEMa PABHA,

2
pu
T e (4)
rlle MEepBBIA YJIEH €CTb KWHEeTUYECKAs SHEPTUs, BTOPOM— BHYTPEHHSS
sHeprus. 3OeCh €, OUYEBUIOHO, O0O3HAYAET BHYTPEHHIOIO SHEPT U0
€IUHUITBI MACCHI.

Hsist umeanpHOrO ra3a € = ¢, 1', roe ¢, — TEIIIOEMKOCTD IIPU IIOCTOSIH-

HOM 061>eMe, T— TeMIepaTypa. Bruruncnnm usmenenue SHEPTUM! B €EAUHUIY

BpEMEHU:
0 [ pv? 0 [pv? 0
ai (7 * PE) = (7) g (P)- 5)

[Mpomssons muddepeHIIpOBaHIE B MEPBOM CIIATAEMOM U MOIB3YsICh
ypasrenusmu (1) u (2), nonygaem

0 <pv2> 02 dp v v? 0 0 <v2> _op

i\ ) =3 TP T g 5) e, ©

Inis mpeoGpasoBanust npousBonHoi J (pe) /0t 0OpaTuMCes K IepBOMY Haua-
JIy TEPMOOUHAMUKY, BHIPAXKAIOIIEMY 3aKOH COXPAHEHUS SHEPIUU:
dQ = de + pdr, (7)
11*
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roe d() — KOMMYECTBO TEIIa, TOyIaeMoe (Ui OTAABAEMOE) CUCTEMOI 13-
BHe, pdT — paboTa, 3aTpadnBaeMas IPU U3MEHEHNN 00beMa, Ha, BEIITUUHY
dr (r =1/p— ynenbHblil 00beM).

Ecnn npouecc anuabaruyeckuit (TemioobMeHa CO CPENoil HET), TO

dQ =0
n
de=—pdt=Lg (8)
p -
[Monb3ysick sTuM paBeHCTBOM, OymeM UMETh
d(pe)zsdp+pd5:5dp+1—p)dp:wdp, 9)
0 ap
il —w == 1
() =P, (10)
rae
p
w=¢e+— (11)
p

— TenjgoBas QYHKIUS, WIX TEIIOCONEPKAHNE EAUHUIIBI MACCHI.
IIpomseonnas Ow/0x B cuity coorHomenuit (9) u (11) ynosrersopsier
YPaBHEHUIO

ow  Op
pU A =V (12)

YunreiBas paserctsa (2), (5), (6), (10), (12), monyuaem 3aKoH coxpa-
HeHUs dHepruu B nuddepeHnuaibHon hopme:

a [ pv? 0 v?
—_— E— i - . ]-3
8t<2+p€ oz P\ 2 TV (13)
st BoIICHEHUST (PU3MIECKOTO CMBICIIA, STOTO PABEHCTBA IIPOMHTErPUPYEM
€ro Mo HEKOTOpoMy 00beMy (Z1, Z2):
z2
0 / po” +ped v +
— — r=—pv|—=+w
o) \ 2 TP P\ 2

r1

T2

T1

CreBa CTOMT M3MEHEHUE SHEPIUM B EOUHUIY BPEMEHU HA WHTEPBAIIE
(21, 2), CIpaBa— MOTOK SHEPTUU, BEITEKAIOUIEH B €NUHUIY BPEMEHU U3
paccMaTpUBaEMOro 00LeMa.

Ecnu sdpdexkTom TemmonpoBOOHOCTH HENNb3s IpeHeOpeyb, TO ypaBHe-
HIE€ COXPAHEHUA SHEPTUU MIPUHUMAET BUL

o ([ pv? 0 v? oT
E<T+p5>——%[m}<?+w>—%%], (14)

roe 2 — KO3(pUIIMEHT TeIIONPOBONHOCTH.
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2. YnapHbie BOJIHBI. Y ClIOBUS TUHAMIYECKON COBMECTHOCTMH.
B ciryuae 60mbImx CKOPOCTEH BO3MOXKHBI TAKUE MBIXKEHUS, TPU KOTOPBIX
HA, HEKOTOPBIX TOBEPXHOCTSX, MEPEMEIIAOIINXCS B IIPOCTPAHCTBE, BO3HM-
KaIOT PAa3PLIBLI HEIPEPEIBHOCTHY B PACTIPENEIIEHAN THAPOIMHAMUAICCKIAX Be-
nravH (IABIEHWS, CKOPOCTH, INIOTHOCTH U IP.). OTHU PA3PHIBLI IPUHITO
HA3LIBATH YOAPHLIMYU BOJIHAMHU.

Ha nosepxsocTu paspeiBa (GpoHTE yagapHON BOJNHBI) HOIKHBL
BLITIOJIHATHCS YCJIOBUS HEIPEPLIBHOCTY MOTOKA, BEIIECTBA, YHEPTUM U KO-
nmuecTBa nemxenus (ycnosus ['iorouno). [epeiinem x BHIBOLY 5THX
YCIIOBUM.

Ipeobpasyem ypasaerue (2) xk Gosiee yIOOHOMY IJTs HAIIWX LIEJEH BU-
noy. YuHoxas (1) Ha v u ckiangeBas ¢ (2), monydaem

O (0) =~ (ot ) @)

[Tepenuiiem Temepb ypaBHEHUS HEMPEPLIBHOCTY, MNBUXKEHUS U COXPAa-
HEHUs YHEPTUu B BUIE

op 0 ,
5% = Ba V) (1)
X0 — 2 ot ), @)

L) ()

Paccmorpum Ha mmockoctu (z, t) w0 2 = « (t), ABISIOUIYIOCT «CIe-
IOM>» [IOBEPXHOCTU Pa3phIBa Ha miockoctu (z, t). Illycre AC — mekoropas
myra auHun paspeBa = « (t), tme A u C'— TOYKU C KOOPOAUHATAMA T1,
t1 m s = x1 + Az, to = t; + At cooreercrBenHo. IlocTpouM mpsaMo-
yronmbEuk ABCD €O cTOpOHAMU, TApaIeTbEHEIMI KOOPANHATHEIM OCSM.
Samuirem 3aK0H COXpAHEHUS BEIIECTBA B MHTErPAITLHON GopMme:

z2 to

/ (D)ey — (0)ey]d = — / [(00)ay — (p0)a] dt, (15)

z1 t1

rIe ClleBa CTOMT U3MEHEHWE MacChl Ha UHTepBajie (Z1, Tz) 3a IPOMENKY-
TOK BpemeHu (i1, t2), a CIpaBa— KOJIMYECTBO BELIECTBA, BHITEKAIOILIETO
u3 uaTepBana (1, T2) 3a Bpems (i1, t2). Ecmu dysknum p u pv Hempe-
peiBHEL 1 mubdepermupyeMbr Beony Baytpu ABCD, To ypasrenme (15)
5KBUBaJIEHTHO ypasHeHuto (1'). B paccMaTpuBaeMoM citydae 5TO HE UMEeT
MECTa.

Bocnonb3syeMcs TeopeMoil CpeIHero 3HAYEeHN s III KaXXIOTO CIAraeMo-
rO B OTHETLHOCTH:

A
[P|;f;2* - p|;z;1** ] K:tv =— I:(p’l})|z:z*2 — (pv)|e=e1 ]

= t=t t=t**



166 MMPUWIIOZKEHUS K I''TABE 11

(smecw z*, z**, t*, t** — cpenHue 3HAUEHUS APUYMEHTOB & W ).

Ilepexons x npeneny mpu Az — 0 (2 > 21) u At >0 (f2 > t1) u
0603HaUAs MHAEKCOM 2 3HaueHUs! GyHKIUi BHIIE KpuBoil © = « (t) (c3amu
(pOHTA yOADHOW BOJIHBL), & MHAEKCOM 1 — 3HaueHWs QYHKIUN HUXKE DTOR
KpuBoll (mepen GPOHTOM ), IOy IAEM

(p2 = p1) U = — (pv)1 + (pv)2, (16)
roe

da . Az

U= = Am &

— CKOPOCTH yIOAPHON BOIIHHI.
B cucteme xoopouHAT, IBUXKYIIEHCS BMECTE C YIAPHON BOHOM,
U1:U—U1, UQZU_U2

0003HAYAIOT COOTBETCTBEHHO CKOPOCTH YACTHUIl Iepen GPOHTOM UM C3aau
¢dpoura ynapuoit Bosasl. [lonyuennoe Beime coorHouenue (16) MOXHO me-
penucaTh B BUIE

pP1LUL = p2uU2. (16’)

OTO paBEHCTBO BBIPAXKAET HEMPEPHIBHOCTDL MOTOKA BEIIECTBA Yepes GPOoHT
yIIapHOW BOJIHBI.

3anuceBasi B MHTErPAIILHON (DOPME 3aKOH COXPAHEHUsS] KOJIUIECTBA,
OBUXCHUA, UMEEM

2 to

/ (p0)1y — (o)) do = — / (0 + p*)ay — (p+ po?)a,] db,

T t1

T COpPaBa CTOUT CYMMa, UMIYJbCA AEACTBYIOIINX CUAJl ([ABIICHUA) U TIO-
TOKa, KOJIm4IeCcTRa, nBuxenus. [lepexons k mpeneny npu Az — 0 u At — 0,
HOJIyYaeM 3aKOH COXPAHEHHUs MOTOKa KOJIMIeCTBa MBUXKEHU Ha (PPOHTE

Ul(pv)2 — (pv)1] = — (p+ pv°)1 + (p + pv?)2,
nIinm
p1+ pru; = p2 + pauj. (17)

Anamormuso MIOJIy4Ya€TCda YPAaBHEHNE COXPAHCHUA SHEPTUN Ha (prHTe:

2 2 2 2
<&+ps> U—(ﬂ-%ps) U:—p1v1<v—+w> +p2v2<v—+w> ,
2 2 2 1 2 1 2 2

KOTOPOE IOCIIEe HECIOXKHBIX IPe0OpPA30OBAHUN IPUHUMAET BILL

i u3
prul | wi + 5 )= p2uz | we + 5
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unu, B cuiy yciosus (16),

2 2
uy Us
w + — =ws + —. (18)
2 2
Takum 06pa3oM, Ha HPOHTE yIAPHOIN BOJIHBL HOIXKHBL BLIIOIHITHCS yPaB-
HeHus (yCHOBUS HUHAMHUUIECKON COBMECTHOCTH, WX YCIO-
Bus ['toronuo)

pruL = pausz, (16")
P+ pru; = p2 + paus, (17)
2 2
Uy Uz
21 2. 1

W3 ypasuennit (16) u (17) Boipasum u; u us 49epes p u p:

2 P2 — P2 2 pP1 — D2
Uy =—+———5 Uy = —+'———,
P P1 — P2 P2 p1— P2
OTKYyIla
2 2 p1+ p2
Uy — Uy = p1—p
1= U i ( 2)

Moncrasmnsas 3aTeM 5TO BepaxkeHue B ypasHenue (18), maxomum cooT-
HOIIIEHVE MEeXIy 3HAUeHUSIMU YHepruu 1o obe CTOPOHBI GpoHTA!

1
wyp — w2 = m (p1 + p2) (P1 — p2)
n
1
a-e=o (p1 = p2) (p1 + p2).
PaccmoTpum nmeanbHbIN Ta3, Ol KOTOPOTO
p=pRT; e=c,T; w=c,T= % gpr=_2_.P
Cp — Cy =1 p
T. €
w=—_.2 (19)

y—1 »p
Monb3yscek dopmysoir (19), mocie HECTOXHBIX TPEOOPA3OBAHMIA IPUXOAUM
K TaK HAa3BIBAEMOMY ypaBHeHuioo anmuabaTe [[ToroHmO

p2_(Y+D)p+(y—1p
pr (Y=1)pe+(y+1)p’

(20)
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niim

p2_(y+Dp=(vy=Dp;
o (y+)p—(y=1Dp2

ITo sToit hopmyie MOXKHO OHpEneIuTL OMHY U3 BEIUYUH D1, P1, P2, P2,
€CIIX U3BECTHBI TPU OCTAJILHBIE BEJIMINHEI.

YmapHas BOJIHA BCETIA OBUXETCS OTHOCUTENBHO rasa OT o0acTen
c OGOmbIIMM naBileHWEM K OOJACTSIM C MEHBIINM [OaBIIEHUEM: P2 > Pp
(treopema Ilemnmena). Orcopma cremyer, uTO INIOTHOCTHL Ta3a 3a
dporTOM OOJIBIIE IIIOTHOCTH HEPEN (PPOHTOM.

®opmyna (20) BbIpaxkaeT 3aBUCAMOCTH MEXIY Py U P2 I[PU 3aLaH-
HEIX p; U p1. OyHKIMS py = po (p2) OpPU 3a[aHHBIX P; U pi SABJSETCS
MOHOTOHHO BO3PacTAaloIeR GyHKINEN, CTPEMSIIENCS K KOHEYHOMY IIPENeiry
npu p2/p1 — oo (ymapHas BONHA GOIBUION AMILIUTYIHL):

(21)

p2_y+1

pr y—1

Ora dopmyina NOKA3LIBAET MAKCHMAJIBHBIA CKAYOK INIOTHOCTY (yIIIOTHE-

HIE), KOTODLII MOXET CyLIeCTBOBATH Ha (HPOHTE ymapHOW BOIHEL. s
IBYXaTOMHOTIO rasa 7y = 7/5 1 MakCUMAaJlbHOE YINIOTHEHNE PABHO 6:

P2

P1

(22)

=6.

[Tone3ysics papercreamu (16'), (17) u (20) u nonaras p; = 0, HaxonuMm

Y+1 po
Uy = —— -, uz=
2 p1

Ecmu ymapuas BonHa msumxkercs mo mokosiemycs rasy (vi = 0), To cko-
POCTDL PACIPOCTPAHEHUS yIAPHON BOJHLI PABHA

(-1 pa

2(v+1) po

v=,/1—.2

T. €. OHA PACTET IPOMOPIINOHAIBLHO KBAAPATHOMY KOPHIO U3 Po.
Paccmorpum mpocrefimnnyio 3amady TeOpun yOapPHBIX BOJIH, IOILYCKa-
IOUTYI0 AHAJIUTUYECKOEe pelreHue. B munuanpuueckoir Tpybe = > 0, He
OTDAHWYEHHOU C ONHOU CTOPOHBI U 3aKPBLITOM MOPIIHEM C APYron (z =
= 0), HAXOOUTCS MOKOSILIUICSA Ia3 C HOCTOSHHOW INIOTHOCTBIO P U IPU
TIOCTOSIHHOM NABJICHUU p1. B HaUaJbHEBIM MOMEHT t = () TOpIIEHb HAUMHA-
€T OBUTrAaThHCS C IOCTOSHHOM CKOPOCTBHIO ¥ B HOJIOXKUTEIIHEHOM HAIIPABIIEHUAN
ocu z. llepen mopIiiHeM BO3HUKAET yOAPHAs BOJIHA, KOTOPAs B HAUAIHHBIN
MOMEHT COBIAIAET C MOPIITHEM, & 3aTeM YHAIISETCS OT HEr0 CO CKOPOCTBIO
U > v. Mexny nopuaem u GPOHTOM yIAPHON BOIIHEL BOSHAKAET OOJIACTh 2,
B KOTODOU r'a3 ABUXKETCS CO CKOPOCThIo mopiast. [lepen dporTom (0bracTsb
1) ras HaXOOWTCs B HEBO3MYILEHHOM COCTOSHUU: p = p1, p = p1 (v = 0).
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Monb3ysce ycmosusMu ua dhpoute (16), (17) u (18), meTpynuo onpemne-
JIITH CKOPOCTH (PPOHTA, & TAKKE BEIIMIUHY CKAIKA INIOTHOCTHU U JABIICHUS.
Beenem Ge3pa3MepHBIE BETUUIUHBL
pr. 5 U v P2
w==—=; U=—; 09=—; p=—3,
P2 a1 a1 pP1a7

(23)

rme a; = /7YPp1/p1— CKOPOCTH 3ByKa mepen GPOHTOM (B HEBO3MYILIEHHOM
obmactu 1). Torma ypaBHEHWs COXPAHEHUs 3AIULIYTCS B BUAIE

UJ(?: 0—’[), njin U= m, (24:)
- 02
p=1+~U%, um ﬁ:1+’yl_w, (25)
_ = 1.,
pw=1+(y—1) Uv—§v . (26)

Uckmouas orciona p m U, monmydaeM KBaApaTHOE YPABHEHUE IS OMpe-
NEJIeHUS] W:

202 —wd+ (y+ )P+ 24+ (y -1 %] =0. (27)

Tak kax 1o cmeicity w < 1 (p2 > p1), TO BHIOMpPAEM MEHBIIUI KOPEHb:

W2_1+7+1 o)1+ L 7+1 (28)

W3 ypasuenmit (24), (25) u (28) maxomum

§ortl, JT ”
s=1420+D (’” Yoy [1+ ’V“ (30)

Bo3ssparmascs k mpexHrM BeIUIUHAM, IOy IaeM

1+'y+1v 'y+1
16a?
p2 = p1 (31)
2a1
7+1
v="12 32
U+al 16a2 (32)

y(y+1) v?2 v (v + 1)2
= 1+ — — 1+ —F— . 33
P2 = p1 { + 1 P + — ar + 1642 v? (33)



170 MMPUWIIOZKEHUS K I''TABE 11

Tax xak CKOPOCTBH YIOAPHOU BOITHLI MOCTOSHHA, TO IS HOJIOXKEHUS GPOHTA,
B MOMeHT | OymeM UMeThb

1
z=a(t)= rt

v+ ay t. (34)

B npenensuoMm ciiyuae v/a; > 1 (ymapuas BoiHa GOIBIION MHTEHCUBHO-
ctu) u3 hopmya (31) — (33) HaxXOmUM IpeneIbHBIE COOTHOLICHNS

,y_ly 2 ) 2 1 2 a%a

MOJIyYeHHbIE HAMU PAaHee.
Ecmm v/a1 <€ 1 (BomHA MaJioll MHTEHCUBHOCTHU), TO MOXKHO IIPEHE-
)

6peun wenamu v2/a?:
v
p2 = p1 (1 + —> ;
ai

p2 = p1

1
U:a1+iv’
4
v
P2 =p1 <1+l>-
ai

3. Cnabrie pa3pbIBbI. Briie 6bLI0 PACCMOTPEHO NBUXKEHUE yIap-
HOW BOJIHBI, Ha, GPOHTE KOTOPOW BEJIUUUHBI P, P, ¥ U JAP. UCIBITHLIBAIOT
ckauku. Takoro poma pa3pbIBbI HA3BIBAIOTCSI CUJIb H BI M U.

Bo3MOXHEI 1 Takue OBUXKEHUS, IPU KOTOPHIX HA HEKOTOPOU MOBEPX-
HOCTU UCHOBITHIBAIOT CKAUYOK MEPBBIE TPOU3BOAHLIE BEIUUUH p, P, ¥ U OP.,
B TO BpPEMsI KaK CaMU HTU BEJIUYUHBI OCTAIOTCS HENPEPLIBHBIMU. 1akue
Pa3PBLIBBEL HA3LIBAIOTCS CJ1a,0BIM .

B § 2, m. 10 paccMOTpPEHO OBUNKEHUE PA3PBIBOB TAKOTO POLA U YCTAHO-
BJICHO, UYTO HTU PA3PHIBLI PACIPOCTPAHSIIOTCS BIOIb XapaKTepucTuk. [Ipu
5TOM MBI UCXOOUIN U3 ypaBHeHUs akycTuku. OmMHAKO U [ HEJINHENHBIX
337134 Fa300MHAMUKIY CIPABELIINB AHAJIOTMYHBIN PE3yIbTAT.

HeTpynuo y6emuThbess B TOM, YTO MOBEPXHOCTE CIIa00T0 Pa3phIBa pac-
IPOCTPAHSIETCSI OTHOCUTEIBLHO I'a3a CO CKOPOCTHIO, PABHOM JIOKAJILHOM CKO-
poctu 3ByKa. B camoM merme, BLIOETUM MaJlyi0 OKPECTHOCTEL MOBEPXHOCTY
c71a00r0 Pa3phbIBa U BO3BMEM CPEOHUE 3HAUECHUS TUAPONNHAMIICCKIX BEJTH-
yuH B 3TO# OKpecTHOCTHU. CIabblil PA3phIB, OYEBULHO, MOXKHO PACCMATPU-
BATh Ha GOHE CPEMHUX 3HAUEHUN KaK MaJIoe BO3ZMYIIIEHIE, KOTOPOE YIOBJIe-
TBOPSIET YPABHEHUIO AKyCTUKK U HOJKHO PACIPOCTPAHSITHCS C JIOKAJILHON
CKOPOCTBIO 3BYKA.

B kauecTBe mpumepa pacCMOTPUM UCTEUYEHUE Ta3a B BaKyyM (BOJIHA
paspexenus). [Iycts B Hauanbubll MoMeHT ¢ = 0 ra3, 3al0IHSIOIMN TOILy-
IPOCTPAHCTBO = > (), TOKOUTCS U MMEeT MOCTOSIHHBIE 3HAUEHUS MIIIOTHOCTY
po u maBieHust py BO Beer obwactu = > 0. Ilpu ¢t = 0 BHemrnee nasienue,
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MIPUTOKEHHOE K MIOCKOCTH £ = (), CHUMAETCS U Ta3 HAYNHAET MBUTATHCS;
OpU 5TOM BO3HUKAET CIalBIi Pa3peiB (BONTHA PA3peXEHU ), PACIPO-
CTPAHSIONIANACS CO CKOPOCTHIO 3BYKA, (g B TOJOXUTEILHOM HAPABIICHUN
ocu z. Ha mepennem ¢ponre rasza x = 1 (t) npu ¢t = 0 MbI umeeM pas-
PBIB IWIOTHOCTH 1 naBierns. OMHAKO 5TOT Pa3peIB CPa3y XKe MOCIE HAYAIIA
IBVXCHWS MCIE3ALT.

B camom mene, 3 yCIIOBUiT HEIPEPHIBHOCTY MOTOKOB BEIIECTBA, U KO-
JIMYECTBa OBUKEHUS pu & = T1 (1):

_ - -y _ + +
0=py (v1—vy) =pi (01 —0)),
-4 - —\2 _ o+ o+ +12
Py o (01 —v)” =pi +p7 (01 —v7)7,
- ot gt
rme py, P;, V] — 3HAUEHUs cieBa B Touke T (1), pi, Py, vy — 3HAUEHUS
crpaBa B TOuKe 7 (t), mOmyuaeMm
+ _ + _
py =0 u py =0,
TaK Kak
pr =p; =v; =0.
s anuabaTryeckoro MpoIecca YPABHEHUE COCTOSIHUS UAEANIBHOTO Tasa

nmMeeT B4
Y
p
pzpo(—). (35)
Po
Pemrenue 3amaun 6ymem uckaThb B hopme
p=p&); p=p); v=v(), rme §==z/t
BBI‘{I/ICJ'ISISI HpOI/ISBO,HHBIe

of _ _1.df of 1df

ot t>d¢’ Ozt dE’
roe f=p, v WK P, U DONCTABIAL Pe3ylbTaThl B ypasHeHus (1) u (2),
oIy 9aem

dp dv
v—~&) —=—p—,
(v—2¢) AT 56
dv  dp
YMHOXUM nepBoe ypaBHeHue Ha (U — &) U CIIOXUM CO BTOPBIM:
dp dp
— 2 - = =
v-& =
b
d;
==
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v—§¢(== @:ia,
\ dp

re G — CKOPOCTH 3BYKa IpU anaumabaTUIeCKOM IIPOLECCe.

[TockonmbKy MBI pacCMaTpPUBAEM MBUXKEHUE CIAa0OTO PAa3pBIBA B MOJO-
XKUATEILHOM HAIPABIIEHUU OCU T, HAHO BRIOPATH B IIPENbLIAyIHen ¢hopMyie
3HAK «MUHYC>, T. €.

Orcrona nmeeMm

v—¢&=—a. (37)
Moncrasnsas sTo pewenue B ypaBaeHus (36), moimydaem
dv a
— == 38
it (38)
WA, 9TO OMHO U TO XK€,
dv 1
dp  pa’
Monbsysce ypaBuenuem cocrosuus (35), Haxomum
a® =7 P
p
U TOCIIe MHTErPUPOBaHUs ypaBHeHU (38) momydaem
1=t
2 2
v = ag <£> -1]. (39)
-1 Po
W3 mocnemueit GOpMyIIEI MOXHO BEIDA3UTL ) UEpe3 v:
2
y—1 v \71
= 1+ — — . 40
p=m (14755 2) (40)

3necs

ap =/ ’Ypo//Jo

obosHauaeT cKOpocTh 3BykKa npu v = 0 (B mokosiemcs rase). Popmyiy
(39) MOXHO TakXke IEePenucaTh B BUIE
> (0 a) (a1)
v = a— ap).
v—1
[Moncrasimsas Boipaxenue (40) mius p B ypaBHeHue cocrosHus (35),
HAXOMUM

2
-1 wv\11
P =Dpo <1+L-—> . (42)

2 agp



IV. YPABHEHUYI "”ABOIVMHAMUWKU Y TEOPUYA YIOAPHBIX BOJIH 173

W3 ypasrermit (41) u (37) nomyuaeMm bopmyy

(2 -w). (43)

(o

OTPENENSIONIYIO 3aBUCAMOCTE ¥ OT 2 u t. IlomcTammss 3aTem BEIpaxe-
e (43) mis v B dopmynst (40) u (42), monyduuM 3aBUCHMOCTL p U
p oT = u t B sBHO# (dopMme. Bce BETMUMHEI OKA3LIBAIOTCS 3ABUCSIIN-
vu ot z/t. Ecnm m3MepsATH PACCTOSHUS B €OMHUNAX, IPONOPIOHAID-
HBEIX f, TO KADTUHA IBIKEHUS HE MEHAETCs. Takoe NBUKEHUE HA3LIBACTCS
ABTOMOMEI bHEIM.

Haiinem ckopocTsb nuxenus nepenuero dporra vy (t). Honaras B pa-
BercTse (42) p =0, Gymem umeTh

2
v—1
Orcrona cnenyeT, 9YTO CKOPOCTb UCTEUEHNUs ra3a B MyCTOTY KOHeuHa. Jls
IBYXaTOMHBIX [a30B Y = 7/5 u

V1 = —

ag. (44)

v = — 5(L0.

Bripaxenue (44) mis ckopoctu sesoro gpporTa z = z; (f) MOXHO mo-
JYUATH TaKXKe U3 yPABHEHUS GalTaHCa BEIECTBA

z2
/pdm = poZa = poaot. (45)
z1
Brens nepemennyio
= l‘/t,
TIOJTy IUM
ag
[ pds = praa.
v1

[Moncrasiss 3arem Beipaxenue miist p u3 (40) u nomaras

—1&—
A Sl A,
y+1 ap
OynmeMm mMeThb
A2
2 -1
/M—l d=1"" (46)
y+1
A1

roe
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IMocne Berumcnenus uaTerpana (46) momyunm

7+} 7+}
v— y—1 _
A=At =1,

T. €
A =0,
OTKyZa U CIIefyeT
_ 2a
v = — o

3amaua 00 UCTEUEHNN Ta3a B BAKyyM DEIIeHA.
MBI OrpaHVYMINCE BBIIIE PACCMOTPEHMEM JIMIIL HAUOOJIee MPOCTHIX
3anad razonuHaMukn. s 6osee mompoOHOrO 03HAKOMIIEHNS ¢ 3aTPOHY THI-

MU 30€Ch BOIIPOCaMM OTCHLIIaAEM YUTATEJII K CHENMAILHON nMTepaTypel) .

V. IlmHamMmuka copOomum rasos

1. YpaBHeHUs, ONUCHIBAIOIME HOpoliecc copbmuu rasa. Pac-

cMOTpUM 3aaxy 0 morsomennn (¢cop6umn) rasa ). IIycTs gepes TpyOKy
(och KOTOpPOIL MBI BEIGEPEM 33 KOOPAUHATHYIO OCh ), 3AMNOJIHEHHYIO IOTIIO-
LIAIOIIM BEIIECTBOM (COPOGEHTOM ), MPOIMYCKAETCS Ta30BO3MYIIHAS CMEC.
O6o3uauum yepes a (z, t) KOIMIECTBO rasa, NOrJIOEHHOrO eqUHULEN 00b-
ema copbenra, a uepes u (Z, t) — KOHIEHTPAIIUIO Ta3a, HAXOMIIETOCS B
mopax copbeHTa B Clloe .

Hanumem ypasaeHne GajtaHCa, BEIIECTBA, IPEAIOIaras, 9T0 CKOPOCTh
rasa v JOCTATOYHO BEJIMKA U TPONECC Auddy3Un He UTPACT CYIIECTBEHHON
pOIM B EpeHoCe rasza. PaccMoTpuM CIIoll COPGEHTa OT 1 N0 T B TEUCHUE
MIPOMEXKYTKA BpeMeHu OT t; OO ty. OQUeBUOHO, IS HETO MOXKHO HANUCATH
ypaBHeHUe 0ajIaHCa BEIeCTBA

[Vu|$1 - VU’|962] SAt = [(a + U’)|t2 - (a + U’)|t1] SAx: (1)

KOTOpOe mocie cokpaienus na Az At u nepexona k npeneny npu Az — 0,
At — 0 mpuHEMaeT BUL

ou 0
—V%—a(a—{—u). (2)

U Cm.: Kounsm H. E., Ku6ens U. A., Po3se H. B. Teoperuueckas runpo-
Mexanuka. M., 1963. Y. II, ra. I; Jlarmay JI. ., Jludmun E. M. Mexanuka
crmomeelx cpen. M., 1953. I'm. VII; 3easnosuu d. B. Teopus ynapHeIX BOIH
u BBemeHuwe B rasommuHaMuky. M.; JI., 1946; Cemos JI. . Pacopocrpanenne
CUJIBHBIX B3PHIBHBEIX BosH // Ilpukrianuas maTemMaTuka n Mexanuka. 1946. T. 10,

e 2. C. 241—260.

2) Tuxouos A. H.,, Xyxosuunkunn A. A., 3abexuuncxun . JI. Ilo-
[JIOIIEHNWE ra3a U3 TOKa BO3LyXa CIoeM 3epHucToro marepumana. 11 // KDX.
1946. T. 20, Betm. 10. C. 1113—1126.
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JleBast 4acTb 3TOr0 ypaBHEHUs IPENCTABIISIET KOJIMIECTBO rasa, HAKOILIS-
IOLIErOCs 3a CUeT MEPEHOCA, PACCUMTAHHOE Ha, eOUHULNY NJINHLI U BDEMEHU,
IpaBasl YaCTh — KOJIMYECTBO I'a3a, N3PACXONOBAHHOTO HA MOBHIIIIEHE KOH-
ueHTpanuu copOMPOBAHHOIO ra3a u rasa, Haxopsierocs B nopax. K stomy
yPaBHEHUIO ODAJIaHCA CIIeNyeT NPUCOENUHNATE YPaBHEHNE KNHETUKY COPOIInT

da
= =B u—y) (3)
ot ’
roe 3 — Tax HA3LIBAEMBI KUHETUUIECKN KOS(PPUIMEHT, § — KOHIEHTPa-
oM ra3a, HaXOMSIIEroCs B PABHOBECUU C COPOMPOBAHHBIM KOJINYIECTBOM
rasa.
Benmuuwner ¢ u y cBsA3aHBL APYT C OPYIOM YPaBHEHUEM

a=f(y), (4)

SBJIAIOIINMCS XapAKTEPUCTUKON COPOEHTA.
Kpusas a = f (y) maswBaercs uzorepmoit copbuuu. Ecau

_ Yuo
T = v (uo + py)’

TO m3oTepMa HasbiBaeTcs mszorepmoit Jlemrmopa. Haubosnee mpo-
croif Bunm GyHKIUE f COOTBETCTBYeT TaK HA3LIBAEMON WM30TEDPME
lNeupu, cupapemiuBoi B 00JIACTY MAJIBIX KOHIIEHTPAIINM:

1
a=—y, 5
p (5)

roe 1/y— kosddunuent Ienpu.
B sTOM ciydae MBI IPUXOOUM K CIEOYIOLIEH 3aa9e.
Hatimu gynrsuuu u (z, t) u a(x, t) u3 ypasnenui

ou Ou Oa

—Va—a‘Fa; (2)
Oa
% = (= 0) ©

npu dONoAHUMEAD HBLE YycaoeuAr

a(z,0) =0,
u(z, 0) =0, ()
u (0, 1) = uo, (8)

2de Uy — KOHYEHRMPAYUL 2430 Ha B8TOJe.
IIpene6peras npousBogHoil Ou/dt, TPEACTABIMIONIEN PACXOL ra3a Ha
MIOBBIIIEHNE CBODOMHON KOHIIEHTPAIMM B MOpax cOpOeHTa, B OTIUYUE OT
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npousBonHon Oa/0t, TpEnCTaBIAIONIEN PACXOL rasa Ha yBeIUdYeHNe COp-
GUPOBAHHOTO KOIXYECTBA Ta3a, HOydaeM 1)

Ou Oa ,
_V%_E’ (2)
Oa
E :/B(U_’YC"% (6)
a(z,0) =0,
u (0, t) = ug.

Uckirounm dysxuuio a (z, t), nuddepeHuupys nmepoe ypaBHeHuUe 0o ¢ u
HCHOJIB3Y sl BTOPOE ypaBHEHNUE:

— Vg = Bup — Byar = Bus + Bryug,
M
g _
Uzt + ; Ut +/6’Yuz — 0
OmnpenenuM HAYAILHOE YCIOBUE IUTs U, MOJIAras B MEPBOM YPABHEHUU § =
=0:
— Vg (CL‘, O)Zﬂu(l‘, 0)7 U’(O: O)ZUO;
OTKYIIa, HAXOMUM
u(z, 0) = uge /e,

Sanaua HaxoxmeHus GyHKuuu u (2, t) CBEIACH K MHTEIPUPOBAHUIO YDAB-
HEHUS

Ugt + gut + Byuz =0 9)

IpY OONOJHUTEILHEIX YCIOBUAX
u(z, 0) =ug e_ﬁ/”'””, (10)
u (0, t) = ug. (8)

XapakTepUCTUKAMU 3TOTO yPABHEHUS SIBIISIIOTCS JIMHUN
x = const, ¢ = const.

HonomHuTenbHBIE YCIOBUS B DTOU 33[1ade MPEOCTABIISIOT 3HAUEHUS UCKO-
Mol byukiuy u (z, t) Ha XapaKTEePUCTUKAX. AHAJIOMMYHO CTABUTCS 3a1a-

o !
U s cucremsr ypapHenmit (2') 1 (6) mocTaTOYHO OMHOrO HAYAIBLHOLO YCIIO-

BUs, TaK Kak OCb ¢ = () B 9TOM Cilyuae CTaHOBUTCS XapakTepuctukoil. [lonpobuee
06 ®TOM CM. mpuMedaHue Ha c. 177.
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va s dyHKuuun a (z, t):

Ayt + g at + Byaz =0, (11)
a(z, 0) =0, (7)
a(0,t) = % (1— e=P). (12)

Crenyer 3aMeTuTh, 4TO NONOGHAS 3a1a4a BCTPEUAETCS MPU PACCMO-
TPEHUU PANa OPYTUX BOMPOCOB (HAMPUMED, MPOLECC CYUIKUA BO3MLYIIHBIM

I0TOKOM, IIPOrPeBaHue TPYObI IOTOKOM BOIEL 1 T. m.)Y)).

/
b Iepexons x ypasreruto (2'), Mmbl nperebperaem wieHoM u¢. OmHAKO HETDYI-
HO IOKa3aThb, YTO MBI IPUAEM K TOMY Xe€ YPaBHEHUIO, €CJI BBe[eM IepeMeHHBIe

T=t—£, t=r—+—§; &=z, z=¢
v v

(puc. 32), B KOTOPBIX BpeMs. B TOUKE I OTCUUTHIBAETCS OT ty = /v — MOMEHTa
IpUXOma B 3Ty TOYKY HOTOKA Ta30BO3MYLIHON cmecu. B camom mene,

Ou _ Ou 1 Ou 9] 0

8z 0t v or ot~ or

7 ypaBHEHUE (2) IPDUHUMAET BUL

_Vg_/lg:%, (2”)
21 — B (u—r0). (6)

Hauanbuste ycnosust (7) u ypasaenus (2) u (6) mator

u(z, 0) =0, 1
ut (z, 0) ZO.} ™

B obnactu mexnmy mpsmoir ¢ =0 m ocbl0 £ MBI HOIIyYaeM 334ady OLPENEsIeHIsI
dbyHKIMYE v TO HavATLHEIM ycroBusaM (7')
(samaua Komm). OweBumuo, 9TO B 3TOU
obmactu dyuakuus u(z,t) =0 (a Takxe £

T

a = 0). U3 ypasuenuit (2') u (6) sumuo,
gro npu 7 =0 Qysxmms u (z, t) nperep-
LIeBaeT Pa3phIB, B TO BPeMs Kak (QpyHKLIUSL
a(z,t) ocraercs HempepbBHON. Taxum
obpazom, nmpu T = (0 OGyHKIUI U, KaK
6BbLIO IIOKA3aHO BHIIIE, OLPENeseTCs U3
ypasuenus (2') npu a(z, 0) = 0. Omnpe- Puc. 32

neJsist, Kak 9T0 ObLIO COEIaHO BbIIE (CM.

dopmynst (10) u (12)), snavenus v (z, 0) n a (0, t), MBI moyvaeM miis GyHKIUR
u(z,t) u a(z,t) 3ama9u C DAHHBIME H3 XaPAKTEPUCTHUKAX.

12 A. H. Tuxonos, A. A. Camapckuit



178 MMPUWIIOZKEHUS K I''TABE 11

Pemtenue ypasuenus (9) MOXeT OBITH MOJYYEHO B SIBHOM BUIE METO-
IIOM, M3JI0XKEHHBIM B § 5, U maeTcs GopMyon

z1ty

(@1, t) = ug e~ et I (2@) + xi / e~ T/T1 Iy (2\/7_') dr| ,
Y
(13)
roe z1 = Pz /v, t; = [ft/y—OGespasmepunie nepemenuble, Ip— yHKIuL
Beccens nepBoro pona HyJIeBOrO NOPSANKA OT MHUMOTO apTyMEHTa.

[Monesysace acumnroTrmaeckuMu (Gopmynmavu mis Gyrknum g, He-
TPYOHO MOIYyYNTH ACUMIITOTUIECKOE IPENCTABICHNE PEIIeHus mpu 60Ib-
MUX 3HAUYCHUAX ApPTyMEHTOB.

2. AcuMnrorumueckoe perieHme. Brime Mbl usydanm mporecc
copbumm rasa, MOMUMHSIOIIErocs n3oTepme copbrmu ['eHpu, CBA3LIBAOIIEH
KOJIMYECTBO MOTJIOMIEHHOTO BEIIECTBA, ¢ C PABHOBECHON KOHIIEHTDAIIUEH
JIMHENHON 3aBUCUMOCTBIO

1

a=—y.
v

Paccmorpum uzorepmy copbumm ob111ero Buma,
a=f(y)
Ecnu BBecTu 6e3pasmepHbie IepeMeHHbIE
z0 t6 _  u Y a
rn=—, hh=—, u=—, z2=-—, U= ’

v Uo Uo uopy

Y
To cucrema (2'), (6), (7), (8) npumer Bun

du _ v
ox1 oty’ (14)
oL = (i)
9t u—2z),
= fi(2) = —— f (zu0) (15)
v = J1{g) = woy ZUg
Hp]{I JOOIIOJIHNTEJILHBIX yCJIOBI/IHX
a0, ) = 1, (16)
v (z1, 0) =0. (17)

Hac 6yner uaTepecoBaTh aCUMITOTUYECKOE TIOBENEHUE (DYHKIUH, IPENCTa-
BILAIOIIUX pereHue cucteMsl (14).
OrrocurensHo dyskiuu f1 (2) MBI OyIeM MPEANoIaraTh CIEMYOIIee.
1. f1 (z) —Bospacratomas dyukuus, u fi (0) = 0.



V. INMHAMUKA COPBIIU I"'A30B 179

2. f1 (z) wMeeT HempepHIBHYIO MPOM3BOMHYIO I BCEX 3HAUCHUNA 2,
0<z< 1.

3. JIyu, upymuii u3 mauasa koopmuuar B Touky (1, fi (1)), mexwur
uke kpusoit fi (z) B npomexytke 0 < z < 1 (puc. 33), uro, B vacTHOCTH,
MMEET MECTO IJIS BBITYKJIOM M30TEPMBL.

Beens o6o3uauenue mis oOpaTHON GYyHK- v = fi{z) (1, A1)
m

—_ f1 —
z=fi" (v) =F(v),
OyIeM HCKATh ACAMITOTUYECKOE DEIleHUe II0-
CTABJICHHOHM 3a[a4ll B BUAE PACIPOCTPAHSIO-

fi(1)
@ @

7 1). z
IIIENCA BOJIHEBL */ 1

—1

a=9), ,_ it
- ¢ =z — ot, (18) T
/U_go(é.)7 fl(‘l)(p

o€ 0 — CKOPOCTb PACIPOCTPAHEHUS BOJIHEL, Puc. 33

nomiieXKaunias OIIPEOeJICHUIO.

OT0 03HAUAET, UTO HA GONBIINX PACCTOSHUSX (IPU & — 00) WIIN Ue-
pe3 BOJIBbIION IPOMEXYTOK BpeMeHu (& — 00)

v(z, t)=0=p(zx—ot),

a(z, t) =u =1 (z — ot).

Konnenrpamun # u v HDOMXKHBEL IPU £ = 00 WK t = 0O YIOBIIETBOPSTH
YCIIOBUIO DABHOBECUS

v=fi(a), wm a=F ).
W3 ycnosus (16) Torma cremyer
ﬂ|m:0 :1/}(_00):17 90(_00):1495:0 :fl (1) (19)

t=o00 t=o00
W3 ycnosus (17) BeiTEKaeT, 94TO

v|n§§go:<p(+oo):0, 1,/)(+OO):17,|9€§00:F(0):0. (20)

0
Yenosus (19) osmauator, uro npu ¢t — 0o (£ — —00) HDOIKHO yCTAHO-
BUTHCS BCIOAY HACHIIIIEHNE.
Honcrasnas npennonaraemyio Gopmy pemenus B ypasaenus (14), no-
Ty M

¥ — oy =0, (21)
—op =9 —F (). (22)

s (21) u (20) sakimouaeMm, 9TO
¥ (&) —op (£ =0. (23)

1 Ilns yupornenus 3anucu BMecTo z1, t; Oymem mucarth z, t.

12*
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W3 ypasrennit (19) Torma crenyer, 4To

_¥(© _ 1

e (24
P11 A ()
WU, B PA3MEPHBIX BEJIMIWHAX,
u
o= 4y = f (mo). (24)
ao
s (22) u (23) maxomum
dy
—0———— =d¢. (25)
ap —F(p)
ITocne nHTErpUpOBaHus GyneM UMETh
w (p) =& = &o, (26)

rue w (@) — Kakou-iubo UHTErpal JIEBOR 9acTi, a £y — IOCTOSHHASL UHTE-
rpupoBanus. OTcrona uckomas GyHkimsa ¢ (§) ONPemesTuTcs ¢ TOYHOCTHIO
10 HEM3BECTHOU MOCTOSIHHON &p:

p=w (€~ &), (27)
P =o0w™ (€~ &) (28)

BEISCHMM, MOXET i OBLITHL OHmpeneNeHa (GYHKIMA w ' u OyOyT mn

QYHKIIUU @ U 1) YIOOBIETBOPSATH MOCTABIEHHBIM yCIOBUIM mpu & — + 00
u & = — oo. Ilokaxem, 4TO MPOU3BOMHA

dw 1
e N | 29
B~ oo fitle) =
T. e
- =w(p)

— MOHOTOHHO yOBIBatoIIas QyHKIUA . B camoMm merne, 3HaMeHATEND B (29)
paBen

—1 _ 1 —1
oo —f @%—Ezﬁw—h ().

IlepBoe crmaraeMoe eCTb NPUWHAMJIEXKAIIAS ODAUHATE (¢ abCIUCCa TOUKH,
Jexaleil Ha Jiyde, WAylieM u3 Hadaia koopauHaT B Touky (1, fi (1))
(puc. 33). Taxk Kak MBI yCIOBUIINCH, YTO KpUBas ¢ = fi (z) JEXUT BI-
IIe 9TOro IIyda, TO

fit(p) <

n, CJI€OOBATEIIBHO,
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Kpowme Toro,
op—fi " (p) =0
mpn =0 m mpm = fi(l).

Orcroona cremyet, 4To

{—&=w(p)=+o00 mpu ¢ =0,

{—b=w(p)=—oc0 mpu ¢=fi(l).
s oOpaTHON GYHKIIN TOTYIaeM

p=wt((—&)=fi(l) mpn {=—o0,

p=wl(¢—-&)=0 npu € = + oo.

Iasnee B cuny paseHcTBa (29) umeem

1
w—w—fl(l)w—l mpu § = — 00,

1
fi(1)
Nrak, Bce ycnosus (19) u (20) yooBIieTBOPEHBI X TEM CAMBIM JOKA3AHO,
YTO CHCTEMa YPABHEHMN MMEET DEIIeHNE B BUAE PACIPOCTPAHSIOMIEHCS
BOJTHBI, COMEPXAILEH HEOMPENEIEHHYI0 TIOCTOSHHAYIO0 &).
g onpenenenus & MHTErpUpyeM IIEPBOE YPABHEHME HO ¢ B Ipeme-
max or 0 mo tp mw mo = B mpemenax oT 0 mo xp:

to to o Zo
/a(xg,T)dT—/a(O,T)dT + /v(w,to)dx—/v(x,O)dx =0.
0 0 0 0

(30)
[Tosyuennoe paBeHCTBO BHIPAXKAET 3aKOH coxpaneHus BerecTsa. [lepexons
K TIpeNesy IpU Lo — 00 U MONL3YSICh HAUAJIIBHBIMU YCIOBUSIMU O U U U,
HaXOOUM

to
v (z, to)dx = /a(O, T)dT = to.

0

0\8

HonyctuM, uTo st OONBINNX 3HAUEHUN { peIlleHue HAllel 3a0a4n
npubnumxaeTcs K GYHKIUSIM U W U, HAWOEHHBIM BBIIIE B BUIE PACIPO-
CTPAHSIOIINXCS BOJIH.

Ecau Mb1 onpemenum &y 13 yCioBus

oo

/v (z, to)dz —tg > 0 (to — 0), (31)
0
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5T0 u Oyner TO 3HaueHUWEe &y, KOTOPOE COOTBETCTBYET GyHKIMAM U (I, t)
u v(z, t).
[Tpeobpasyem HAIl HHTErpAT:

0(z, to)dx = | o(z —oto)dz = | w ~ (z — oty —&)dz =
[ree] /
_ i -1 _ i -1 ¢ =z —oaty— &,
= [ orod= [orou Q; _m_&>

O6osuaumm uepes p* suauenre w ' () mpu ¢ = 0:
w1 (0) = p*.
HeTpynso BUmeTH, uTo ecim ¢ = w— ! ({) — obpaTHas dyskmus mas ( =

©

w L (¢) o*
_ | —qw @)+ / wWMw+/wWM¢- (32)

Otcrona cienyeT, ITO BMECTO IPENEIILHOTO PaBeHCTBA (31) MOXKHO Hamu-
caTb
oo

[ et ©dc-t =

—otp—Eo

= { (oto + &) ¢ (—ato — &) + / w(p)dp p —to —
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ITepetinem x mpemeny mpu tg — co. Torma
op(—otg — &) > op(—o0)=0f (1) =1. (32')
YT06BI BEIYUCIUTE IPEIEST BEIPAXEHUS
atop (—oto — &) — tos

BoCHONB3yemcs ypasrernem (25). Pasmaras f; ! (¢) = F (p) B psn s6ausu
Touku o = f1 (1), momyuaem

op—F(p)=0(p—wo) +1-F(p) =
=0 (p—wo) = [F(p) = F (o)l = [0 = F'(p0)] (¢ — @0) + - - -,

OTKyIa
dy
—0 =d¢ (33)
[0 —F' (o)l (¢ — o) +...
rae Toukamu O0O3HAYEHBI WIEHBI GOJIee BEICOKOTO MOPSAKa OTHOCHTEIIHHO
(¢ — o).
W3 rpebGoBanus 3 mnsa dyukuuu fi ciemyer, 4To
1
F'(pg) >0 = ——.
(D)
W3 ypasrenus (33) maxomum mopsamok pocra ¢ mnpu & — — o0:
0 = Aeft + oy, (34)
rme A u k > 0— HEKOTOpPBIE MOCTOSIHHLIE.
s (34) cnenyer, uTo
lim to[op (—oto — &) — 1] = lim tgAoe " (@to+éo) =, (32"
tg—ro0 top—00

Cosepius B dhopmyie (32') npenensHbIi 1epexon npu ty — 00 U IPUHAMASL
Bo BHuManuve (32") u (32""), nomyuaem

f1(1)

§o=— fl—(l) w () dep. (35)

Tem caMeM mpodunu BONHBL {#, U} OIpeNeneHEl IOIHOCTHIO.

Ocobbiil mHTEpEC NpencTapiseT ciydai uzorepmol Jlenrmiopa. Haii-
IIEM ACUMIITOTUYECKOE PEIIEeHUe IS MPOLECcCa COPOUUU ra3a, MOMIMHSIIO-
rerocst m3orepme JleHrmiopa.

Ypasuenue (25) npumer Bun

dyp
D

C1-py

= d¢, (36)

— 0

op
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rme 0 = 1/f1(1) =14+ p— ckopocts Bonusl. U3 (36) Haxonum

£ _'éb ::“)(¢07
roe
_ (1 —pp) dp _
w((p)_a/cp—w(l—pw)JrA_
— [lln(a—l—p(ﬂp)—hltp + A
oc—1|o

OueBunHo, uTo Korma ¢ Mensercs ot 0 mo fi (1), To w(p) meHsercs oT

u

LSS -

NONNDN
oo A NN A
WA
SIIVIATAR \
A\ MR
04 \ \ \ \ 12— t=68
AV A YV
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a

w(p) = T [% In2(1—-o0p)—In2(1+p)e|.

Suauenne {; onpenenseTcs GOpMYyIon

f1(1)

§o=— w(p)dp=In2—-1

(1)

U HE 3aBUCUT OT P = Ug/y, T. €. OT MONABAEMOI KOHIIEHTPAIIN.
Wckomoe acuMnToOTHYECKOE PEIIeHNe UMEET BU

S
~—~~
&

~
=

I

W@ —at— &),
_ o (37)

i(z, t) =ow (z — 0ot —&),
roe w™! () — obpaTrHas nna w () GyHKIMA.

Ha puc. 35 npuBeneHbl pe3yibTaTHI UUCIEHHOTO WHTECDUPOBAHIUS
ypasrenuit (14) mis uzorepMsl JIGHIMIOPa, METOIOM KOHEUHBIX DA3HOCTEI.
Otu rpadukn nausr mis 3uadenwit 0 < ¢t <t = 10. lpu ¢ = t; pesynb-
TaTHl YUCICHHOTO MHTErPUPOBAHUS COBIANAIOT C ACUMIITOTHIECKUM pe-
IIIeHNEM ¢ TOYHOCTHIO M0 1%. g 3HaueHuil t > ¢; MOXKHO IOIb30BATHCS
ACHMIITOTHIECKUME (HOPMYIIaMIU.

VI. ®usnueckue aHajiornm

[Ipu paccmoTpeHuu SIBIHUA B PA3IUIHBIX 00IACTIX GU3NKU MBI Ja-
CTO OOHAPYXUBAEM ODIIIKE YEPTHI B HTUX SABJICHUSIX. O TO IPUBOMUT K TOMY,
YTO IPU MATEMATUIECKON (DOPMYIIMPOBKE 33039 MBI IIOJIyIaeM ONHU U Te
K€ yPaBHEeHU, ONUCHLIBAIOIIE Pa3iindHbe pusudeckue spienus. [Ipocrei-
UM TIPUMEPOM MOXKET CJIYXUTH yPaBHEHUE

Pz

a el +bx =0,

OIKCHIBAOIIIEE PA3IINIHBIE KOJIeOaTeIbHEIE IPOIECCHl IPOCTEHIIINX CICTEM:
MaTeMaTUUeCKUl MasTHUK, KolebaHue I'py3a MON NeHCTBUEM CUJIBL yIPY-
TOCTU MPYXKUHEL, 3JIeKTPUIecKue KoneOaHus B IPOCTOM KOHTYpe C MHIYK-
TUBHOCTBIO M €MKOCTBIO X T. n. OOIIHOCTH YPABHEHWN NIl PA3IAIHBIX
(pu3rIeCcKUX MNPOLECCOB MO3BOJISET HA OCHOBAHUM U3YUEHUSI CBOUCTB OI-
HOTO SIBJIEHUS OeNIaTh 3aK/II0UEHNE O CBOHMCTBAX APYTLOro, MEeHee M3ydeH-
HOTO siBneHus. Tak, u3ydeHUe pa3IUIHBIX aKyCTUYECKUX SBIEHUN MOXET
OBITH 3HAUUTEIBLHO O0JIErYeHO NPeIBAPUTENbHBIM PACCMOTPEHUEM IOHNO0-
HBIX 3JIEKTPUYECKIX CXeM.

PacnpocTpanenue 3mekTpuiecKnx KOjgeOaHUM B CUCTEMaX C paclpe-
IEJICHHBIMY I[TOCTOSHHBIMM ONUCHIBAETCS, KaK M3BECTHO, TelerpadHBIMUI
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YPaBHECHUAMU
_ g =C 8_V + GV,
0x ot
ov oI ®

rne C, G, L, R—pacupeneieHHble eMKOCTh, YTEUYKA, UHIYKTUBHOCTD
U COIPOTUBIEHNE CUCTeMBI. ECmu MOXHO mpeHeOpeUYh COMPOTUBICHUEM U
yTe4Koit Toka, To mitst V' u I mosyuarorcs: oOBIYHBIE BOITHOBEIE YDABHEHUS

0*vV 0*vV
gz =0
021 021
a2 o =0

a ypaBraeHus (1) nIpuHEMAIOT BUL

Lo _ v
ox ot (2)
v _
dxr Ot

[Ipu pemrenuu 3amaum O paCIpPOCTPAHEHUU 3BYKa B OMHOM HAIIPABIIEHUN,
HAIIPUMeED [IPU M3yUEeHUN OBUXKEHUS BO3OYXa B TPyOax, MBI IPUXOOUM K
YPaBHEHUSIM

dp  Ov

et ®)
ov _10p

B T

rIe ¥ — CKOPOCTB KOJIEeOIIOMMXCS YaCTUI], p— IJIOTHOCTb, P — NaBJICHUE,
a T = ppY — KO3pOUIMEHT yIpPyroCTU BO3MYXa.

[Tono6ue ypaprenuit (2) u (3) HO3BONISIET yCTAHOBUTH COOTBETCTBUE
MEXIY AKyCTUUECKUMH U HJIeKTPUIeCKUMU BenmumHamu. PassocTm mo-
TEHIIMAJIOB COOTBETCTBYET HABJIEHUE, TOKY — CKOPOCTh CMEIIeHNs YaCTHII.
NunykTuBHOCTHU 3II€KTPUYECKON I[N COOTBETCTBYET INIOTHOCTD, OLIpee-
JIAIONIAS MHEPIIMOHHBIE CBOMCTBA I'a3a, & eMKOCTHU 3JIEKTPUIECKOH Henn CO-
orBercTByeT 1/7, T. e. obpaTHas BenuduHA KO3(DOUIMEHTA YIPYTOCTH.
OTO ke COOTBETCTBIE MOXHO YCTAHOBUTH U U3 BHIPAXKEHIT KMHETUIECKON
¥ MIOTEHITNAJIBHON SHEPTUHA IS 3JIEKTPUIECKON M aKyCTUIECKON CUCTEM.

Bosspamasce k ypaBuenusMm (1), MBI MOXEM BBECTH aKyCTUYECKUE
AQHAJIOTU CONPOTUBIIEHNS U YTEUKN. BelnmdymHy aKyCTHYeCKOrO COMPOTH-
BIIEHUS IPUXOOUTCS YYUTHIBATE B TEX CIIy4asX, KOTIA DU PACCMOTPEHNN
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IBUXKEHUS [a3a OKa3BIBAETCS CYIIIECTBEHHBIM TPEHUE r'a3a O CTEHKU COCY-
na. Ilo amanoruum c 3eKTPUIECKUM COIPOTHUBIIEHNEM, KOTOPOE OIPeIesis-
€TCS KaK OTHOIIECHNE HAIIPSXKEHUS K TOKY, MOXHO BBECTH U aKyCTUIECKOE
COIIPOTUBJIIEHIE, OIIPEIeSIIEMOe OTHOIIIEHNEM IABIIEHUS K TOKY B Cpele, KO-
TOPBII IIPOHOPIMOHAJIEH CKOPOCTY CMELIEeHNs YacTul rasa, R4 = p/uv. B
TeX CIydYasX, KOTOa PAaCCMATPUBAETCS OBUXKEHUE I'a3a B IIOPUCTOH Cpene,
[IPUXOOUTCS. BBOOUTH BEIMYWHY, AHAJOTAYHYIO) YTEUKE B BIIEKTPUIECKUX
Lemnsx. JTa BenurHa, 0003HauaeMas uepe3 P, HAa3bIBAETCS MOPUCTOCTHIO
7 OIIPEeNseTCs YacTho 00beMa MAaTEPHUasIa, KOTOPAas OKA3bIBAETCS 3AI0JI-
HEHHOU BO3IOYXOM.

MexaHUYeCKUM aHAJIOTOM TeerpadHOrO yPABHEHUS IBIISETCS ypaBHE-
HIIE IIPOAOJBHBIX KOJIEOAHUI CTEPXKHsI, KOTOPOe IMONOGHO ypaBHeHusM (2)
MOXET OBLITH 3aINCAHO B BUIE

v _ 19T 9T _ &

o kot or o
roe T —HaTsKEHUE CTEPXKHS, ¥ — CKOPOCTH KOJIEOJIIOMIUXCSI TOUeK, p—
IJIOTHOCTD U kK — KO3bGUINEHT YIPYTOCTU CTEPXKHSI.

CpaBHUBast 5TO ypaBHEHUE C yPaBHEHUEM (2), MBI MOXEM yCTAHOBUTH
monobue MeXIy MeXaHWIEeCKUMU ¥ 3JIEKTPUYECKUMHU BenuduHaMu. Tax,
YCTAHOBUB COOTBETCTBUE MEXKIY 3JIEKTPUUECKUAM HAINPSIXKEHUEeM U HaTi-
JXKeHHEeM CTDPYHBI, TOKOM U CKODOCTBIO IBUKEHUS YaCTUI, MBI IIOJIy4HUM,
4TO OOpaTHas BeJIWYMHA KO3DPUIINEHTa YIPYTOCTUA COOTBETCTBYET €MKO-
CTHU, & INIOTHOCTb — MHIYKTUBHOCTH.

Takum 06pa3om, paccCMOTpPeHre IONOOHEIX AMHAMUYECKUX 33134 [IPU-
BONUT K YCTAHOBJIEHUIO COOTBETCTBUS MEXIY PSAOM 3JIEKTPUUECKUX, aKy-
CTUYECKUX M MEXAHUIECKNX BEIMYMH. DTO COOTBETCTBUE MOXKHO UILIIO-
CTPUPOBATH CHENYIOIIEeH Tabuien .

GJ'IQKTpI/I‘-IeCKaJI cucreMa AKyCTI/I‘-IeCKa.ﬂ CCTEeMa Mexauuueckas CUCTEMA

]
£ | Hampsoxenwe V | HaBnenue p | Harsaxenme (cmma) T
z
g Tox I | Ckopocts wacTur v | CkopocTh cMerenus &
o
2| 3apan e | Cmerrenue u | Cmerienue x
=

WNueprHOCTD
= | Wanykrmeuocts L p | llmoTHOCTE MacCBl  pm
A (mwmoTHOCTB)
&
Q Axycruueckas 1 1
= EmkocTs C C4 = — | Markocts Cy =~
g €MKOCTb T k
= A

KYCTHYIECKOe Mexanmueckoe

F| Comporusmesme R A Ry Ry

COIPOTHUBIICHUE COIPOTHUBIICHUE

1 Cwum., manpumep: Onbcon I'. Juuamuueckue anamorum. M., 1947.
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Pa3BuTnie BEIIIE COOOPAXKEHUS MO3BOMSIOT B PSNe aKyCTUUECKUX 3a-
Iad IOJIyYUTh HEKOTODHIE CBENEHUS O XapaKTepe SBJIEHWN [0 DPelleHUs
338U,

Tak, 3amavya 0 IBUXEHUU BO3MYXa B [IOPAX IJIs IPOCTHIX TapMOHUUE-

CKHMX BOJIH IIDUBOOUT K YPAaBHECHUIM 1)

—iwpmu + ru = — grad p,

P
Ap—l—ify v

paz (T - prm)p = 07

rme u—o0BEeMHAs CKOPOCTb BO3AYXA Uepe3 HOpHI, p— NaBJICHUE, p—
IUIOTHOCTB, P, — 3hGdEKTUBHAS IIIOTHOCTH BO3AYXa B IOPAX, KOTOPAs MO-
XkeT OBITH OOIIBIIIE p, TAK KAK B IOPAX BMECTE C BO3LYXOM MOI'YT KOiebaTh-
Cs U YACTUILI BEIIECTBA, PP — MOPUCTOCTh, G U W — CKOPOCTH U YaCTOTA
3ByKa, I — COIIPOTHUBIIEHUE IOTOKY, KOTOPOE XapaKTePU3yeT MaeHNe [a-
BreHus B MaTepuayte. llonoxus r = R4, pm = La, YP/(pa?) = Ca, mbt
[IOJLyYMM HAIIY YPABHEHUS B BUIE

LA%-%RAu:—gradp,
>p dp
Lji— — = Ap.
CaLa 97 +CaRa 5 P

DTy ypaBHEHUS BIOJHE MOMOOHLI yPABHEHUSIM PACIPOCTPAHEHUS SIIEK TPU-
geckux konebanuii B jguHuU. 1[05TOMY MBI [0 AHAJIOTUU C BOJIHOBEIM CO-

IPOTUBJICHUEM JIMHUL
R+ iwlL

Z =4 /LZ_“’

G+ iwC

MOX€EM CPa3y HAIMCATH BEIPAXKEHUE MIJIsI COTPOTUBIIEHNS, HA3bIBAEMOT'O Xa-
PAKTEPUCTUIECKAM UMIIEIAHCOM IIOPUCTOrO MaTepuraia;

Z:Uz\/ﬁ Pm ;I:L)r/w)

cuuras upu 3toM G = (. Buipaxenue XxapakTepUCTUYECKOTO UMIIEAAHCA,
yKa3bIBaeT Ha 3aTyXaHWe BOJIH, PACIPOCTPAHSIOIINAXCS B IOPUCTOM MaTe-
puaJe.

YcTaHOBIIEHHAST AHAJIOTUSI MEXIY SJIEKTPUIECKIMU U AKYCTUIECKU-
MU SIBIICHUSIMU TIO3BOJISET 3aMEHUTH U3YUEHUE PSANA aKyCTUIECKUX 33039
PacCMOTPEHNEM 5KBUBAJIEHTHBIX 3JIEKTPUYIECKUAX CXEM.

Meron momobusi B mociienHee BPeMsl HAIes] OOJBIIOE IPUMEHEHUE B
MOOENUPYIOIINX CUETHO-PEIIAIONTNX YCTPONCTBAX, B KOTOPBIX IJIS pellle-
HUS YPABHEHUS, COOTBETCTBYIOIIEr0 KAKOMY-I00 GU3niecKoMy Ipoueccy,
CTPOUTCS YKBUBAJIEHTHAS HJIEKTPUIECKASI CXEMA.

D Cm.: ®ypanyes B. B. Dnexrpoakycruka. M.; JI., 1948.



JIABA III
YPABHEHWA ITAPABOJIMYECKOI'O TUAITA

YpaBHEHUS C YACTHBLIMK [IPOW3BONHBIMU 2-IO MOPsIOKA Iapabosmmde-
CKOr0 TUIa HaumboJlee JacTO BCTPEUAIOTCS IPU U3YUEHUU IIPOIECCOB Te-
mronpoonuocTy u quddysuu. [Ipocreiiee ypaBuenne mapaboInIecKoro
THUIA

Ugg — Uy =0 (y = a’t)

OOBIYHO HA3LIBAIOT YPABHEHUEM TENIONIPOBOLHOCTH.

§ 1. Ilpocreiiimme 3agaun, TPUBOLALINE K yPABHEHUAM
napa6osmueckoro tumna. IlocranoBka KpaeBBIX 3azav

1. JIuneitHas 3amada 0 pacIpoCTPaHEHNN TeIia. PaccMoTpuM
ONHOPONHBIN CTEPKEHDL JJIMHEL |, TEIIOM30IMPOBAHHEIN ¢ GOKOB U MOCTA-
TOYHO TOHKUIT, YTOOEI B OO0 MOMEHT BPEMEHH TEMIIEPATYPY BO BCEX TOU-
KaX IOMEePEYHOro CeYeHN MOXKHO ObLIO CUNTATL ONMHAKOBOM. Kl KOHITEL
CTEPKHS MONNEPKUBATE TIPU TIOCTO-
AHHBIX TEMIIEPATYpPax u; W Uz, TO, U
KaK XOPOIIIO U3BECTHO, BIONb CTEPXK-  ug
HS yCTAHABIMBACTCS JIMHEHOE pac-
npenenieHne TeMeparypsr (puc. 36)

u(:l:):ul—l—gx. (1)

u2

[Ipu 3TOoM OT GoTIee HATPETOTO K Me- !

Hee HArPeTOMY KOHIIY CTEPXKHsS Oy- Puc. 36

et meperekars Temno. KomuuecTso

Temia, MPOTEKAIIee Uepe3 CeueHue CTEPXKHs IIomanu S 3a eTUHUILY
BPEMEHU, NAETCS HKCIIEPUMEHTAIBLHON HOPMYIIOn

U — Ul ou

=k 2—28§=—k=—S 2
roe  k—xo>DPUIMEHT TerIonpOBOMHOCTY, 3ABUCSIIUN OT MAaTEPUaJIa
CTEepKHS.
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Benmuunna TEnmOBOro moTOKa CUNTAECTCS MOJOXKUTEILHON, €CITU TEILI0
TedeT B CTOPOHY BO3DACTAHUS .

PaccmoTpuM mporece pacipoCTpaHEHUs TEIIa B CTEPKHE. DTOT IMPO-
1ecc MoxeT ObITh onucad byHkumel u (z, t), IPencTaBILIOLEeN TeMIepa-
Typy B CeueHUu I B MOMEHT Bpemenu t. Halimem ypaBHEH©e, KOTOPOMY
MOJXKHA, YIOOBJIETBOPATE Gyukuusa u (z, t). Iima sToro chopmynupyem du-
3UYeCKre 3aKOHOMEDHOCTH, OIPENEIISIONINe IIPOLECCH, CBS3aHHLIE C PAacC-
TIPOCTPAHEHUEM TEIIA.,.

1.3akoun ®ypbe. Ecau Temneparypa Tena HEpABHOMEPHA, TO B HEM
BO3HUKAIOT TEINIOBLIE IIOTOKW, HAIIPABJIEHHBIE M3 MeCT ¢ 60Jlee BBICOKOM
TeMIIEPATypPOl B MecTa C Dojee HU3KON TeMIepaTypOou.

KoanuecTBo Temna, mporekaroiee uepe3 CeYeHre I 33 IPOMENKYTOK
Bpemenu (¢, ¢t + dt), paBHO

dQ = ¢S dt, (3)
roe
ou
q=—k(z) p (4)

— MJIOTHOCTH TEIJIOBOTO MOTOKA, PABHAS KOTUYIECTBY TEILIa, IPOXOMSIIErO
33 eOWHWIYY BPEMEHH depe3 IWIomanb B 1 cM2. DTOT 3aKOH MpENnCTaBIi-
et obobuenue dhopmyist (2). EMy MOXHO Takxke IpumaTh MHTErPAILHYIO
dopmy:

to
ou
Q:—S/ka(x, £ dt, (5)
t1

roe () —KOIMYECTBO TEIIa, MPOTEKAOIIEe 33 IIPOMEXYTOK BPEMEHU
(t1, t2) uepes ceuenue z. Ecmu crepxkennb HeomHopomeH, TO k sABIsgeT-
cs QyHKOUER .

2. KonmnuecTBo Temia, KOTOpoOe HEOOXOMUMO COOOIIUTL OMHOPOMHOMY
Teny, YTOOBI MOBLICUTD €r0 TeMIEepaTypy Ha Au, paBHO

Q = cm Au = cpV Au, (6)

rge ¢c— yOenbHas TeIJIOeMKOCTBb, 11— MacCa Tela, p— ero IIIOTHOCTb,
V — obbeMm.

Ecnu nsmenenune remmepaTypsl IMEET PA3IMYHYIO BEJINYNHY HA, Pa3-
HBIX YYaCTKaX CTEPXKHS WU €CIIU CTePXKEeHb HEOONHOPONEH, TO

Q= /cpS Au (1) dz. (7

3. BuyTpu cTepxHs MOXET BOBHUKATH WM IIOTNIOIIATHCS TEIIO (Ha-
IpUMep, NPU IPOXOXIEHUN TOKA, BCIEACTBUE XUMUUYECKUX DPEAKINN u
T. 1.). Beigenenue Temia MoxeT GBITH OXapaK TEPU3OBAHO OOBEMHON IIOT-
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HOCTBIO TEIVIOBHIX MCTOUHMKOB F (1, t) B Touke x B MomeHnT t1). B pe-
3yIbTATe NEHCTBUS 3TUX UCTOYHUKOB HA yUaCTKe CTepXHs (T, T +dx) 3a
IpPOMEXyTOK BpeMeHu (¢, t + df) BBIIENUTCSA KOIUYECTBO TEILIA,

dQ = SF (z,t) dz dt, (8)
WY, B MHTETPDAIBLHON (opMme,
ty xo
Q:S//F(t,:v)d:vdt, 9)
ty zy

rze () — KOJIMYeCTBO TEIlIa, BELAEISIOIIETr0Cs Ha, yIaCTKe CTePKHsL (L1, T2)

38 TIPOMEXYTOK BpeMeHu (i1, ta).
Y paBHEHUIE TEIIONPOBOLHOCTH [TOJLy 9aeTCs IPK moacueTe OanaHca Te-
18 Ha HEKOTOPOM OTpe3ke (1, L2) 3a HEKOTOPBIU IPOMEXYTOK BDEMEHU

(t1, t2). TpuMeHsis 32KOH COXPAHEHUS SHEPIUU U MONB3YICh (GOpMysiamu
(5), (7) u (9), MOXHO HAIKLCATH PABEHCTBO

to zg to

/ k%(x,r) Ou _ dr+//F(§,T)d§dT:

— k5= (fE, T)
ty zy t1

or

T=x9

T2

= /cp [u (€, t2) —u (&, t1)]dE, (10)

T
KOTOPOE U MPENCTABISIET YPABHEHUE TEIIONPOBONHOCTUA B MHTErPAIILHON
dopme.
YTo0bI NOIyYNTH YPABHEHUE TEINIONPOBONHOCTU B nuddepeHnaiib-
HOIl (opme, npenmonoxuM, 94To GyHKIWS U (T, ) AMEET HenpepLIBHBLIE
IPOMBBOLHEIE Uzy U Up D).
[onb3ysice TeopeMoit O cpenHeM, MOIYyJIAEM PABEHCTBO

Ly Iy

9z 9z At+F($4, t4) Az At =

T=xI2 T=T]

T=t3

~{ouew-ue ) A a

§=w3

b Ecnu, HanpuMep, TENIIO BHIZIENIETCS B Pe3yJIbTAaTe MIPOXOXAECHUS SIIEKTPU-
YeCKOTr'0 TOKA CUJIILI I IO CTEPXKHIO, COMPOTUBIIEHNE KOTOPOTO HA €IWHUITY IITMHBL
pasuo R, To F = I°R/S.

2) Tpebys nuddepenumpyemoctu bynkumn u (z, t), MBI, BOOOIIE TOBOPS, MO-
XKeM [OTEPSTDH DS BO3MOXHBIX DEIIEHU, yIOOBIIETBOPSIONIAX WHTErPAIILHOMY
yPABHEHUIO, HO HE yIOOBIEeTBOPsonmx qubdepernuaibaoMmy ypasaenuio. OqHaxo
B CIIydYae ypaBHEHWU TeIIONPOBONHOCTH, TPebys muddepeHnmpyeMocTn pelre-
HUS, MBI GaKTHUIECKN HE TePseM BO3MOXHBIX PELIeHNN, TaK KaK MOXHO T0OKa3aTh,
uT0 ecym GyHKIUS yoosiaeTBopser ypasaeruio (10), To oHA 06513aTEIBHO NOIKHA
6pITh nuddepeHIIupyeMon.
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KOTOpPOE IPU MOMOIIM TEOPEMEI O KOHEUHLIX MPUPAIICHUIX MOXKHO IIpe-
06pa3oBaTh K BULY
0 ou ou
— |k =— (z,t Ax At + F(zg,ty) Az At = |cp — (z,t Ax At
C{)CE'|:8,’L'(,):|I=$5 (474) |:p8t(’):| )
t=tx
(12)
roe t3, ta, t5 U T3, T4, Tz — OPOMEKYTOUHBIE TOUKYM UHTEPBAJIOB (t1, t2)
n (CL‘l, 1'2).
OTcroma mociie cokpalleHns Ha npoussencHne ArAt HaxomuMm

0 i ou . ou
oz \" oz =P ot
Bce sTu paccyxmeHus OTHOCATCS K IPOU3BOIILHEIM IIPOMEXYTKaM (Z1, T2)

u (t1, t3). Ilepexons k mpemeny npu 1, T2 — T W t1, to — t, OOIydIUM
ypaBHeHHe

+ F (z, t) (13)

T=5 T=Tq t=ts '
t=t3 t=tq T=T3

9 (k%> + F (z, t):cp%, (14)
0x 0x ot
HA3BIBAEMOE YPABHEHUEM TEUNJIOIPOBOMHOCTU.

PaccMoTprM HEKOTOpPBIE YACTHBIE CITYJaN.

1. Ecaz crepxens onHoponeH, TO k, ¢, p MOXHO CUMTATH IIOCTOSIH-
HBIME 1 ypaBHeHue (14) oObIYHO 3aMUCHLIBAIOT B BUIE

ut = a’ugy + f (2, t),

k F(z,t)
2 ’
a = —, f (.CL', t) = ’
cp cp
rme a2 — HOCTOSHHAS, HA3LIBAEMAI K05 (D DU UEHTOM TeMIEepaTy-
pounposBonuocTu. Ecnu ucrounuku orcyrcrByor, T. €. F (z, t) =0,
TO YpPaBHEHUE TEIIONPOBOAHOCTY IPUHUMAET MIPOCTOM B
Ut = A2 Uyy. (14"
2. II7TOTHOCTE TEHIOBBIX MCTOYHUKOB MOXKET 3aBUCETH OT TEMIEepa-
Typel. B cioydae TemmooOMeHa ¢ OKPYXKAIOLIEH CPENOil, HOMIMHSIOIIErOCs
3ak0Hy HbOTOHA, KOIMUECTBO TEILIA, TEPAEMOro crepixHeM )
CUNTAHHOE HA, €MUHUITY IJIUHLI U BPEMEHU, DABHO

Fg =h (U, — 0),
roe 6 (z, t) — TeMmepaTypa OKpyXarolen cpembl, h—kKoddbunumes

Tennoobmena. Takum o6pa3oM, MIOTHOCTH TEMJIOBBIX MCTOYHUKOB B
TOUYKE & B MOMEHT { DaBHA

F=F(z,t)—h(u—20),

, pac-

1) HOCKOJII:»Ky B HallleM IIpI/I6JII/I)KeHI/II/I HE YUYUTBIBACTCSI pacCIpenesieHue TeM-

nepaTypsl II0 CEYEHUI0, TO nencTBue IIOBEPXHOCTHBIX UCTOYHUKOB 3KBUBAJICHTHO
OEeACTBUIO0 O0BEMHBIX MCTOYHUKOB TEILJIA.
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roe Fi (z, t) — IIOTHOCTH OPYTUX MCTOYHUKOB TEILIA.
Ecnu crepxenb omHOPOnEH, TO ypaBHEHNE TEIIONPOBOTHOCTH ¢ GOKO-
BBIM TEIJIOOOMEHOM MMEeT CJIEHYIOLTUN BUIL:

U = a*Upy — au + f (z, t), (15)

F; t
+ 1 (CL‘, )
cp

h
roe a = —; f(z,t) =afb(z,t) — m3BecTHAS DYHKIAS.
cp

3. KospdpuumenTrr k u ¢, Kak IpPaBuUio, SIBISIFOTCS MEIJIEHHO MEHSIIO-
wrMucs GyHKuusaMu TeMrneparypsl. [losTomy cremanHoe BhIIE IPEnoio-
KEHWE O TIOCTOSHCTBE 3TUX K03(hOUIINEHTOB BO3MOXHO JIUIIE IPU YCIOBUN
paccMoTpeHus HeOOIbIINX MHTEPBAJIOB U3MEeHeHusI TeMrepaTypsr. U3yqe-
HIE TEeMIIEPATYPHBIX IPOIECCOB B OONBIIIOM MHTEPBAJE N3MEHEHUS TeMIIe-
paTyp ONPUBOOWUT K KBA3WIWHENHOMY YPaBHEHHIO TEILIONPOBONHOCTH, KO-
TOpOE LI HEOMHOPOIHON CPEeNbl 3aIIUIIEeTCS B BUIE

a% <k(u, a:)%) + F(z,t) =C(u, ) p(u, x)%

(cm. Hpunoxenue I1T).

2. YpaBHenue nudodysuu. Ecnu cpema HepaBHOMEDPHO 3aIIOTHEHA,
rasom, To umeeT MecTo quddy3us ero u3 MecT ¢ 6osee BLICOKON KOHIIEHTPa-
Ureil B MECTa, C MEHBIIEH KOHIIEHTPAINER. DTO XKe SIBJICHIE UMEET MEeCTO
¥ B pacTBOPAX, €CIU KOHIIEHTPAIIWS PACTBOPEHHOI'O BEIECTBA B 0OBEME
HEIIOCTOSIHHA.

Paccmorpum mporece nuddy3uu B mosmoi TpyOKe Uiau B TPyOKe, 3a1I0IT-
HEHHOU IIOPUCTOMN CPenol, MPenIoiaras, IYTo BO BCIKIU MOMEHT BPEMEHU
KOHIIEHTpamus ra3a (pacTBOpa) MO CeueHU0 TpyOku ommHakosa. Torma
npouece nuddy3un MoXeT ObITh onucan GyHkumer u (z, t), IpencTasis-
IOmel KOHIIEHTPAN X0 B CEUEHUM T B MOMEHT BDEMEHU t.

Cornacuo 3akouy HeprcTa Macca rasa, npoTekarolias uepes ce-
YeHue T 3a IPOMEXyYTOK Bpemenu (i, t + At), paBHa

dQ = —D%(x, t)Sdt =WSdt,
ox
ou
=-D— 1
roe D — xoshduument mubdysuu, S — miomans cedeHus TPyOKw,

W (z, t) — mmoTHOCTH AUddY3UOHHOTO MOTOKA, PABHAS MACCEe rasa, mpo-
TEKAIOLIEro 3a COVMHNIY BPEMEHN 4YePE3 €qUMHUILY IIJIOIIAOM.
1o ompeneneHno KOHIEHTPAIT, KOTIMIECTBO Ta3a B 06beMe V' paBHO

Q=uV;
OTCIONA TONly9aeM, dYTO M3MEHEHWE MACCHI rasa Ha yJacTKe TpyOKm
(z1, T2) Upu M3MEHEHUU KOHIEHTpanuu Ha Au PaBHO

T2
AQ = /c(x)Au-de,
T

13 A. H. Tuxonos, A. A. Camapckuit
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rme ¢(z) —kosddunument mopuctocTul.
CocraBuM ypaBHeHZe GajlaHCAa MacChl ra3a Ha ydacTke (Tp, Ta) 3a
IPOMEXYTOK BpeMeHu (t1, t2):

ou

S/ {D (22) % (22, 7) = D (a1) 5 (a1, 7_)} i

T2

=5 / ¢(€) [u (€, t2) — u (€, 1)) de.

r1

Orcrona (cp. ¢ m. 1) nosyuum ypapHeHnue

0 ou ou

— | D— | =c—+, (17)

Oz Oz ot
sBisromeecss ypaBHeHueM auddysuun. OHO BIONHE AHAIOTUIHO
YDPABHEHUIO TEIIONPOBONHOCTHU. IIpy BEIBOKE 5TONO yPAaBHEHWs MBI CUM-
Tany, 9TO B TPyOKE HET MCTOYHUKOB BEIIeCTBa U Auddy3us 4epes CTeHKH
TPYOKM OTCYTCTBYET. Y UET S5TUX SIBIICHUI IPUBOAUT K YPABHEHUSIM, CXOL-
HBIM ¢ ypaBHeHusMu (14) u (15) (cm. ro. VI, § 2, m. 3).

Ecnu kosdpdurnment nuddysun mocrosueH, TO ypaBHeHue nuddy3mm
MIPUHUMAET BUL

2
Ut = 0 Ugy,

roe a®> = D/ec.
Ecmu kosddumnment mopuctoctu ¢ = 1, a xosbdunueHt nuddy3um
TIOCTOSIHEH, TO ypaBHeHue nqudy3nn uMeeT BUL

U = Dg,.

3. PacnipocTpaHeHue Telwia B IIpocTpaHcTBe. Ilpomece pacmpo-
CTPAHEHMs TEIJIa B MPOCTPAHCTBE MOXKET OBITH OXaPaKTEPU30BAH TEMIIE-
parypoit u (z, y, z, t), ABIAIOWIENACS GYHKIMEA T, Y, Z2 U L.

Ecnr TemnepaTypa HENOCTOSHHA, TO BO3HUKAIOT TEINIOBBLIE MOTOKM,
HAIIPABIIEHHBIE OT MECT C HOJIee BLICOKOM TEMIIEPATYPOI K MecTaM ¢ bosee
HU3KON TeMIIEPATyPOH.

IIycte do — mekoTopas miomanka B Touke P(£,n, () ¢ HOpMaIbLIO n.
KonmuuecTso Temna, npoTekalomee yepes do B €OWHUILY BPEMEHH, COTIIAC-
HO 3aKOHY Pypbe paBHO

ou

Wy do = (Wn)do = —k n

do,

1 KosddpuumenTom mopucTocTr Ha3BIBAETCS OTHOIIEHWE OOBEMa IOP K IIOJI-

HOoMy o6bemy Vp, paBHOMY B HameMm ciyudae Sdz.
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ou

an

roe k—x03pPUIreHT TemIonpoOBOIHOCTH, — IIPOM3BOLHAS IIO HAIIPa-

BJIGHUIO HOPDMAJII N K do, paBHAS

ou U ou ou
" cos(n, z) + 3 cos(n, y) + 9 cos(n, z) = (gradu, n).

3akon Pypbe UacTo 3amUCHIBAIOT B HOpME
W = —kgradu,

rme W — BEKTOp IJIOTHOCTH TEIJIOBOTO MOTOKA.

Ecmu cpema msorpomnnas, To k ecTh ckamsap. B ciayuae ammsorporr-
HOW cpenbl k eCTh TEeH30p, & BEKTOP TEIJIOBOrO MOTOKa W MpPENCTaBIIsIeT
coboit mpouseenenue Ten3opa k Ha BekTop — gradu. Mer 6ymem paccma-
TPUBATH TOJILKO U30TPOIHBIE CPEMHI.

[lepeiineM kK BBIBOMY ypPABHEHUS TEIIONPOBOMHOCTY B IPOCTPAHCTBE.

PaccmoTpum HekoTOpPBIR 06BeM V', OrpAHUYEHHBIN TOBEPXHOCTHIO S,
Ypasuenue 6anamca Temmna oig oobema V' 3a Bpema At = ty — t; umeeT
BUI

ﬂ/cp[u( ,tz) u(lytl)]d[/P =
\%
tl/dt/g n /dt /V//l (P, ydve |, (18)

t1

roe P = P(&, n, () — Touka unrerpuposanus, dVp = d€ dn d{— snement
obbeMa, Cp— TeIIOEMKOCTH eNUHUIIEI 0O0bema, W, — HOpMasbHAs COCTa-
BIISIIOIIAS TNIOTHOCTH TEINIOBOTO MMOTOKA. DTO yPABHEHNE BEIPAKAET 33KOH
coxpaHeHus Temya B o0beme V' 3a Bpemsa Af: U3MEHEHUE KOIUIECTBA Te-
wria B obbeme V' 3a Bpems At =ty —t; (seBas wacts B (18)) obycnosne-
HO MOTOKOM TEIIA Yepe3 MPAHUYHYIO TOBEPXHOCTHL S (mepBoe craraeMoe
B mpaBoil yactu pasBeHcTBa (18)), a Takxke KOIMYECTBOM TeIUIA, BHLIE-
suBIIMMCS B 00beme V' 3a Bpems At B pesyinbTaTe NEACTBHUS TEILIOBLIX
UCTOYHUKOB.

Yrobel mepeiiT OT WHTETPAJLHOTO ypaBHEHUS OajlaHca K maud-
(hepeHInaIbHOMY YPABHEHUIO, TPENNONoXuM, uro dyukuus u (M, t) =
=u(z,y, z,t) nBaxnel nubdepeHnupyemMa mo I, Yy, z U OLUH Pa3 IO
t ¥ 9TO 5T MPOM3BOMHEIE HEMPEPLIBHEL B paccMaTpuBaemoit obmactu. To-
IJ1a MOXHO BOCHONB30BaThCs hopmymnoit Ocrporpanckoro— Caycca

/S/Wnda:/‘[/dideV

13*
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u peobpa3oBaTh ypaBHEHME OaIaHCa K BULY

///cp[u(P’t2)_u(P:t1)]de =
\7%
_ _Z/V//dideVdej/V//F(R ) dV dt.

(Bymem npenmonarars F' (P, t) HenpepblBHOI (HYHKIUEH CBOUX apryMeH-
TOB.)

[IpumeHss TeopeMy O CPEOHEM W TEOPEMY O KOHEUHLIX MPUPAIICHUIX
71T QYHKIIIIA MHOTHX MEPEMEHHBIX, MOTYIaeM

ou
cp 8_

At-V,
t

At-V = —-divW At-V+F
t=t3 t=ty4 t=ts5
P=P; P=Py P=Ps

roe t3, t4, t5 — IPOMEXyTOUHBIE TOUKU Ha unTepBajie At, a Py, P, P3—
Touku B obveme V. Dukcupyem mekoropyio Touky M (z,y, z) BHyTpH
V u 6ynem crarueath V B 5Ty TOUKy, a At ycTpeMisaTs K Hymmo. [locme
cokpamenus Ha AtV u yKasaHHOTO IPENENBEHOTO MEPEXOMA, MOy UM

Cp% (ZL’, Y, 2, t) = —diVW(l‘, Y, 2, t) +F($7 Y, 2, t)'

Samensss W o dopmyiie W = —kgrad u, nomyuum nuddepeHInaibHoe
YPaBHEHUE TEIIONPOBOTHOCTH

cpuy = div(k gradu) + F,

0 ou 0 ou 0 ou
Cput—a<k%>+a—y<ka—y>+&<k&>+l’j.

Ecnu cpena omHOpOnHAa, TO ATO ypaBHEHME OOBIUHO 3AINCLIBAIOT B BUIE

nim

2
Ut = a (’U/mg +Uyy +uzz) + —,
cp
2 _
roe a® = k/cp— k0abduuyenT TeMiuepaTyponpOBOLHOCTH, HILK
F
ur =a’ Au+ f f=—1,
cp
0? 0? 0?
0x2  0y? 022
4. IlocraHoBka KpaeBbIX 3amad. lns BolmegeHUs] eMUMHCTBEHHOIO

peueHnda ypaBHEHUA TENJIOIIPOBOOHOCTHT HeoOXOmUMO K YPaBHEHUIO IPUCO-
COUHUTH HaYaJIbHBIE I 'DAHNYHEBIE YCJIOBUA.

rme A = — omeparop Jlammaca.
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HauanpHOE ycimoBUe B OTIUYME OT YPABHEHUS TUMIEPOOIMYIECKOTO TH-
& COCTOUT JIAIIb B 33JaHUM 3HAYeHUin byHkuuu u (z, t) B HAYAJILHBINA
MOMEHT .

I'panwunere ycnoBust MOTyT OBITH PA3JIUYHBLI B 3ABUCUMOCTHU OT TEM-
[IEPATYPHOTO PEXUMA HA IPAHUIAX. PAcCMaTPUBAIOT TPU OCHOBHBIX THUIIA
TPAHUYHBIX YCJIIOBUN.

1. Ha xouue crepxus r = 0 3amana teMmmneparypa

u(0,1) = p (),

roe p(t) — QyHKIMA, 3a[0aHHAA B HEKOTOPOM NpOMEXyTke to <t < 7T,
(T — MoMeHT BpeMeHH, 4O KOTOPOrO U3YYAETCS IPOLECC).
2. Ha xonne z = 3amaHo 3HaYeHUE IPOU3BOMHON

ou

K 5TOMYy yCroBuio MEI IPUXOMUM, €CITHA 330aHA BEIIMIMHA, TETIIOBOTO TIOTOKA,
Q (I, t), nporekaoIIero uepe3 TOPLEBOE CEYEHNE CTEPIKH,

ou
Lt)y=—k—(,t
Q(l, 1) 7 b 1)
Ou
OTKYZA - (1, t) =v (t), roe v (t) —usBecTHAS DYHKIWS, BEIPAKAIOIIAICS

uepes 3amaHubl noTok Q) (I, t) dopmymoit

vy =200,

3. Ha koune x = 3amaHO JIMHENHOE COOTHOIIEHNE MEXIY TPOU3BOI-
HOU n (pyHKINEN

ou
g (b1 = =A@, ) -0 ).

OTO IrpaHMYHOE YCJIOBUE COOTBETCTBYET TEILNIOOOMEHY MO 3aKOHY HbioTo-
Ha Ha [IOBEPXHOCTH TeJIa C OKPYKAIOLIEH CPeIoil, TeMIepaTypa KOTopoi
m3BecTHA. 110B3ysACh IBYMSI BEIPAXKEHUSIMI [IJISI TEIFIOBOIO [TOTOKA, BEITE-
KaIoIIero uepes ceuenne r = [:

Q=h(u-0)
ou
Q:_k%7

IOJIy4aeM MaTeMATUUIECKYI0 (GOPMYJIUPOBKY TPETHETO I'PDAHUIHOTO YCJIO-
BUs B BUIE

ou
% (l’ t) = —A[’U, (l, t) - a(t)]a
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roe A = h/k—xosdduunent tenmoobMeHa, 6 (t) — HeKOTOpas 3amaHHASL
dyukuus. Tng xkouuna z = 0 crepxus (0, ]) Tperbe rpaHuYHOE yCIIOBUE
MEET BULO

ou
S (0,6) = Alu 0, 6) ~ 0 (0]
I'parurunrie yenopus npu £ =0 u £ = [ MOryT 6BEITH pa3HBIX THUIOB,
TaK YTO UHCIIO PA3IMIHBLIX 32024 BEJIIKO.
I[leprag KpaeBasg 3amavya OJIsg OTPAHUUEHHOTO CTEPXKHSA
COCTOHT B CIIELYIOIIEM.
Hatimu pewenue u = u (z, t) ypasnenus menionposoonocmu

up = a’u,e mpu 0<z<l, 0<t<T,

ydosaemeopaiou,ee Ycao8uim

u(z, 0) =¢(z), 0<z<l,
u(0,t) =p (), w(l,t)=p2(t), 0<t<T,

ede o (x), p1(t) u pe (t) —3adannvie Pynryuu.

AnanoruyHo cTaBaTCA U APYrUe KpaeBhle 3a1a4 ¢ PA3INIHBIMUI KOM-
OGuHanUaMYu KpaeBbix ycnoui mpu £ = 0 w = = [. Bo3MOXHLI KpaeBbIe
ycioBus 60jiee CII0XKHOTO THUIIa, YeM Te, KOTOPhIE ObLIM PACCMOTPEHEL BhI-
mme.

IIycTe Ha kOHIIE £ = (0 CTEPXKHS MOMEIEHA COCPENOTOUCHHAS TEII0-
emkoctb (7 (Hampmmep, TENO € GONBIION TEIIONPOBOMHOCTHIO, BCIEI-
CTBHE YETO TEMIEPATYPy MO BCeMy OOBEMY HTOTO TEJIa MOXHO CUNTATH
[OCTOSIHHON) U IPOUCXONUT TEILIOOOMEH CO BHEIIHEHl CPENOil [0 3aKOHY
Herorona. Torna xpaesoe ycmosue nipu © = 0 (BeIpaxkaroliee ypaBHEeHIE
TenyoBoro 6ajanca) OyaeT UMeTh BUI

Cl% :k% — h(u —up),
ot oz
rae ug— TeMIepaTypa BHENIHell Cpembl. DTO YCJIOBHUE CONEPKUT IIPOU3-
Bonuyto Ou /0t (wmu 0%u/0x?, eciu yaecTh ypaBHEHHE Up = A Ugy)-

Ecnu cpena meomHopomsa u KO3(h(MUIMEHTH YpPABHEHUS SBJISIOTCA
pa3peiBHBIMU DyHKIEAME, TO TpomexyTok (0,[), B KOTOpOM wmIercs
pellleHre 3ana4uy, pa3buBaeTca TOYKaMU pa3pbiBa KO3(D(OUIMEHTOB Ha He-
CKOJIBKO YacTell, BEYy TP KOTOPLIX (GDYHKIUSA % YAOBIETBOPIET YPABHEHUIO
TEMJIONPOBOMHOCTH, 8, HA, TPAHUIAX — YCIIOBUSM COMPSIKCHUS.

B npocreitieM cirydae 5TH yCIOBUS 3aKI0YAIOTCA B HEIPEPLIBHOCTH
TEMIIEPATYPEl U HEMPEPBIBHOCTY TEMIIOBOTO TTOTOKA!

U(l'i - 07 t) = U(ZL’l + 07 t):

ou %

k:(:L’i—O)—(:L'i—O, t):k:(:lj’i-f-()) 97 (:z:i+0, t),
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roe x; — TOYKU PA3pbIBA KOYPOUIIMEHTOB.

Kpome HasBaHHBIX 3meCh 3a[ad YACTO BCTPEYAIOTCS UX I[PEHeilb-
HBIe cydan. PaccMOTpuM mpoIece TemTonpOBOOHOCTY B OUEHb IIIMHHOM
crepxHe. B Teuenne He60IBIIOrO MIPOMEX Y TKA BPEMEHU BIIUSHAE TEMIIEDa-
TYPHOT'O peXUMa, 3aIaHHOIO Ha IDAHUIE, B HIEHTPAJIBHON YaCTU CTEPXKHI
CKa3bIBAETCS BECHbMA C1a00, 1 TEMIIEPATYPA HA ITOM yUaCTKE OINpENesseT-
Cs1 B OCHOBHOM JIMIIb HAYAJILHBIM PACIpeneleHneM TeMueparypel. B sTom
cilydae TOYHBIN yYeT IJIMHBI CTEPXKHS He UMeeT 3HAUEHUs, TaK KaK W3-
MEHEHUe IJINHBI CTePXKHS He OKaXeT CYIIECTBEHHOI'O BIIMSHUS HA TeMIIe-
pPaTypy MHTEPECYIOIIEro HAC YIACTKA; B 3a0a4aX MONOOHOTO THIA OOBIYHO
CUUTAIOT, UTO CTEPKEHb NMeeT OeCKOHEUHYIO AUHY. TakuM o6pa3oM, CTa-
BUTCSI 3ajada C HaYalbHBIMU ycioBusMu (3amada Kowmu) o
pacIpeneNeHNN TeMIepaTyphl Ha OECKOHEYHON IPSAMOU.

Hatimu pewenue ypasnenua menionposodnocmu 6 obaacmiu — 0o <
<z <oo ut>ty, ydosiemsopaiouee ycaosuio

u(z, to) =p(x) (—o0<z<+00),

ede p (r) —3adannag Pynryus.

Ananoruuno, eciim y4acTOK CTEPKHS, TEMIIEPATYPA KOTOPOTO HAC UH-
TepecyeT, HaXOOWTCS BOJIM3M ONHOTO KOHIA M NaJIEKO OT IPYroro, TO B
5TOM CIIydae TeMIIEpATypa MPAKTUYECKH ONPENesIseTCs TeMIePATyPHBIM
PEXMMOM OITM3KOr0 KOHIIA U HAUAJILHBIMU ycnnoBusaMu. B 3amatuax momo6HO-
O TUIa OOBIYHO CYUTAIOT, UTO CTEPXKEHD MTOJTyOECKOHEYEH U KOOPANHATA,
OTCUMTHIBAEMAs OT KOHIA, MeHsieTcs B mpeneinax 0 < z < oo. Ilpusenem
B KauecTBe npuMepa HOPMYINPOBKY IE€PBON KPAaeBOW 3amXavun I
NOoNybEeCKOHEUYHOTO CTEP XK HS.

Hatimu pewenue ypasuenus menionposodwocmu 8 obaacmu 0 < z <
< oo ut>ty, ydosaemsopsowee ycaosuam

’U,(CE, tO) :(p(x) (0<$ <OO)7
U(O, t) = p,(t) (t > tO):

ede o () u p(t) —3adannbie PyrnrKyuu.

[IpuBenennsie BhIIE 330a9M IPEACTABISIIOT COOOW IPENENbHBIN CITy-
yall (BBHIPOXK I EHUE) OCHOBHBEIX KDAEGBHIX 3a0a4. BO3MOXHEI IpenenbHbIe
CJIy4au OCHOBHOU 33[a4Yl U APYLOrO THIIA, KOTLA MPEHEeOPEeraT TOYHBIM
YUIE€TOM HAUAJbLHBIX YCJIOBUH. BnusHue HaUaIbLHBIX YCIIOBUA IIPU PACIPO-
CTpaHEHUU TeIIa MO CTEPXHI0 OcliabeBaeT ¢ TeueHumeM Bpemenu. Ecmu
MHTEPECYIOIN HAC MOMEHT IOCTATOYHO YIaJeH OT HAYAIILHOrO, TO TeM-
IepaTypa CTEPXKHS NPAKTUIECKN ONPENeITSIeTCs TPAHNYHBIMU Y CIIOBUASIMU,
TaK KaK U3MEHEHUe HAYAILHBIX YCIOBUI He M3MEHUIIO ObI TeMIIepaTypPHO-
TO COCTOSIHUS CTEPXKHS B IIPENEIaX TOUYHOCTH HabmoneHus. B sTom cioydae
TIPAKTUUYECKA MOXKHO CUUTATDL, UTO ONBIT IPOMOIKAETCSI OECKOHEUHO, U
HaYaJIbHBIE YCIOBUS TEM CAMBIM OTIIANAOT.

Taxum 06pa3oM, MBI IPUXOOUM K KDaeBBIM 3amadaM 6e3 Ha-
YalbHBIX YCIOBUM.
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Hatimu pewenue ypasnenud menaonposoonocmu dag 0 <z <1 u
— 00 < t, ydosaemsoparowee Yycio8uIMm

u (0) t) = M1 (t)a
u(l, 1) = pa (t).

B 3aBucumMocTE OT XapaxTepa FPAHIYIHOTO PEXKUMA, BO3MOXKHEL U IPY-
rue BUOEL 33034 0663 HAYAIBHBIX yCIIOBUIL.

Becema, BaxxHOU aBiseTcs 3amada 6e3 HAYATBHBEIX YCIOBUN IS MTOITY-
6eckoreunoro crepxus (I = 00), korga TpebyeTcs HANTHU PeLIeHre ypaB-
HeHus TemnonpoBonHocTy nnnsd 0 < z < 00, t > — 00, YIOOBIETBOPSIOIIEE
yCIIOBUIO

u(0,1) = p (),

roe p(t) — 3amaHHas QyHKIU.
Haubosee uacTo BCTpedaroTcs 3amadm (€3 HAUAIbHBEIX YCJIOBUM MpU
NEPUOANIECKOM TPAHUIHOM DEXKIME

w(t) = Acoswt

(cm. ITpunoxenne I x ro. IIT).

EcTecTBeHHO CUMTATH, UYTO MO MPOIIECTBUU OOJBIIIOTO MPOMEXYTKA,
BPEMEHHI TeMIlepaTypa CTEPXHs IIPAaKTUYECKU TaKXKe MEHSeTCs IO IIepu-
OMUYIECKOMY 3aKOHY C TOH e 4acToToi. OmMHAKO eCIu MBI 3aXOTHUM TOYHO
VUIUTHIBATH HAUAJIBHBIE YCIIOBUS, TO (DOPMAIILHO HUKOTZIA HE MOJIydNM IIe-
PUOONYECKOI'O0 PEIICHUA, TaK KaK BIIMAHNE HAYAJIBHBIX yC.]'IOBIfIfI XO0Tda n
Oymet ocnabeBaTh C TE€UYEHNEM BPEMEHU, HO B HYJIb He OOpDATUTCS; yUu-
TBIBATHh 3TO BIIAJIHUEC BBUOY omnbok Ha.6JIIOI[eHI/IH HET HUKaKOI'O CMBICJIIA.
PaccmaTpuBas mepuonmdeckoe perieHre, Mbl IpeHeOperaeM BIUSHIEM Ha-
YaJIbHBIX OAaHHBIX.

[TocTanoBKa KpaeBBIX 3a0at, U3JIOKEHHAS BBIIIE, OTHOCUTCS, KOHEUHO,
HE TOJBKO K YPAaBHEHUIO C TOCTOAHHBIMU KOB(i)q)I/IHI/IeHTa,MI/I. HOI[ CIIOBaMU
«YPaBHEHUE TEIIONPOBONHOCTI» MBI MOTJIX ObI IOHMMATHE JII000€ U3 ypaB-
HEeHU NpenbIoyImx myHKTOB.

ITomumo IIEPEYUCIICHHBIX BEBIIIE JIMHETHBIX KPaeBBIX 3ama4 CTaBATCA
TaKXe 3a0a491 C HeJINHENTHBIMI TPAHUYHBIMU YCJIOBUAMU, HAIPUMED BUOA

ou
k 7 (0, t) = o [u* (0, t) — 6*(0, t)].

OTO rpaHMYHOE YCIOBUE COOTBETCTBYET U3Iy4deHMi0 o 3akKOoHy CTe-
bama—bBonbumana ¢ ropua £ =0 B cpeny ¢ Temmepatypoit 6 (t).

OcranoBuMcs Gonee monpoGHO HA MOCTAHOBKE KPAEBBIX 3amad. Pac-
CMOTPUM IIEPBYIO KPAEBYIO 3a71a4y IJIsl OTPDAHUIYEHHON OOJIacTH.

Pemennem mepBo# xpaeBOH 3amaun OyneM Ha3bIBATH QYHK-
o u (z, t), obIALAONIYIO CIEAYIOUIMA CBONCTBAMIE:

1) u(z, t) ompeneneHa u HeMpPEPLIBHA B 3aMKHYTOU 06JIACTH

0<z<l, to<t<T;
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2) u(z,t) ymoBIETBOPSAET YPABHEHWIO TEIJIONPOBONHOCTY B OTKDHI-
TOI 0OJIaACTH

O<z<l, to<t<T;
3) u(z,t) ymOBIETBOPAET HAYAIBHOMY U "PDAHUYHBIM yCIIOBUSIM, T. €.
u(z, to) =@ (z), w(,t)=p(t), uw(l, t)=p2(t),

roe @ (z), p1(t), po(t) —HenpepoiBHBIE (GYHKIWUN, yIOBJIETBOPSIOLINE
YCIIOBUSM COMPSIKECHUS

@(0) =p1(to) [=u(0,to)] m @()=p2(to) [=ull, o),
HEeOOXONUMBIM I HEIPEPHIBHOCTU U (T, t) B 3aMKHYTOM OGIIACTH.

Paccmorpum mmockocTs $has3oBeix cocrosuuin (z, t) (puc. 37). B Ha-
el samade wminercs GyHkuusa u (x, t), ONpEeNeNieHHas BHYTDHU IIPIMO-
yromeuuka ABCD. Ora 061acTh ONpENenseTcst CaMoil TOCTAHOBKON 3a-
Iaul, TaK KAK M3YUIAeTCs MPOLECC PACIPOCTPAHEHUS] TEIIa B CTEPXK-
me 0 <z <! 3a mpomexyrtok Bpemenu top <t <7, B TeueHwe Ko-
TOPOTO HAM M3BECTEH TEIJIOBOW PEeXuM Ha Kpasx. Ilyctb to = 0; MBI
mpenmosaraeM, uro  u (x, t) ymoBie-
TBOpSIET ypaBHEHUIO0 TOJbKO mpu 0 < t
<z <l, 0<t<T, vo e npu t= ,_p2 C
=0 (cropona AB) u me mpu z = 0,
z =1 (cropousrt AD u BC), rme Ha-
YAJILHLIMUA M TPAHUIHEIME yCIIOBASAME
HEMOCPENCTBEHHO 33MAI0TCA 3HAUCHMUS

sTon dyukiuu. Eciu 661 MBI TOTPe6O- A B_ .
BaJIM, YTOOBI YPDABHEHUE YIOBIIETBOPSI- o =1
J0ch, HanpuMmep, npu t = 0, TO >TUM Puc. 37

MBI TOTPeO0BaIK OBI, YTOOBI CYIIECTBO-

Basia npousBonHas @' = U, (z, 0), Bxomsias B ypaBHeHue. DTuM TPe6O-

BAQHUEM MBI OTPAHNYMNIN ObI 00GJIACTH M3YUAEMBIX (DU3MIECKUX SIBJICHUIA,
UCKJTIOYUB U3 PACCMOTPEHUs Te GYHKINUM, IS KOTOPBIX YTO TPeOOBAHUE
He BBIIOJIHAETCS. ¥ cioBue 3 6e3 MPEeAOIOKeHus HeIPEPLIBHOCTY U (T, t)
B obmacty 0 <z <!l, 0<t<T (T. e. B 3aMKHYTOM TIPAMOYTOJILHUKE
ABCD) unu xaxoro-nu6o Apyroro yciloBys, 3aMEHSIIOIIEr0 9TO IPEAIOI0-

XKEHIE, TepsieT CMbICT 1),
HeiicTBurensHO, paccMoTpuM GYHKIUO v (Z, t), ONPENEeNIEHHYIO Clie-
OYIOUTUM 06pa3oM:

c O<z<l, 0<tLT),
v(@ 0)=p@@)  (0<z<),

7

7

1) Huxe 6ymyT PacCMOTDEHBI KPDAeBbIE 3ala4Yl C Pa3PBIBHBIMU 'DAHUIHBIMU
¥ HAaYAIBHBIME ycsoBusaMu. st sTux 3amad OymeT yTOYHEHO, B KAKOM CMBICTIE
TIIOHUMAEeTCs BBIIIOTHEHNEe I'PAHUYIHBIX YCIIOBUU.
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roe C' — npousBonbHas nocTOsHHAA. DyHKIUA v (2, t), OYEBUNHO, yIOBIIE-
TBOPSIET yCJIOBUIO 2, & TaKXe IPAaHMYIHBIM ycioBusM. OmHaxko sTa QyHK-
U He MPENCTABJIAET MPOLECCa PACTPOCTPAHEHUS TEIIa, B CTEPXHE Ipu
HaJaJlbHOI TemuepaType ¢ () # C' 1 rpaHuYHBIX TeMrepaTypax i (t) #
#C u us (t) # C, Tak kak ona paspeBHa iput t =0, £ =0, z = [.

HenpepuisrocTs dyukuun u (2, t) mpu 0 < z <I, 0 <t < T creny-
€T |3 TOro, 4TO 5Ta (HYHKIWs yIOBIETBOPSET ypaBHeHuI0. Taxum obpa-
30M, Tpebosanue HenpepwBHOCTH U (%, t) mpu 0 <z <, 0Kt < T, no
CYIIECTBY, OTHOCHTCS TOILKO K TEM TOYKAM, IE 3aMal0TCS TDAHUIHEIE
U HAYAJBHBIE 3HAYEHWS. B MAIbHENIIEM MBI MO BEIPAXKEHUEM <PEIICHUE
YPABHEHUS, YIOBJIETBOPSIOIEE TPAHNIHEIM YCIOBAAM, OyIeM HOIPA3yMe-
BaTh (DYHKIINIO, YIOBJIETBOPSIOIIYIO TpeboBanuaM 1, 2, 3, He oroBapuBas
5TU YCJIOBUS KaXIBIA pa3, €CIX B 3TOM HET 0COO0M HEOOXOOUMOCTH.

AHanOrmYHO CTABATCS U NPYTUE KPAECBBIE 330491, B TOM YUCIIE 33,1891
Ha ODECKOHEUYHOM CTepKHe U 3aaaun 6e3 HAYaJIbHBIX YCIIOBUM.

Iisa 337089 C HECKOJIBKAMU HE3ABUCUMBEIMU TEOMETPUYECKAMU IIe-
PEMEHHBEIMEU BCE CKa3aHHOE BEIIIE COXPAHAeT Cwiy. B sTmx 3amadax
mpu t =ty 3a0A€TCS HAYAILHAS TEMIEPATypa, HA MOBEPXHOCTH TEa—
rPAHUYHBIE yCIIOBHsL. MOXHO PACCMATPUBATD TAKXKE U 330449l I GECKO-
HEYHOHN 0051acTH.

B oTHOmMEHNT KaxXmoi M3 MOCTABIIEHHLIX 3349 BO3HUKAIOT CIIEMYTO-
e Bopocsl (cp. ¢ ru. 11, § 2.):

1) enMHCTBEHHOCTH PEILEHUs MOCTABJIECHHON 33,1841,

2) CyIIeCTBOBAHUE DEILICHUS,

3) HenpepLIBHAS 3aBIUCUMOCTD PELIEHNS OT AONOIHUTEIBHBIX YCIIOBUI.

Ecnu nocTapnerras 3amaua MMeET HECKOIILKO PEIIEHNH, TO CJIOBA, €Pe-
[IEHUE 330a9U» HE UMEIOT OMPENeNIeHHOrO CMBICIIA. 110sToMy, mpexme aem
FOBOPUTH O PEIICHUN 331841, HEOOXOAMMO MOKA3ATh €r0 €IMHCTBEHHOCTD.
I mpaxTukm HambOIEe CYIIIECTBEHHBIM ABIISETCS BOMPOC 2, TaK KaK IIpU
IOKA3aTENbCTBE CYIIECTBOBAHUS PEIIEHns OOBIYHO MAETCS CIOCOD BEIUU-
CIICHUSI PEITICHNS.

Kak 6bu10 ormeuenno panee (cum. rit. II, § 2) o. 5), npouecc naswiBa-
eTCs QU3MIECKN OMPENETCHHBIM, €CIIA TPA MAJIOM W3MEHEHUN HAYAIILHBIX
U TPAHWYHBIX YCJIOBUIA 3aIa4Yd €€ PElIeHne MEHSEeTCS MAJo. B mabHei-
meM GymeT MOKA3aHO, YTO IIPOLECC PACIPOCTPAHEHWS TEINIa (DU3MIecKn
OTIPENEeNsAeTCS CBOMMI HAYAJILHBIMU U TPAHWYHBIMU yCITOBUSME, T. €. He-
GOJIBIIIOE M3MEHEHNE HAYAJILHOTO W FPAHUYHBLIX YCJIOBHU MAJO MU3MEHSET
CaMO pEILeHNE.

5. [IpuHOUNI MakKCHUMAaJILHOTO 3HAYeHUA. B manbreiimeM Mer Oy-
IIeM PacCMATPUBATEL YPABHEHNE C MMOCTOSHHLIMI KO3(DhunmerTamm

v = a®Vga + Bugs + YU.

Kak mbI Bumenu, 570 ypaBHEHUE OACTAHOBKOM

2
_ T+t _ /8 _ /3
v=e! U mpE p= =g, A= vy
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TIPUBOAUTCS K BULY
U = a2 Ugy.

HokaxeM ciienyromee CBOACTBO PEIIEHUN 3TOr0 yPAaBHEHUsI, KOTOPOE
MbI OyZIEM HA3LIBATH IPUHIUIOM MAKCUMAIBHOTO 3HAYEHU S

Ecau gynruug u (x, t), onpedesennad u nenpepuisnad 6 3amKuymot
obaacmu 0 <t <T u 0<z <1, ydosaemsopsem ypasuenuio menionpo-
8odnoCcmU

Ut = a’Usgq (19)

6 moukazx obaacmuy 0 <z <, 0 <t < T, mo MAKCUMAALHOE U MUHUMALD-
noe anauenud Ppynkyun u (z, t) docmuzanmes it 6 HaUALLHbLT MOMERM,
uau 8 mouke epanuybt £ = 0 aubo x = 1.

®dyukuus u (z, t) = const, OUEBUIHO, YAOBIETBOPSET YPABHEHUIO Te-
IUIONPOBONHOCTY K AOCTULAET CBOELO MAKCUMAJIBLHOIO (MUHMMAJILHOTO)
3HAUEHWS B J1000# Touke. OMHAKO 5TO HE MPOTUBOPEUUT TEOPEME, TaK
KaK U3 €e YCIOBUs CIEAYET, YTO €CIIU MAKCUMAJIbHOE (MUHUMAJIBLHOE) 3HA-
YeHUe NOCTUTAETCS BHYTPU OOIACTH, TO OHO TaKXe (& He TONBKO) MOIKHO
mocturaTbes win upu t = 0, wim npu = 0, win opu x = [.

dusmyeckmil CMEBICI 3TOU TEOPEMBI OYEBUIEH: €CIIM TEMIIEPATYpPa Ha
TFPAHWUIE M B HAYAJILHBLIA MOMEHT HE MPEBOCXOMUT HEKOTOPOTO 3HAYCHUS
M, To mpm OTCYyTCTBAEM MCTOYHUKOB BHYTPH TEJIA HE MOXKET CO3ITABATLCS
TemmepaTypa, 6énbimas M. OcTaHOBUMCS CHAUYAJA HA, MOKA3ATEILCTBE
TEOPEMEL [IJII MAKCUMAIILHOTO 3HAYEHMUS.

Ioka3aTenbCTBO TEOPEMEBI BEmeTCss OT mpoTuBHOro. OGo3HaYMM de-
pes M makcumasnbHOe 3Hauenue u (x, t) npu t =0 (0 <z < 1), wim upn
=0, mmopu z =1 (0<t<T)Y u gomycruM, 4TO B HEKOTOPOI TOU-
ke (zo, to) (0<zo <!, 0<tyg <T) dyukuus u (z, t) mOCTUTAET CBOETO
MAKCUMAJIBHOTO 3HAMEHUS, PABHOTO

u (zo, to) = M + €.

U Econu we IPENIoIaraTh HEMPEPHIBHOCTD « (I, t) B 3aMkHyTOI o6mactr 0 <

Lz <l 0<t < T, ro pynkums « (z, t) morma 6B HE HOCTUTATH CBOErO MAKCH-
MyMa HU B OZHOW TOUKe U NAJIbHEHIINe PAcCykAeHus Obuin Obl HEIPUMEHUMEL.
B cuimy TeopeMbl 0 TOM, UTO BCSKas HENPEpHIBHAs (DYHKIUS OOCTUTAET CBOETO
MaKCHMAJILHOTO 3HAUEHUS B 3AMKHYTOI OGIIaCTH, MBI MOXEM OBITH YBEPEHBI, UTO:
1) dyukoms u (z, t) docmuzaem maKcumMaabro20 3HAYEHUT HA HYKHEN wim 60-
KOBEIX CTODOHAX IPSIMOYTOJILHUKA, KOTOPOe MbI 06o3nauunu uepes M; 2) ecim
u (z, t) xoTa 6B B OmHOM TOuke Gosbme M, TO cymecTByeT Touka (xo, to), B
xoTopoit u (z, t) docmueaem MaAKCUMAALHO20 3HAYEHUL, TIPEBOCXONAIEro M:

u(zo, to) = M +¢ (e > 0),
npuyeMm

0<zo<l, 0<to<T.
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CpaBHUM 3HaKM JIeBO M IpaBoil wacTell ypaeHeHus (19) B Touke
(zo, to). Tak xax B TOuke (zg, tp) (DYyHKUUA DOCTUrAET CBOETO MAaKCHU-
MaJILHOT'O 3HaUEHUSI, TO HEOOXOIUMO, YTOObI

ou 0%u
— to) =0 — to) <0V, 20
or (.To, 0) n Oz ($07 0) X ( )
Hanee, Tak xak u (Zg, tp) HOCTUraeT MAKCUMAILHOIO 3HAYEHUs Ipu ¢ = o,
102
ou
a (,’L’g, to) 2 0. (21)

CpaBHUBas 3HAKM [IPABOI U JIEBOU 4acTu ypasHeHus (19), Mbl BUOUM, 4TO
ouu pazmuusbl. OMHAKO 5TO PACCYXKIEHUE €Ille He MOKA3LIBAET TEOPEMEL,
TaK KaK IIpaBas U JIeBas YaCTU MOTYT OBITH DAaBHBI HYJIIO, UTO HE BIIE-
geT 3a cobou mpoTuBopevnii. Mel npuBein 5TO paccy X aeHue, YTOOLI ICHee
BBIIEIINTH OCHOBHYIO UEI0 TOKA3ATENbLCTBA. I MOMHOro JoKa3aTeIbCTBA

. . 0%u ou
HaimeM TOuky (1, t1), B KOTOPOU 902 <0 m Fn > 0. Hua sToro pac-
T
CMOTPHUM BCHOMOTATENLHYIO (DYHKITAIO
v(z, t) =u(z, t) +k(to — t), (22)

roe k*HeKOTOpOG IIOCTOSHHOE YUCIIO. O‘{eBI/II[HO, qTOo
’U((E(), to) = u((E(), t()) =M+e¢

k(to —t) < kT

BriGepem k > 0 Tak, uro6sr kT 6bino MeHbine €/2, T.e. k < e/2T; Torma
MakcuMasbHOe 3HaveHue v (z, t) upu ¢t =0 wm npu z =0, z = [ ue 6yner
upesocxonuts M + /2, T. e.

v(x,t)gM-i—% (mpm ¢t =0, wm z =0, wn z = 1), (23)

TaK Kak [l 9TUX apryMeHTOB IIepBoe ciiaraemoe (Gopmyisl (22) me mpe-
BocxomuT M, a BTOpOE He Gonblie £/2.

1) IleitcTBuress o, Kak M3BECTHO M3 AHAJTM3A, JOCTATOHEIMI YCIOBUAMY IS
TOro, urobsl dyukumus f (r) B TOuke T, Jexamen BEyTpu maTepBama (0, [),
y df
UMeNa JIOKAIBLHBI MUHUMYM, SBIISIOTCS CIIEAYIOMIAE YCIOBUS: —— =0,
dx vz
d*f
dz?
T=T(
Hoe 3uauenue, to: 1) f' (z9) =0 u 2) me Moxer 6biTs, uTobnr f” (z9) > 0, T. €.

f" (o) <0.
2) 8u 8u

IIpu sTom scHo, uTo eciu tg < T', TO i 0; ecmm xe tg =T, To — > 0.

ot =

> 0. Taxum obpaszom, ecnu f () B TOUKe ) HMEET MAKCHMAJlb-
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B cuny menpepeiBHOCTH byHKIMEA v (%, ) B 3aMKHYTOI OOIACTH OHA,
IOJKHA B HEKOTOPOU TOUke (I, 1) HOCTUrAThH CBOENO MAaKCHMAJILHOIO
sHauenus. QUeBUIHO, UTO

v(z1, t1) = v (xo, to) = M + €.

MMostomy t;1 >0 u 0<zy <!, Taxk kak ipu t =0 wm z =0, z =1
uMeeT MecTo HepaBeHCTBO (23). B rouke (z1, t1), mo amanoruu ¢ (20)
u (21), mOMXHO OBITH Ve (T1, 1) < 0, v (21, t1) > 0. YunreBas (22),
HAXOIUM

Uzz (1, 1) = Veo (71, 1) <O,
Ut (:El, tl) = Ut (.CL'1, t1) +k>k>0.

Orcroma cnemyer, 4To
ug (21, t1) — @ty (21, t1) > k >0,

T. e. ypasaerue (19) Bo BHyTpeHHell Touke (z1, 1) HE yHOBIETBOPIETCS.
TeM caMbIM IOKA3aHO, UTO peurenue u (x, t) ypaBHEHUS TEILIONPOBOMHO-
ctu (19) BHYyTpEU 06HACTU HE MOXET MPUHUMATDL 3HAUEHUI, TPEBOCXOMS-
uwx Haubosbiuee 3sHaveHue u (z, t) Ha rpamune (1. e. npu ¢ =0, £ =0,
z =1).

Ananornyso MoxeT ObLITH HOKA3AHA U BTOPAsS YACTh TEOPEMBI — O
MUHUMAJIBLHOM 3HaueHuu. BopoueM, 5To He TpebyeT OTIAETBLHOTO HOKA3a-
TeJLCTBA, TAK KaK QYHKINS %] = —U UMeeT MAaKCUMAJILHOE 3HAUEHUE TaM,
roe % — MUHAMAJIBHOE.

O6paruMcs Tenepb K yCTAHOBJICHUIO PSOA CIEACTBUI U3 TPUHIIUIIY
MaKCHMAJILHOTO 3HaUeHus. [Ipex e Bcero mokaxxeMm TeopeMy eIrHCTBEHHO-
CTH IJIS IEPBON KPAEBOW 3a0aUMU.

6. Teopema emuucTBeHHOCTH. Fcau dee dynxyuu uy (z,t) u
us (z, t), onpedeaennvie u nenpepvisuvie 6 obaacmu 0 <z <1, 0 <t <
< T, ydosaemsopssiom Yypasrenuio menionposodnocmu

Ug = a®Upy + f(z, 1) (mas 0 <z <1, t>0), (24)
00UKAKOBBIM HAUAALHOIM U 2P AHUUHDLM YCAOBUIM
uy (2, 0) = uz (z, 0) = ¢ (x),

ur (0, t) = uz (0, ) = p1 (¢),
ur (I, 1) = ua (I, t) = p2 (t),

mo ui (x, t) = us (z, t) V).
st mOKa3aTenbCTBA YTON TEOPEMBI PACCMOTPUM (DYHKITUIO

v(z, t) =us (z, t) —us (z, t).

UB § 2, m. 3 ara Teopema Gymer ycurneHa u TpebOBaHUE HEIPEPHIBHOCTH IIPU

t =0 cusaro.
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Mockonbky dyskuy uy (2, t) 1 us (z, t) HENIPEPLIBHLL IpU
0<z<gl, 0<t<T,

TO u yHKUM v (, t), PaBHAS UX PA3HOCTY, HETIPEPLIBHA, B HTOU XK€ 06J1a-
cru. Kax pasHOCTD IBYX pemIeHuil ypaBHEHUS TEINIONPOBOMHOCTH B 0614~
cru 0 <z <, t >0, dyukuus v (z, t) ABIALETCA PELIEHUEM OLHOPOLHOIO
YPaBHEHUS TEIIONPOBOMHOCTH B 9Tou obmacTu. Taxum ob6pa3oM, MPUHITIIT
MAKCUMAJIBHOTO 3HAYEHWS IPUMEHNM K 5TON (DYyHKIUM, T. €. OHA JOCTUTA-
€T CBOEr0 MAKCUMAJILHOTO ¥ MAUHUMAJIBHOTO 3HAUeHNN uin npu ¢t = 0, uin
mpu = 0, mmm npu 2 = [. OMHAKO TO yCIIOBUIO MBI MIMEEM

v(z,0)=0, v(0,t)=0, wv(l,t)=0.
ITosTomy
v(z,t) =0,

uy (z, t) = ug (z, t).

Orcrona ciemyeT, 9TO pelleHre IepBoi KPaeBol 3a0a4ui €IUHCTBEHHO.

Hoxaxewm ertie psi OPSIMBIX CISACTBAN U3 IPUHINAIA MAKCUMAJIBLHOIO
snauenus. [Ipu sToMm B nambHedeM Mel 6y1eM TOBOPUTE IIPOCTO «PEIIEHIE
YPaBHEHUS TEIJIONPOBONHOCTU> BMECTO Oojee MONPOOHOIO MepeunCIIeHNs
CBONCTB (PYyHKITAN, YIOBIETBOPSIOIINX, KPOMe TOr0, HAUAJILHBIM U I'DAHIY-
HBIM yCJIIOBUSIM.

1. Ecau 0dsa pewenus ypasnewud menasonposoonocmu ui (z,t) u
us (x, t) ydosaemeopsom ycaoeuim

U1 (fE, 0) < U2 (fE, O)a

Ui (07 t) < usg (07 t)> U1 (la t) < usg (l) t):

Ui (ZL’, t) < usg (ZL’, t)

ong ecexr 3navenutt 0 <z <1, 0Kt T.

HeiicTBUTENBHO, PA3HOCTE v (%, t) = us (2, t) — u1 (%, t) ymoBmeTBoO-
pPSIE€T YCIOBUSIM, IPU KOTOPBIX YCTAHOBJIEH MPUHIIAI MAKCAMAJIBLHOTO 3HA-
UeHUs, U, KPOME TOTO,

0@ 030, v(0,H30,  v(l,t) >0,
ITosTomy
v(z,t) 20 ma O0<z<l, 0<t<LT,

Tak Kak uHave Gyukuusa v (z, t) uMmesna O6bl OTPULATEILHOE MUHUMAIBHOE
3HaUEHNe B 00IaCTH

O<z<l, 0<t<T.
2. Ecau mpu pewenus ypasHenud menionposoonocmu
w(z, t), u(z,t) m a(z,t)
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yd06AEMBOPAIOM YCAOBULM
u(z, t) <u(zr, t)<a(z,t) npu t=0, z=0 u z=I,

MO 3MU HCE HEPABEHCTMEA BLINOANIIOMCI MONCICCMEENHO, M. €. 04T BCET
z, t uz obaacmu 0 <z <[, 0<t<<T.

OTO yTBEpXKIEHNE NOKA3LIBAETCS IPUMEHEHNEM CIIeNCTBUS 1 K dyHK-
LM

u(z, t), a(z,t) u ul(z, t), wul(z,t).

3. Ecau dag deyx pewenuti ypasrenud menaonposodwocmu uy (T, t)
u us (T, t) umeem Mecno Hepasencmeo

lui (2, t) —u2 (z,t)| <e dag t=0, z=0, z=I,

Mo 0HO MONCIECTNBEHHO, M. €. UMEEM MECMO Jad 6cex X, t U3 064aCMU
0<z<<L0ogLtLT.

OTO yTBEpXKIEHNE BBITEKAET U3 CIEACTBUS 2, €CIIM €r0 MPUMEHUTDH K
peLIeHusIM YPaBHEHUS TeIJIONPOBOLHOCTH

()t):_{‘:;

(CL‘, t) =ux (CL‘, t) - UZ(xa t)>
(z,t) =e.

g I
8

]

CnencrBue 3 mO3BONIAET YCTAHOBUTH HEIPEPLIBHYIO 3aBUCUMOCTD Pe-
HIEHWS TEPBON KPAEBOU 33IaUM OT HAUAJBLHOTO U TDAHUYHBIX 3HAUCHUU.
Paccmorpum B obnacte 0 < z <1, 0 <t < T pewmenune u(z,t) ypas-
HEHUs TeIJIOIPOBOMHOCTY, COOTBETCTBYIOIIEE HAUAILHOMY U TPAHUIHBIM
YCIIOBUSIM

u(:v, 0):(10(1.)) U(O, t):ul (t)> u(lv t) = M2 (t)

Iycre w* (x, t) — pewienne TOro e ypaBHEHWs, COOTBETCTBYIOIIEE Ha-
YAJILHOMY M TDAHUYHBEIM YCIOBHAM, ONDENeNseMbiM QyHKuusMu o* (z),
wi (t), ps (t). Ecmu B paccMaTpuBaeMoil 06macTu 5Tu GyHKUNM OGIU3KA K

dysimson o (), pn (1), pn (2):
p@ - @l <o IO -mOI<e @) -0 <e
to u* (z, t) ormuuaercs oT u (z, t) B IpemeIax TOU ke TOYHOCTHU E:
lu(z, t) —u*(z, t)| < e.

B sToMm 1 3axmouaeTCss IpUHITUTT GU3NIECKON OMPENeSIEeHHOCTY 3a,IaUN.

Mgl mogpobOHO IPOBEIN U3yYeHne BOIPOCa, O eMUHCTBEHHOCTH U (hU3H-
UECKOHM ONIPENeIeHHOCTH 33ajaul Ha NIPUMepe IIEePBOM KPAEBOW 33Ul IJIs
OTPAHUYUEHHOTO OTPE3Ka. TeopeMa eNMHCTBEHHOCTY IEPBOM KPAEBOT 3a0a-
9y [JIsi OTPAHUYEHHOU OOJIACTU B IPOCTPAHCTBE OBYX WA TPEX U3Mepe-
HUI MOXET OBLITh IOOKa3aHa 6yKBaJ'IBHI>IM IIOBTOPEHNEM IPUBECOCHHBIX BEIIIIC
paccyXIeHui.
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[Tomo6GHEBIE e BOMPOCH! BO3HUKAIOT MPU U3YUEHUU APYTUX 33044, [E-
JIBIA PSII KOTOPBLIX OB MOCTABIEH HAMU B MPENIIECTBYIOIINX MTyHKTAX.
Ortu 3amaum TpeOyrT HEKOTOPOrO BUAOU3MEHEHWUS METOHNd, MOKA3ATEIb-
CTBA.

EnveCTBEeHHOCTD peleHus 3a0a4u 71 HEOr PAHUYEHHOM 0651acTH (CM.
m. 7) unu 3a029n 63 HAYAJIBHBIX YCIIOBUN MMEET MECTO JIWINb TIPU HAJIO-
KEHUYM HEKOTOPBIX IOMOIHUTENBHBIX YCIOBAN HA U3ydaeMble (hyHKIUN.

7. Teopema efMHCTBEHHOCTHU OJia 6eckoHeuHOU mpsmoi. [Ipn
pereHnn 3ana49u Ha, OGECKOHEYHOR MPSIMO CYIIIECTBEHHBIM SIBISIETCS TPe-
OOBaHIE OrPAHUUEHHOCTY UCKOMOU PYHKIUU BO BCel 00JIaCTH, T. €. CyIIle-
cTBoBaHue Takoro M, uto |u(z, t)] < M mns Bcex —oco <z < +00 1
t>0.

Ecau uy (z,t) u us(x, t) — nenpepuisnbie, ozpanuvernvie 60 6cel
obaacmu uzmenenud nepemenuvis (x,t) Pynkyuu, ydosiemsopaoujue
YPABHENUIO MENAONPOBOIHOCTU

Up = a®Uy, (—00 <z <400, t>=0) (19)
U YCca08uI0

u1 (z, 0) =us (z,0) (—o00 <z < 00),

ur (z,t) Sus(z,t) (—oo<z<oo, t2=0).
PaccMoTpuM, Kax 0OLIYHO, HYHKITAIO
v (.CL', t) = u (.CL', t) — U2 (.CL', t)

®yukuus v (z, t) HENPEPBIBHA, yAOBICTBOPSET YPABHEHUIO TEILIIONPO-
BOIHOCTY, OCPAHAYEHA BO BCEN OOIACTH:

v (z, t)] < |u (z, t)] + |uz (2, )| <2M (—oc0o <z <00, t>0)
U YHOBIETBOPSET yCIIOBUIO
v(z,0)=0.

[TpuHIUI MAKCHMAIBHOTO 3HAYEHU S, KOTOPBLIM MBI [TOIb30BAJINCDH TP
IOKA3aTeIbCTBE eMUHCTBEHHOCTH 33, IaYK I OTPE3KA, 3IeCh HETPUMEHUM,
TaK KaK B HEOrPaHUYIEeHHOU obnactu hyHknus v (T, t) MOXKET HUTZIE He [0-
CTUTATh MAKCUMAJIBHBLIX 3HAUYeHU. UTOOBI BOCTIOIBL30BATHCS STUM MPUH-
HUIIOM, PACCMOTPUM OOJIACTh

|z < L,

rme L — BcroMoraTenbHOE YnCio, KOTOpPOoe 3aTeM OyaeM HEeOrPaHWIEHHO
YBEINYNBATD, U PYyHKINIO

V(z, t) = 4L—Af (%2 + a2t> : (25)
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®yukuus V (z, t) HenmpepsIBHA, YAOBICTBOPSET YPABHEHUIO TEILIONPOBO-
HOCTHU, B 9YeM HETPYOHO yOenuThCs ¢ MOMOIIbI0 nuddepeHnnpoBaHus, u,
KpOMe TOro, 006agaeT CIeOyOMIMI CBONCTBAMIU:

V(z, 0) > |v(z, 0)] =0,

2
V(£L, t) > 2M > |v(£L, 1)]. (26)

Hus orpanwuennoin obunactu |z| < L, 0 < ¢t < T cunpasemiue IpuHINAD
MaKCUMAaJILHOTO 3HaUeHUs . [IpuMeHss clencTsue 2 U3 NpeqbiIyIero myHK-
ra mis byskmmit u = —V (2, ), u=v(z,t) u o =V (z, t) u yunTeBas
(26), monyuaem

AM [z 5 AM (z® 2
Tz 74‘(115 gv(:v,t)gﬁ ?-f-(lt .

®ukcupyeMm HEKOTOpBIE 3HadeHUs (I, ) U, BOCHOJIBL3OBABIINCH IIPO-
n3BOJIOM BbIOOpa L, 6ymeMm ero HeOrpaHWdIeHHO yBeandunBaTh. [lepexomns
npeneny npu L — oo, momydaem

v(z,t) =0,

UTO U OOKA3BIBACT TEOPEMY.

§ 2. MeTon pa3snesieHns nepeMeHHBIX

1. OnHoponHas kpaeBas 3amada. llepeiimeM K pPELIEHUO TEPBON
KPAaeBOH 3a0a4l IJIsl YPABHEHUS TEIJIONPOBOOHOCTH HA OTPE3KE:

uy = a*ugy + f (2, 1) O0<z<l, t>0) (1)
C HAYAIBHEIM YCIIOBAEM
u(z, 0)=¢() (0<z<l) (2)

1 F'PAaHUYHBIMU YCIIOBUAMN

U (07 t) = M1 (t)7
wll, 1) = s (1) } =0 @

Nsyuenne obIieil mepBoOil KPAECBOR 330U HAYHEM C PEIeHUs CIIEMy-
IoITIed mpocTenieit 3anaan 1.

Hatimu nenpepvisnoe 6 damxnymot ooaacmu (0 <z <, 0<t<T)
pewenue 00HOPoOH020 YPasHEHUT

U = a’ Uy, O<z<l, 0<t<T, (4)
y0064eMBOPIIOULEE HAUAADHOMY YCa08UuI0 (2)
u(z, 0) = ¢ (x), 0<z <,
U 0OHOPOOHBIM 2PAHUYHBIM YCAOBUIM
u (0, t) =0, u(l, t) =0, 0<t<T. (5)
14 A. H. Tuxonos, A. A. Camapckuit
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Iis permeHus »Toi 3a1a9u paCCMOTPUM CHAYAJIa, KaK MIPUHITO B Me-
TOIEe pa3deNleHns IePEMEHHBIX, OCHOBHYIO BCIIOMOTATENBHYIO 3a0a4Y .
Hatdimu pewenue ypasnenud
_ 2
Ut = 0 Ugy,

HE PABHOE MONCOCCNBERHO HYA0, YJosaemeopTouee 00HOPOOHbIM 2Pa-
HUYHBLM YCAOBUIM

u (0, t) =0, u(l,t)=0 (5)
u npedcmasumoe 6 sude
u(z, t) =X (2)T (b), (6)

ede X () — Pynxyug moavro nepemennozo x, T (t) — Pynryugs moavxo
nepemennoz20 t.

Moncrasnsas npennonaraemyio ¢hopmy pemenus (6) B ypasuenue (4) u
IpOM3BONA JefleHne oberx JacTei papeHcTBa Ha a’ X T, momydaem

1 TI XII
a? T X
rme A = const, Tax Kak jeBasg 4acThb PABEHCTBA 3aBUCUT TOJILKO OT %, a

TpaBas — TOJIBKO OT .
Orcroona cnemyer, 4To

_>‘7 (7)

X"+ AX =0, (8)
T' + a*\T = 0. (8"

I'panuunsie ycnosus (5) nator
X (0) =0, X ({)=0. 9)

Taxum o6paszom, mis onpenenesus Gysxmpu X () MBI HOILyYAIM 33039y
0 coGcTBeHHbIX 3HaueHusx (3amauy lIrypma— JluyBusis)

X"+AX =0, X(0)=0, X(I)=0, (10)

UCCJIEMOBAHHY O IIPU pellleHnn ypasuenus koiebauwit B ti1. 11, § 3, m. 1. Tlpnm
5TOM OBIIO MOKA33aHO, ITO TOJILKO IJISl 3HAUEHUN IapaMeTpa A, PaBHBIX

An = (?)2 (n=1,23,...), (11)

CYLLECTBYIOT HETPUBUAJIBHBIE DELICHUs ypaBHEHUs (8), paBHEIE
. ™
Xp () =sin - (12)
OrTuM 3HAYEHUAM A, COOTBETCTBYIOT pemeHus ypasHeHus (8')

T, (t) = Cpe M, (13)

roe (), — He OnpeneieHHbIe MOKa KOY(DHOUIIMEHTHI.
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BosBpamasch kK OCHOBHOW BCIOMOTATEIBLHON 3allade, BUOUM, UTO
pyHKIIIN

tn (2, 1) = Xn (z) Ty (t) = Cp e~ Mt sin ? z (14)

SBIIAIOTCSA YACTHBIMU PEIIEHUAMY yPABHEHUS (4), yIOBIETBOPAIOIIAMY HY-
JICBBIM TDAHUYHLIM yCIIOBUSIM.
O6parumcs Teneps k pemenuto 3anadn (I). CocraBum dopmarnbHO
psan
o0

on 2
u(z, t) = ZC’n e~ () a%t sin?w. (15)

n=1

®yukuus u (z, t) yOOBIETBOPSET TPAHUYHBLIM YCIIOBUAAM, TaK KAK UM YIO-
BIIETBOPSIIOT BCE WIEHHL Psifa. 1pebysl BBHIIOIHEHUS] HAYAJILHBIX YCIIOBUIA,
oIy daeM

p(z) =u(z, 0) = ZC’n sin?x, (16)

1. e. Cp aBuaoTcsa kKodbdurmentamu Pypbe GyHKIUU ¢ (L) TpU pasiio-
XKEHUU ee B psaf 1o cuHycam Ha uarepsase (0, 1):

Cn=vn=

~| N

l
[o@sin T e a7)
0

Paccmorpum Temeps pan (15) ¢ xosdpoummentamu C,, omnpenesnse-
mbiMu 110 dopmyiie (17), 1 mokaxem, 4TO 3TOT DPsLI yIOBJIETBOPSET BCEM
yeaosusam 3amaan (I). Ilima 5TOro Hamo mokasaTh, 4To dyukuusa u (z, t),
onpenensemast psaom (15), nuddepenuupyema, yIoBIeTBOPIET YPABHEHIIO
Bobmactu 0 < z <1, t > (0 u HEIPEPLIBHA, B TOYKAX IPAHUIILI STON 0OJIACTH
(mpu t =0, z=0, z=1).

Tak xak ypasHeHue (4) QUHENHO, TO B CUILy IPUHIUNA CYIEPIO3ULIAN
PSI, COCTABIJIEHHBLIN U3 YaCTHBIX DEIeHN, TakXke OymeT pelreHneM, eciu
OH CXOMUTCS W €r0 MOXHO mud(PepeHnInpOBATH MOYIEHHO BAXKILL 10 T U
onuu pa3 o ¢ (cM. memmy B 1. 11, § 3, m. 3). Tokaxem, uto npu ¢t >t > 0
(t— nr060€ BCTOMOTATENBLHOE YUCII0) PSIALI TPOU3BOMHEIX

oo oo
Ouy, 0%u,,

ot 02

n=1 n=1

cxXomsaTcs paBHOMepHO. B camom mere,

ou T 2 _(mn)2,2; . TN
—— —Cn(—) a?n2e= () tgin T
ot l l

B manpreitmmem 6ynyT chOpMynUpOBAHBI AONOJIHUTEILHEIE TPeOOBA-
HUsI, KOTOPLIM [HOJXKHA yOoBIeTBOPATH Qyukuus ¢ (z). Ipenmomoxum

14*

2 22
< |Cn|(§) -a?n?e~ () @,
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cHauasa, uTo ¢ (z) orpanmueHa: | (z)| < M. Torma

|Cn| =

~I|n

l
/w(g)sin?gdg < 2M,
0

OTKYyIla CllenyeT, 4TO

ou,

2 2 2z _
5 <2M (E) a?n? e () a’t m t>t

I aHAJIOTUIYHO

0%u 2 _ (mn\2 27 _
—a; 2M(—) n2e (1) png 121
x
Boobrime
8k+lu s 2k+1 _ (mn\2 27 _
‘Btkarg 2 (7) R S L= P Y
z
UccnenyeM CXOMMMOCTD MAasKOPAHTHOTO PSOA 9 oo | Qn, TIE
_(zn)2,2f
an, = Nnle (%) a%, (15"
[To mpusnaxy Hamambepa 5TOT PO CXOOUTCS, TaK KaK
2 _
Qnt1 (n+1)0 e (F)a’ 424y
lim = lim - > - =
n—oo | Qp n— o0 nd o (%) a2n2f
a N B
= gim (141 e (D) a?enini g,
n—00 n

OTcroma BEITEKAET BO3MOXHOCTE MOYIEHHOTO nuddepeHnnpoBaHus PIma
(15) moboe umcno pas B ob6mactu t >t > 0. Iamee, MONb3yAChH TPUHITATIOM
CYNEPHO3UIN, 3AKITI0YAEM, ITO (DYHKIUS, OTPENEIIEHHAS S TUM PAIOM, yIO-
BIETBOpsieT ypasHeHUo (4). B cmty nmponsBonbHOCTH § 3TO MMEET MECTO
s Beex t > 0. Tem cambiM mokaszano, uto npu ¢t > 0 pan (15) npencra-
BirsteT GpyHKOUIO, nuddepeHnupyeMyio HyKHOe UKICII0 Pa3 U yOOBIIETBOPSI-
formyio ypasaenmio (4) .

Ecau dynruug @ (z) menpepuiemna, uMeem KycouwHO-Henpepbieryio
npouzsoduyio u ydosaemsopgsem ycaosuam ¢ (0) =0 u ¢ (1) =0, mo pad
(15)

oo
mn 2
u(r, t) = ZCne*(T) o’ sin?x
n=1

1 IIpu mokazarenmscTBe TOrO, uTo psam (15) ymoBIeTBOPSET ypaBHEHWIO Ut =

azum upu t > 0, ObLiIa UCIOJIB30BAaHA TOJILKO OTPAHMYEHHOCTDH KOd(hdunmeHToB
®ypoe Ch, KOTOpast, B 49aCTHOCTH, OyAET UMETH MECTO IS 060 OrpaHUIEHHOR

dyukumnz o(z).
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onpedeagem nenpepviskylo Gynkyuto npu t = 0.
HeficTBUTENBHO, 13 HEPABEHCTBA

lup (z, t)| < |Cp| (mpm t >0, 0 <z <)

Cpa3y Xe CJeNyeT PABHOMEPHAs CXOnuMOoCThb pana (15) mpu ¢t >0, 0 < z <
< I, 9TO M MOKA3LIBAET CNIPABEIJIMBOCTE CACIAHHOTO BBIIIE yTBEPXKICHU,
€CIM yYeCTb, YTO U HEMPEPLIBHOW M KyCOYHO-TIIANKON GyHKImu (o (I)
pan u3 Monyiein kosdduuuentos Pypoe cxomurcs, korga ¢ (0) =@ (1) =0
(cm. ra. 11, § 3, m. 3).

NTak, 3amaua HAXOXICHUS DPEIICHWS MEepBOMl KpaeBOl 3amadm s
OMHOPOMHOTO YPABHEHUS C HYJEBLIMU CPAHWYHBEIMK YCJIOBUSME UM HEIIpe-
PEIBHBIM, KyCOYHO-TIIAIKAM HAUATLHEIM yCIOBUEM PEIIEHa TTOTHOCTHIO.

2. ®ynkumsa ucrounuka. [IpeoGpasyem nomyuennoe peutenue (15),
samersas C, WX 3HAUCHUSMIE:

M22 . ™
ECe l tsin— 1z =

l o0
/ %Z -(7) 2tsanaz sm—f (&) dg.
: n—1

WN3meneHre TOPSOKOB CYMMUPOBAHUS W MHTETPUPOBAHUS BCETIA, 3aKOHHO
npu t >0 B cmiiy TOro, 4TO psin B CKOOKAX CXOOWTCS PABHOMEPHO IO &

mpu t > 0D,
O603uaunM

G(z, &

le

= _n22 . TN .. ™
Z J sin —- @ - sin —=¢. (18)

Honbsysace dyukuumenn G (x, &, t), MOXHO NPENCTaBUTL QYHKIUIO U (T, t)
B BUZIE

l
_ /G (&, &, ) o (€) dE. (19)
0

®Oyukuus G (z, £, t) HasbBaeTCA G yHKIUEl MCHOBEHHOI O TOYeU-
HOrO MCTOYHUKA uinu, Oojee monpoOHO, GYHKIMEN TeMIIepaTypPHOrO
BIIUSHUS MTHOBEHHOTO TOUYEYHOTO UCTOYHUKA TEIlIa.

D Pan S~ an, roe ap ompemensercs dopmymoit (15'), mpu ¢ = 0 sBusercsa
MAaKODAHTHBIM IJIS PSIA, CTOAIIEro B CKOOKaX.
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Mokaxem, uro dyuknus ucrounuka G (z, &, t), paccMarpuBaemas
KakK GYHKIUS T, NPENCTABISIET PaCIpeneieHne TEMIIEPATYPHL B CTEPKHE
0 < z <! B MOMEHT BpeMeHU ¢, €CiIi TEMIEPATYPa B HAYAJILHBI MOMEHT
t =0 paBHA HYIIO U B TOT MOMEHT B TOUKe £ = { MIHOBEHHO BBLIAEJISIETCSI
HEKOTOPOE KOJIIMYECTBO TeIla, (BeJIMINHY KOTOPOrO MBI OIIPEAEIIAM [O3KeE),
a Ha KpasX CTEPKHS BCE BpEeMs MOMNEPXKUBACTCS HYJIEBas TEMIEPATYPA.

Bripaxenue «konuuecTBo Temna (), BBIIENSIONIEeCs B TOUKe £» 03HAa-
YaeT, KaK OOBIYHO, UTO MBI IMEEM [IEJI0 C TEIJIOM, BBIIEITUBIIINMCS HA, «HE-
6OJIBIIIOM> UHTEPBaJIe OKOJIO u3yuyaemoir Touku &. smenenue remmnepary-
PBL . (£), BBI3BIBAEMOE MOSBIIEHUEM TEILIA OKOJIO TOYKM, Oy IET, O4EBULHO,
paBHO HyImO BHe uHTepBania (£ — &, £ 4+ €), Ha KOTOPOM BBIIEISAETCS Te-
U0, & BHYTPK 5TOr0 MHTEPBaa Q. () MOXHO CIMTATH HOJIOKUTEIBLHOM,
HenpepeIBHON 1 nuddepeHnnpyeMon GhyHKIueR, 0i1si KOTOPOR

Ete
! !
cg/%@wﬁzQ, (20)
§—e
TaK KaK JIeBasgd 4aCThb 3TOro ypaBHeHI/IH n Hpe,E[CTa.B.HﬁeT KOJINYeCcTBO Te-

118, BLI3BABIIEE U3MEHEHUE TEMIEPATypPH Ha BenmuuuHy . (§). Ilpomecc
PaCIpOCTPaHEHUs TEIUla B 9TOM Cilydae omnpenessiercs dopmysion (19):

l
uA%ﬂZ/GWIJWAO%- (21)
0

CoepiiuM Tenepsb npenenbHbiin mepexon npu € — 0. Ilpunumas Bo
BHUMaHue HenpepblBHOCTL G mpu ¢t > 0 u pasenctso (20) u npumeHss
TEeOpEeMY CPETHErO 3HAUEHUs Mpu QUKCUPOBAHHLIX 3HAUCHUSIX I, t, Oymem
IMETb

E+e

%mwz/em&w%wmsz
§—e

{+e
=G@£%ﬂ/%@%E=G@£ﬂﬂ%, (21"
E—e

roe {* —mHekoropas cpenHss Touka uarepsana (£ —e, £ +¢€). B cuny ne-
npepeiBHOCTU QyHkimu G (z, &, t) mo & npu t > 0 momyuyaem

o0
. Q Q 2 _(mn\2,2, . TN . ™
lim u. (z,t) = —G(z, §, t) = — - = E e () e fsin — x - sin — €.
£—0 cp cp 1 ) l

n=1
(22)
Orcrona cnenyer, uto G (x, £, t) UpencTaBisgeT TeMIEpaTypy B TOYKE T
B MOMEHT t, BEIBBAHHYIO ,HefICTBPIeM MI'HOBEHHOI'O TOYE€YHOI'O MCTOYHUKA
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MOITHOCTH () = ¢p, MOMEIIEHHOrO B MOMEHT Bpemenu ¢ = (0 B Touke &
npomexyTka (0, [).

Ormerum cremytomiee cpoiictBo  Gyukuun  G(z, & t):  dyuxums
G(z,&,t) > 0 upu mobex z, £ u t > 0. delicTBUTENBHO, PACCMOTPUM Ha-
YANBbHYI0 GYHKIHIO @, (T), OOIIANAIONIYIO TEPEeUNCICHHBIMEA CBONCTBAMY,
u cooTBeTCTBYyMIOIEe eil pererne (21'). VI3 HEOTPUIIATENBHOCTY HAYAND-
HOTO U TPAHUYHBLIX YCIIOBUIl B CWJIy MPUHINIA MAKCUMAJILHOTO 3HAUCHMUS
CIIeZlyeT, 4TO

Ue (.CL', t) 20

maeeex 0 <z <[ u ¢t > 0. Orcrona, Bocmonb3oBaBuuck Gopmysoi (217),
nMmeem

ue (z, t) = G (z, f*,t)a >0 (mpm t>0). (21")

[epexons x npeneny upu € — 0, u3 (21') noinyyaem HepaBeHCTBO
G(z,6,¢t)>20 mpu 0<z, <l u t>0,

KOTOPOE U HAMO OBUIO MOKA3aTh. DTOT PE3ylbTAT UMEET MPOCTON husmye-
ckuit cmbici. OMHAKO YCTAHOBUTH €r0 HEMOCPENCTBEHHO 13 dhopMyisl (19)
6bLTO ObI 33 TPYOHUATENBHO, TOCKONBKY G (2, €, ) mpencTaBiseTcs 3HAKO-
[IEPEMEHHBIM PsIOM.

3. KpaeBble 3agauu ¢ pa3pbIBHEIMU HAYAJIBHBIMU yCJIOBUSIMUA.
I/ISJ'IO)KeHHaH BEBEIIIE TEOPUSA OTHOCUTCSA K PEIIICHUAM YPaBHEHUA TEIJIOIPO-
BOIHOCTH, HEMIPEPHIBHBIM B 3aMkHyTOI obnacTu 0 < z <!, 0 <t <T. O
YCIIOBUA HEIIPDEPBIBHOCTHU ABJIAIOTCA BECbMa OTDAHNYNTEIIbHBIMU. B CaMOM
neye, PacCMOTPUM IIPOCTERITYIO 3a4a9y 00 OCTHIBAHUM PABHOMEDHO Ha-
TPETOro CTEPXKHs IIPU HYJIEBO TeMIepaType Ha Kpasx. I[omomHuTenbHbe
yCIiOBUA UMEKOT BUI

u (z, 0) = uog, u(0,t) =wu(l,t) =0.

Ecmu ug # 0, TO pelreHune 5TOi 330891 OOIKHO OBITH PA3PLIBHLIM B TOUY-
kax (0,0) u (I, 0). OTOT mpUMep MOKA3LIBAET, UTO MOCTABIICHHBIE BBIIIE
YCIIOBUSI HEIIPEPHIBHOCTY HAYAIIHLHOIO 3HAUEHNUSI K Y CIIOBUSI COLIPSI2KEHUSI €10
C TPAHUYHBLIMU YCJOBUSMU KCKJIIOYAIT U3 DPACCMOTPEHUS MPAKTUIECKU
Baxuble ciiydau. Onuako dopmyna (19) maer pemienue KpaeBoil 3amadu
7 B DTOM CITydae.

B npunoxeHunsax 4acTo noab3yoTes GOpMYyIaMu, BEIXOMSIIIMY 33 TPa-
HAUBI YCIIOBUM WX IPUMEHUMOCTH, 339aCTyI0 BOOOIIlE HE CTaBS BOIIPOC
06 ycmoBuu npuMmeHumoctu dopmyi. [locaenosarensruoe o60cHOBaHIE BCEX
opmy ObLIO OBI BeCbMaA I'POMO3IOKUAM U OTBIIEKAJIO ObI BHUMAHUE KCCIIE-
[IOBATEJISI OT KOJIMIECTBEHHBIX I KAUECTBEHBIX CTOPOH SIBIIEHIS, XaPaKTep-
HBIX I GUBUUIECKON CYLTHOCTHU IIPOIIECCA.

OnHako MBI CYUTAEM HYKHBIM, [0 KPANHEN MEPE HA MPOCTENIINX IPU-
Mepax, OaTh 000CHOBAHKE MATEMATUIECKOrO AlIapaTa, JOCTATOUHOE IIIs
PEeLIeHNsT OCHOBHBIX 3a1a4.



216 YPABHEHUS ITAPABOJIMYECKOI'O TUITA [[JI. 111

PaCCMOTpI/IM KpaeBBIC 3a0a491 C KyCOUYHO-HEIPEPBIBHBIMU HaYaJIbHBI-
MU QYHKOUSIMU, HE IIPENIOoiaras, YTO HadajbHas (QYHKIIWS COIPSKEHA C
TPAHUYHBIMU YCIIOBUAMMU. STOT KJT1a.CC OOMMOJTHUTEIBbHBIX yCJ'IOBI/Iﬁ SABJISIETCSA
OOCTATOYHO OOLITUM IS TOTPEOHOCTEN MPAKTUKA U NOCTATOYHO MPOCTHIM
I W3JIOXKeHus: Teopun. Harlma menb — mokasaThb, 94TO Ta ke (hopMyaa
(19) maer pemienue mocTaBieHHOU 3amMaun. [IpoBemeM ee WCCIIEIOBAHUE B
HEeCKOJIIbKO dranoB. CHauana moKaxeM CIEOyIOIIy0 TeOpeMy:

Pewenue ypasnenud menionposodnocmu

Uy = a’Ugy O<z<l, t>0), (4)

nenpepvisnoe 6 zamknymot obaacmu (0 <z <1l 0<t<T) u ydosae-
meopguee Ycao8uIm

u(0,t)=u(l,t)=0, t>0, (5)
u(z, 0) = ¢ (z), 0<z <, (2)

2de ¢ () — npou3soavrad nenpepuisnas PyrKyUL, 00PAUAIOUAICT 8 HYAb
npu ¢ =0, =1, onpedeaeno 00no3nauno u npedcmasagemes Gopmysot

Z
<

l
w (e, t) = / G (2, &, 1) () de. (19)
0

Ora Teopema GBI, HOKA3AHA, BHIIIE B MPENNOIOXKEHUN IOMOIHATEIHHOIO
YCJIOBUS O KyCOYHO-HENPEPHIBHON nuddepeHnupyeMocT GyHkuuu ¢ ().

OceoGomuMcss 0T 3TOr0 yCioBusA. PaccMOTPUM MOCIENOBATEIBLHOCTD
HEMPEPHIBHBEIX KyCOUHO-muddepenmupyeMbrx Gysxuuin ¢, (z) (¢ (0) =
= ¢, (I) = 0), paBrOMepHO cxomsuuyiocs K ¢ (z). (B kagecrse ¢, (1)
MOXHO BLIOpPATH, HAIPUMED, (DYHKIUYN, MTPENCTABAMBIE JIOMAHBIMU JIMHI-
MU, coBmamamonmmu ¢ ¢ (z) B Toukax lk/n, k=0,1,2, ..., n.) Oyuk-
e U, (z, t), oupenensemobie gopmyson (19) gepes ¢, (z), ymosierso-
DSIOT BCEM YCIIOBUSAM TEOPEMEI, TaK KaK (o, () YAOBIETBOPSIOT yCIIOBIIO
KycouHoi nuddepeHupyeMocT. DT QYHKIMK PABHOMEPHO CXOMSATCS U
OIPENENAIOT B Mpelere HenpepuiBHyo dyukuuio u (z, t). B camom meme,
IUTSE TOOOT0 € MOXKHO yKa3aTh Takoe 1 (€), 4TO

|‘Pn1 (x)_‘Pnz (.T)| <eg (O<x<Z)7 eciam  ni, N2 2”(6)7

TaK Kak 3TU QYHKIWA [0 YCJIOBUIO CXOMSATCS paBHOMepHO. OTCIona B cumy
OPUHINIA MAKCUMAJILHEIX 3HAUCHUN CIEOYET TAKXKe, 9TO
[n, (2,t) —un,(z,t)| <e (02, 0<t<T), ecmm ng, ne > nle),
YTO U [OKA3BIBAET PABHOMEPHYK) CXOMUMOCTD MOCIIENOBATEIBLHOCTH (DYHK-
il U, (x, t) K HEKOTOPOU HenpepbIBHON dyHKuuu  (z, t).

Ecmu Mb1, pukcuposas Touky (z, t), mepeimeM K Ipemeiry mom 3HAKOM
UMHTErpasia, TO MOJIyduM, 9TO (DyHKIUSI

l l

u(a,t) = lim un(o,0) =l [ Glo,60)pa(©)de = [ Gla&) 0l e

n—o00
0 0
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mernpepwiBHa B 3aMmkHyTOR obOmactu 0 < x <[, 0 <t < T wu ymoBnerBo-
pseT HavaiabHOMY ycioBumio (2). B cuiy npumeuanus ma c. 212 HeTpyanHO
y6enuThCs, UTO OHA TAKXKE yIOBIETBOpsAeT ypasHenutwo (4) mpu ¢ > 0. Ilo-
Ka3aTeNIbCTBO TEOPEMbI 3aKOHIEHO.

dopmyia (19) naeT eIMHCTBEHHOE HEIPEPLIBHOE PEIIEHNE PACCMATPY-
BaeMOH 3a0a4u.

O6paTuMcs K IOKA3aTeIbCTBY TEOPEMBl e JUHCTBEHHOCTHU IJIs CIIy-
Yasg KYyCOYHO-HENPEPBIBHON HAYANbHOUW GyHKHuUU ¢ (r), HE mpem-
moJIarasi, ITO 3Ta (PYyHKIUSI CONPIXKEHA C TPAHUYHBIMU YCIOBUSIMU.

Qynkyud, nenpepvienad 6 obaacmu t > 0, ydosiemeopaowad ypasHeHuO
MENnAonNPosooHoCmU

ut = 0:2’Urmm (4)
8 obaacmu 0 <z <lIl, t >0, HysesLIM 2PAHUUKBIM YCAOBUIM
w(0,t) =u(l,t) =0 (5)
U HAUAADHOMY YCAOBUI0
u(z,0) = ¢ (o), (2)

onpedeaena 00HO3HAUHO, ECAl:

1) ona menpepviena 6 moukaz nenpepuishocmu Pynryuu  ();

2) oepanuuena 6 3amrnymoti obaacmu 0 <z <1, 0 <t <tg, 2de tg—
NPOU360ALHOE TLOAOHCUMEADHOE YUCAO.

IIpennomoxum, uto Takas ¢yHkmus cymectsyer. OUeBUOHO, UTO B CUILY
TIPEANIECTBYIOMIEH TEOPEMEBI OHA, MOXET OHIThL TpeNcTaBlieHa B o6yacTu t > t
opmynon

l

u(m,t):/G(m,f,t—f)wf(f)df (t>t>0) (19")
0
npu o60oM ¢, TAe t— BCIOMOTATEIHHOE 3HAUEHUE,
0<t<t, ¢y (z)=ul(z,t).
CoBepuruM TpeneTbHLIN Tepexomn B 3Toi dopmyite npu ¢ — 0, COXpaHas T

u t HemsMeHHBIMU. [lokaxkem 1), YTO BO3MOXEH E€PEXOM MO 3HAKOM MHTErpPajIa

1 IokaspiBaeMasi HUXe TeOpeMa SBIIIETCSA YACTHBIM CiryduaeM TeopeMsr JleGe-

ra 0 BO3MOXHOCTH IIepexona K Ipenely IO 3HAKOM MHTerpaiia, eCIIN IIOCIeNno-
BaTENbHOCTD GyHKmmit Fy, () moYTH BCIOLY CXOOUTCA K MPENETBHOU CyMMUDPYye-
mott pyuknmu F (1) m ecim 5Ta mOCIENOBATEILHOCTD OTPAHMYEH] CYyMMUPY MO
¢dyHKIMEN. DTO KOKA3ATEIBCTBO MPUBOMUTCS, ITOOBI M36€XATH IIOIBL30BAHUS
TEOPETUKO-MHOXECTBEHHBIMI TOHATUSIMU. ECIN BOCIOSIB30BATHCS TEOPETHUKO-
MHOXECTBEHHBIMM IOHSTUSMM, TO COBEPIIEHHO AHAJOTMYHO MOXHO MOKa3aTh
TEOpeMy O TOM, UTO DEIIEHHe yDABHEHWUs TEIJIONPOBONHOCTU U (Z, t), yIOBe-
TBOpSIOIIee HYJIEBLIM IDAHUYHBIM YCJIOBUSM, OMHO3HAUHO OIPENEsICHO:

1) ecmm w (z, t) < F (z), roe F () — HexoTopas cymmmupyemas GyHKIAS, 1

2) eciu OUTH BCIOLY

li t) =
tl_gr(l)U(m,) v (z),

roe ¢ (r)—3amaHHas HAYAIBHAS CyMMEUpyeMmas GyHKIAS.
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7, CJIeNOBATENbHO, GyHKIUS u (T, ) TPEACTABAMA B BUAE MHTETPAIIA!
l

w (o, ) = / Glo 60 p(©)de [p(©) =ule,0)] (19)
0

OHO3HAYHO €€ OMPEIEeIIIIONIEero.

Iycts x1, %2, ..., Tn — Touku pa3pwiBa dyakumz ¢ (z). Homaras zg =
=0 u zpt+1 =1 (puc. 38) u 6eps 3amkuyTre oTpesku [ = {z: z +0 <z <
L1 —0}(k=0,1,...,n), roe § —HEKOTOPOE PUKCHPOBAHHOE NOCTATOTHO

’
MaJI0e THUCII0, HETPYOHO yOEemWThCS, YTO MOALIHTErpasibHas (yakums u3 (19°)

zo+6 Tp_1—6 zTp_1+6 zp—6 xzp+6 Tpy1—06 Trp1+6 Tpt1— 6

b

zo=0 -1 Tk Th41 Tpt1=1

Puc. 38

PABHOMEDHO CXOOUTCS K MONBIHTErpasbHoi ¢hyunkinuy u3 (19) Ha BCIkoM oTpeske
I, (k=0,1,2,...,n). Haorpeskax I = {z: o, - <z <z +6} (k=
=1,2,3,...,n), Io={z: zo<z<so+0} u 1 ={z: zp11 -0<2<
< Tp41 } momeaTerpambubie Brpaxenus B (19) u (19') orpanuuentr HexkoTOPEIM

qucom N mpum mio6om £ (0 <t < fp) B CWITy TPEMTOIOXKEHHON OrPAHWICHHO-
cru Gysaxkmym u (z, t) u B cuty menpepusrOocTH G (2, £, t) mpm 0 < €K1, ¢ > 0.

Mpencrasum paszuocTs nuTerpanos (19) u (19') B Bume cymmsr 2n + 3 maTerpa-

0B, B3areix mo I, (k=0,1,...,n) u I}, (k=0,1,...,n+1). Bossmem
€ 1
< —
S 2n+3 4N
Torma

[6@et-n0©-cwene©]a <55
I,
MoxHO BBIGpATH t HACTOILKO MAaJIBIM, 9ITO
|G (z, &t =)oz (§) =G (z, & 1) 0 (9)] <
1 € _
< 7 3 ma t<t ma I (k=0,1,...,n),
TaK 4TO
/[G(x,6,t—t')sot—(f)—G(m,ﬁ,t)w(E)]dE <
Iy,
£ ms t<t (k=0,1,...,n).

< 2n+3
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Orcrona crienyer HEpABEHCTBO

l
[6@et-ne ©-Guene©]de| <e mn t<h
0

NOKA3EIBAIOITIEe 3AKOHHOCTE TEepexona K mpemery mpu ¢ — () Tom 3HAKOM WHTe-
rpana. Takum o6pasom, ecnu cymectsyer GyHkmms « (2, t), yIOBIETBOPAIOMIAL
YCIIOBUAM TEOPEMEI, TO OHA Ipencrasuma B Buzne (19), 94T0 m mokaseiBaeT enmH-
CTBEHHOCTBb TAKON QYHKINU.

Hokaxem Tenepb, uto @dopmyaa (19) npedcmasagem oepanuuen-
noe pewenue ypasnenud (4), ydosae-
meopaowee ycaosum (2) dag awo-
6ot KYycouno-nenpepuienoti HynryuU
@ (z), nenpepvisnoe 80 8cer MoOUKa
nenpepvisnocmu @ ().

OTy TeopeMy MBI IOKaXEM B IBa
mpuema. IlokaxeMm, 4TO OHA BepHA,
ecin @ () — nuHeliHAs QyHKIUS:

v (z) = cx. (2" Puc. 39

PaccMoTpuM HOCIENOBATENBHOCTD BCIIOMOT ATEIIBHBIX HEPEPHIBHBIX (Y HK-
muit (puc. 39)

1
cx nn30<x<l<1——>,

n
on (z) =

1
a(l—x)mml(l—g> <z<gl, a=n-1ec

®dyukuuu u, (2, t), onpeneneHHbie npu moMorm Gopmynsl (19) mus
¢n (Z), ABNAIOTCS HEMPEPHIBHBLIMU DEIIEHUSMA YPABHEHUS TEIFIOMPOBOI-
HOCTW C HyJIEBLIMUA TDAHUIHEIMY yCIOBUSAME ¥ HAYAILHBIMY yCIOBAAME

un (z, 0) = @, (z).
Tak xax
on (7) < pn1(z) (02 <),
TO B CHITy TIPUHITAITA MAKCUMAJIBHBEIX 3HAYCHUH
Up (2, t) < Upt (2, ).

®yukuusa Up (x) = ¢z ABIAETCS HENPEPHIBHBEIM DEICHUEM YDABHEHUS Te-
IUIONIPOBONHOCTHY. B cuity mpuHINIA MAKCUMAIBHOIO 3HAYEHIUS

Un (377 t) < UO (Z’),

TaK Kak 9T0 HepapeHCTBO umeeT mecto ipu £ =0, x =1 u t = 0. Takum
obpasoM, Uy, (£, t) eCTb MOHOTOHHO He yOBIBAOLIAsL IOCIIENOBATENHLHOCTD,
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orpaHuyeHHas cBepxy byukuuein Up (z), OTKyma Clemyer, 4To 3Ta MOCie-
IOBATEIBLHOCTE cxomutcs. HeTpynuo BumeTh, 4T0

1
u(z,t) = lim uy(z,t) = lim [ G(z, &, t)on (§)dE =

n—o0 n—o0
0

l
_ /G(a:, £, 1) (€)dé < Us (2),
0

TaK KaK [IEePeXOl K Ipenesly IO 3HAKOM MHTerpaJa 3akoHeH. B cmity npu-
Me4aHMs Ha . 212 3Ta QYHKIIUSA yOOBIETBOPSET YPABHEHWIO U HYJIEBBHIM
rpaHrvHbIM ycinoBusM npu ¢ > 0. JokaxeM, 4To 3Ta QyHKINS HEIPEPHIB-
manpu t =0 mua 0 <z <. lycte z¢p < [. Beibepem n Ttax, 4TOOBI
zo <1(1—1/n). B sTom ciyuae ¢, (zo9) = Up (xo). IpuauMas Bo BHUMA-
HUEe, 4TO

un (z, t) <ul(z, t) <Uy(x)

Am un (2, 8) = lim Uy (z) = ¢ (20),
t—0

3aK/II09aeM, UYTO CYIIECTBYeT IIpenell

lim w(z,t) = ¢ (zo),

T—xTQ

t—0
HE 3aBUCAIINN OT crocoba crpemiienust & — o u t — 0. Orciona u cie-
IyeT HEempephIBHOCTL U (%, t) B Touke (o, 0). OTa dOyHKIUI OrpaHUIeHa,
Tak Kak oHa He npesocxonut Up (). Urak, mius ¢ (z) = cx Teopema mo-
Ka3aHa.

BamenwB r Ha | — 1, ybexmaemcs B TOM, UTO TEOPEMa BEPHA, s

p(z)=b(l—). (2")
Orcroona cremyer, 4TO OHA BepHA, Iyis JII000N (QYHKIMU TUIA,
¢ (z) = B + Auz,

TakK Kak MONOOHAsA (DYyHKIMS MOXKET OLITh MOJydeHa cymMMupoBanueM (2')
u (2'"). Ilamee, OTCIOmA CIEMYyEeT TaKXkKe, YTO TEOPEMa BEPHA IJis JIFO0OU
HepepsIBHOM (yHKuuu 6e3 mpenmnosnoxenus o ToM, 9to ¢ (0) = ¢ (1) = 0.
B camom merne, mobyo GyHKIuo @ () TaKOro TUMA MOXKHO MPEACTABUTH
B BUIE

@)=+ 0 -eO)] +v @),

TIE CITaraeMoe B KBAIPATHLIX CKOOKaX — JuHenHas GyHkius, a 1 (z) —
HempepbIBHAS (QYHKIMSA, OOpAaIaloIascs B HyIb HAa KOHIAX OTPE3Ka:
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¥ (0) =9 () =0. Tak xax MBI yOEOWINCH yXXe€ B TOM, UTO IS KaXKIO-
r0 CIIAraeMoOro TEOPEeMa IPMMEHHMA, TO OTCIONA CIELYEeT, ITO TEOPeMa
BepHa U s ¢ ().

O6paTnMcs Tenepb K NOKA3ATENBCTBY TEOPEMBL NI IIPOU3BOIBHOM
Kycouno-HenpepouiBaoi byukuuu @ (z). Popmyna (19) u B sToM ciryuae
OIIpEINeNseT pelleHre, YIOBIeTBOPSIOIIee YPABHEHNIO U HYJIEBBIM MDAHIY-
HEIM yCJIOBHSM.

[ycTs TOUKA Ty — Kakas-MO0 TOYKA HENPEPHIBHOCTH (DYHKIWM
¢ (z). INokaxem, 4TO mis JIO6OrO € MOXHO Hailtu 0 (€), Takoe, 4TO
lu(z, t) —@(zo)| <€, ecm |x — x| < d(e) m t <d(g). B cuny nmenpe-
peIBHOCTU GYyHKIWMK @ () B TOUKEe Zo CyumecTByeT 7] (€), Takoe, 94TO

€
lp(2) =@ (z0)l < 5 mma |z —zo| <1 (),
OTKYyIla

<p@) <p@)+5 mma lo—m|<n(e).  (23)

| ™
| ™

¢ (o) —

IMocTporM BCIOMOraTENbHEIE HEPEPHIBHEIE byHKImA P () u ¢ (z):

= [z — w0 <n (o), o
5(@) > () ns & — ao| > 1 (e),

?(z) = ¢ (z0) +

p(@) = (a0)— 5 amale—zol <n(o),
(6)

e (z) <@ lx) mast |z — 20| > 1 (e).

Ha wnreppane |z — zo| > n(e) dynxmm @ (z) n ¢ (r) ymosmeTso-

psroT TONBKO ycioBusaM (a) u (6), a B OCTAIBLHOM MPOU3BONBHLEL B cumy
HepaBeHCTB (23)

e(z) <plx) <P(a). (24)
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Beumy wmempepwiBHOCTEM OynKImMid ¢ (z) n @ (r) dyskmmm u(z,t) n
u (z, t) HEIPEPLIBHEL B TOYKE Zg, T. €. HAmeTcs Takoe 6 (£), 4To

_ _ 9
@, ) - ()] < 5,
s |z — x| < 0(e), t<d(e),
9
[u(e, 1) = o ()] < 5
OTKyZIa
(e, ) ST (@) + 5 = ¢ e0) +e,
ot |z —xo| <0 (e), t<d(e).
u(e, ) > (@) - 5 = (o) —¢

B cuny meorpunarensaocru dyukunu G (z, &, t) u3 dopmynsr (24) cie-
IyeT, 9To

u(z, t) <ulz, t) <z, t). (25)
OTcrona monmyJaem HEpABEHCTBA
w(zo) —e<u(r, t) <p(zo)+e mua |z—1zo| <d(e), t<I(e)
wim
lu(z, t) —@(z0)| <e mma |z—xzo| <d(e), t<d(e),

4To u TpeboBanoch nokazarh. Orpanudyennocts bysakuuu |u (z, t)| cie-
nyer u3 (25) u u3 orpanuuennoctu byukuuit 4 (z,t) u u(z, t). Drum
TeopeMa, IOKa3aHa.

4. HeogHoponHoe ypaBHEHNE TEINIONPOBOAHOCTU. PaccMoTpum
HEOMHOPOMHOE YPABHEHUE TEILIONPOBOMHOCTH

ug = a*ugq + f (7, 1) (1)
C HAYAJILHBEIM yCJIOBAEM
uw(z,0)=0 (26)
U TPAHUYHLIME YCIOBUSME
u (0, t) =0,
u(l,t) =0.
Bynmem uckaTh perenue aToi 3amnauu u (z, t) B pume psana Oypne no cob-
n

LT
cTBeHHBIM (yHKIuaM 3amaun (11), T. e. mo yHknmam sin e T:

u(z, t) = Z U, (t) sin ? z, (27)
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cuuTasi ipu 5ToM ¢ mapamerpom. g naxoxneaus GyHkuma u (z, ) HAIO
oupenenuts GyHKUUM U, (t). lIpencraBum dynkuuio f (z, t) B Bume pana

Z fu(t Sln z,

roe

NIM

1
/fftsm—fdﬁ (28)
0

Moncrasus npennonaraemyo GopMy pelieHus B ucxonHoe ypasaerue (1),
OynmeM uMeTh

Zsm—x{(”l”)zazun ) + itn (£) — fi (t)} =0

OTo ypaBHeHue OymeT ymoBIETBOPEHO, €CIU BCE KOI(DOUIMEHTHI PA3IOKE-
HUS PABHEI HYJIIO, T. €.

i (1) = —a? (?)2 tn (£) + F (8). (29)

Monb3ysack HAYAIILHBEIM yCIOBUEM I U (T, t)

E Unp ( s1n—:v—0

MOy 9aeM HAUAJIbHOE YCIIOBUE I Uy, ():
un (0) = 0. (30)
Pemas o6bikaOBeHHOE muddepernuaibHoe ypasaenue (29) ¢ HyleBEIM Ha-
wampEbM yeaosueM (30) Y, maxommv
t
wn (1) = / e ()@ (1) ¢ (1) dr, (31)
0

Moncrasnsas seipaxenue (31) musa u, (t) B dopmyny (27), momyuaem pe-
IIIEHNE UCXOMHOM 331a491 B BUIE

u(z,t) = i {/e(ﬂl_n)%2 =) £ (1) dT} sin?m. (32)
0

n=1

D O TekCT, HabpaHHb MenkuM mwpudTom B Kouue . 4 § 3 ro. II.
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Bocnonbsyemcs Buipaxenuem (28) nnst f, (7) u npeoGpasyem HaineH-
Hoe perterue (32):

u(x,t):/t/l{

~| N

n=1

Zr(%fﬁt—%m?x'Sin?f}f(&r)dsdfz
t 1

://G(x,g,t—T)f(f,T)dde, (33)
0 0

roe

Gz, & t—1)=

mn 2
e~ () e (t-7) iy 71'l_n T - sin ? & (34)

~| o
M8

n=1

COBNAMAET ¢ HYHKIUEH UCTOYHUKA, OmpenensemMon dhopmyioir (18).
BousicHuM usmueckuii CMBICI MOy YeHHOTo perreHus (33)

u (z, t):/t
0

Mpennonoxum, ato dyukuus f (&, T) OTAMYIHA OT HYIS JWIIL B AOCTA-
TOUHO MaJiol okpecTHOCTH Touku My (&0, To)

§o <EL &+ AL, To < T <7+ AT

G(l‘, 6) t_T)f(Ea T) dEdT

o _

®Oyukuua F (€, 7) = ¢p f (€, T) UpPEncTaBiseT MIOTHOCTL TEIIOBLIX UC-
TounukoB. O6IIee KOIMUECTBO TEIIIa, Bhiaensmwomeecs Ha orpeske (0, 1)
3a BCe BpeMsl AefCTBUs UCTOYHMKA (T. €. 33 AT), pPaBHO

To+AT {o+A¢
Q- / ! ep f (€, 7) de dr. (35)

[IpumenuM TEOpeMy O CpemHEM K BBIPAXKEHUIO

u (z, t)=/t/lG(:c, & t—1)f (& m)dédr =

T0+AT {o+AE

= / / G(CL‘,f,t—T)f(f,T)dde:G(l',g,t—’l_')%:ﬂ(l',t),

b < €< &+ AE, To < T < 7o + AT.
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Mepeiinsa x npeneny npu AE — 0 u A7 — 0, momyuum GHyHKITIIO

w(z,t)= lim a(z,t)=—G (=, &,t—T0), (36)
AE—0 cp
AT—0

KOTOPYIO MOXHO MHTEPIPETUPOBATE KaK (DYHKINIO BIMSHISA MTHOBEHHOTO

MCTOYHWKA, TEIIIA, COCPENOTOYCHHOTO B TOUKE £ B MOMEHT Tp.

Eciun ussecrna dyukuus Q/(cp) - G (z, £, t — 7), npencrasiLsiio-
mias OEACTBAE eMUHUIHOTO MTHOBEHHOTO COCPENOTOUEHHOTO MCTOYHUKA,
TO NEWCTBUE MCTOYHWKOB, HEMPEPLIBHO PACIPENENIEHHLIX C MIIOTHOCTBHIO
F(z,t) =cpf(z,t), nonxuo BeIpaxkaTbcsa Gopmyinoi (33), kKak 5TO He-
MOCPENCTBEHHO CIIenyeT u3 Gpu3ndeckoro cMuicia dyukmun G (z, £, ¢ — 7).

N Tak, TeMmepaTypHOE BIUSHAE TEIJIOBLIX ICTOUHUKOB, NEACTBYOIIAX
B obnactu (&, {o + AE) X (10, 70 + AT), maeTcs BbIpAXKEHUEM

Gz, & t—71)f (& 1) AEAT (%:f(f,r)A§AT>.

Ecnr mcTounmMKM pacnpemeneHbl HENPEPBEIBHO, TO, CyMMUPYS TeIJIOBBLIE
BIIUSHUSI ICTOYHUKOB, nericTByommx Bo Beent obmactu 0 < € <1, 0< 7 < ¢,
nocie npenenbHoro mnepexona npu Aé — 0 u A7 — 0 monyvum

t 1
U(w,t)z//G(fv,&t—T)f(f, r) dé dr.
0 0

TaxuM 06pa3oM, UCXOms U3 (HU3MIECKOrO CMBICIA, (DYHKIUM UCTOUHUKA,
G (z, £, t), MoxHO ObuIO GBI Cpady HanucaThb BeipaxkeHwe (33) mist GyHK-
Y, JAOIIEH PEIeHne HEOMHOPOMHOTO YPABHEHUSL.

Nmes dopMy, B KOTODOI MOIKHO HPENCTABIATHCS DELICHUE 3a4a4u,
MOXKHO UCCIIENIOBATD YCJIOBUS IPUMEHUMOCTH STOU (POPMYJIIEI B OTHOIICHUN
dyukmuu f (€, 7). Mbr #e 6yneM OpOBOOUTDL STOTO UCCICNOBAHMSL.

Mur paccMaTpuBaiy 30eCh HEOQHOPONHOE yPABHEHUE C HYJIEBLIMU Ha-
YABHBIME YCIOBUsAMY. FKCiiu HAYaIbHOE yCIIOBME OTIIMYHO OT HYJIs, TO K
HTOMY DELIEHUIO CieAyeT NPUOABUTH PELIEHNEe OLHOPOLHOIO YDABHEHUS C
3aIaHHBIM HAUAJBHBIM ycroBueM u (z, 0) = ¢ (z), HaimenHoe B 1. 1.

5. O61as nmepBas kpaeBas 3amauva. PaccMoTpuM OOIIyIO MEPBYIO
KDPAaeByYIO 3a[4a4y [l yPABHEHUS TEIIOPOBOLHOCTH.

Haimu pewenue ypasnenus

up = a®ugy + f (2, t) (1)
C 00”0/L'Humeﬂb'}tbl.ﬂ4u yC/LOS'I_LHM'I_L
u(z, 0) = ¢ (z), (2)

u (07 t) =M (t)v
u(l, t) = pa(t).
15 A. H. Tuxonos, A. A. Camapckuit
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BeeneM HOBYIO Hen3BeCTHYIO GyHKIMIO v (T, t):
u(z, t) =U(z, t) +v(z, t), (37)

[IPEACTABIISIONLY 0 OTKIIOHEHUE OT HEKOTOPOU u3BecTHOM byukimu U (zx,t).
Ora byukiua v (z, t) GyIET ONPENENATHCSI KaK PEIIeHNe yPABHEHUS

Ut — af2vzz = f(CL', t))

fT(l‘, t) = f(l‘, t) - [Ut - afozI];

C OOIIOJTHUTEJIBHBIMU yCIIOBAAIMU

v(z,0)=9¢(), @) =¢@) Ul 0);
v (Ov t) = /7/1 (t)v /7/1 (t) 1 (t) -U (Ov t);

U(lv t) = fi2 (t)v 2 (t) 2 (t) _U(l) t)'
Bribepem BenomoraTenbuyo Gyuknuo U (z, t) Tak, 9T06bI

fin(t) =0 m [z () =0,

IULSL 9ero NOCTATOYHO nodoXuTh (cM. rit. II, § 3, m. 5)

=T €

Ue, 1) = (6) + 7 [ (6) = s (1))

Taxum obpasom, HaxoxaeHue GyHkumu U (x, t), Harolel pemneHne obLen
KDPAEeBOIl 3a/1a4U, CBENIEHO K HAXOXIEHUIO GyHKumu v (z, t), MaroIiei pe-
IIIEHUe KPAEBOU 3a[a49” C HyJIEBEIMU MPAHWMYHLIME yCIOBUAME. MeTom Ha-
xoxaeHust GyHkun v (z, t) maH B m. 4.

Wsnoxennas Boime GopManbHAS CXEMa PEIEHMs 33084 MPU HAJIMIAN
HEOMHOPOMHOCTEN B YPABHEHNNU U TPAHUYHLIX YCIIOBUAX HE BCETIA yOOOHA
LISl TIPENCTaBICHus UCKoMOu (yHkuuu u (z, t). TpymHOCTHU, BO3HUKAIO-
LIYe IpU HAXOXIEHUM BCIOMOIaTeNbHON byHKuuu v (T, t), 3aBUCAT OT
dyuknuu U (z, t), OT KOTOPOU WILETCs OTKJIOHEHUE.

B wacTtEOCTH, mIs 3ama9 CO CTAIMOHAPHBIMU HEOMHOPOMHOCTSIME
yIOOHEE BLIIENSTH CTAIIMOHAPHOE PEIIEHNE W NUCKATH OTKIIOHEHUE OT 3TOTO
pemtenus (cm. ra. 1T, § 3, m. 6).

Paccmorpum, Hanpumep, 3anady mis orpadudenHoro crepxus (0, 1),
KOHITHI KOTOPOTO TIOAEPKUBAIOTCS TIPU MMOCTOSHHBLIX TEMIIEPATYPaxX Ug 1
Uq:

Pemenne 6ymem nCKaTh B BUAE CYMMBI

u(z, t) = @ (2) + vz, 1),
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roe 4 (r) — cTannoHapHAsS TEMIEPATypa, a v (T, t) — OTKIIOHEHNE OT CTa-
IUOHAPHON TEMIEPATYPHI.
Hna yuxuuin @ (z) u v (z, t) Oymem UMeTb yCIOBUSL

" =0, Ve = Uy,
u(0) =uo, v(z,0)=¢(z)-u(z)=0¢1(2);
a(l)=u1, v(0,t)=wv(l,t)=0.

OTcrona HaxoouM
B T
@ (z) = uo + 7 (u1 — up)-

®Oyukuuio v (z, t), ONPENeNIeMy0 HAUAIbLHBIM YCIOBUEM U OMHOPO-
HBEIMU I'DAHUYHBIMU YCIIOBUSIMU, 06€3 TPyoa HAXOOUM METOINOM DA3IeIeHUs
TIepeMeHHbBIX.

S3amaun

1. BelBecTu ypaBHEHUE IJI MIPOIECCA HATPEBAHUSI OMHODOLHON TOHKOM IIPO-
BOJIOKM MOCTOSIHHBIM 3JIEKTPUYECKUM TOKOM, €CJIX Ha €€ IMOBEPXHOCTM IMPOMCXO-
OUT TemI000MeH C OKPYXKaloIlel Cpenon.

2. BrBecTu ypaBHeHue nuddys3nu B cpene, pABHOMEDHO IBUXYINEHCS B Ha-
TIPABIIEHUM OCH & CO CKOPOCTBIO w. PaccMOTpeTs ciiydail OmMHOM HEe3aBUCUIMONR
TIepeMeHHOU.

3. Ucxons u3 ypaBHeHuit MaxkcBena, npegmonaras Ey = E, =0, H, =0
u npeHeOperas TOKaMM CMeIIEHUs, MOKa3aTh, YTO B OMHOPOIHOM IIPOBOASIIEH
cperme COCTABIISIONIAs 3JIEKTPOMArHUTHOrO moiis Fy ymoBneTBopseT ypaBHEHUIO

O’Ey _ 4mo OE,
022 cz ot
rae ¢ — IOPOBOOMMOCTE CDENEBI, ¢— CKOPOCTH CBeTA. BEIBECTH ypaBHEHUS MJIS
H;.
4. llaTe dpm3udecKoe UCTOIKOBAHUE CIIENYIOIINX I'DAHUYHBEIX YCIIOBUI B 3a-
Iadax TemJIONPOBOMHOCTHU 1 Auddy3mu:

a) u(0,t) =0, 6) ue (0,t) =0,
B) ug (0,t) —hu(0,t) =0,
ue (I, t) +hu(l,t) =0

5. PemmTh 3amaday 06 OCTHLIBAHWM DPABHOMEPHO HATPETOTO OTHOPOIHOTO
CTEDPXHS IPU HYJIEBOU TEMIEPAaType Ha KOHIAX, MPENNoJIaras OTCyTCTBUE Te-
mwroo6MeHa Ha GOKOBOU MOBEPXHOCTH.

6. Haganmpnas TemmepaTypa crepxus u (£, 0) = ug = const npu 0 < z < [.
TemnepaTypa koHUOB noxnepxusaercs noctosauoi: « (0, t) = uy, u (I, t) = ug
npu 0 < t < co. Haittu Temueparypy crepxkHsi, eciiu TemmooO6MeH Ha GOKOBOIL
MOBEPXHOCTH OTCYTCTBYeT. HaliTl CTAIMOHAPHYIO TEMIIEPATYDY.

7. PemnTs 3amaqy 6 npu CIIeAyOMMX TPAHUYHLIX yCIIOBAIX: HA OMHOM KOH-
e MOANEePKUBACTCS MOCTOSHHAS TEMIIEPATYPA, OPYTON KOHEI TeMIIOM30InPOBAH.

15*

z (h > 0).
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8. Pemmts 3amauy 0 HArpeBaHUM TOHKOW OMHOPOMHOM IPOBOJIOKU IOCTOSH-
HBEIM 3JIEKTPUYECKNM TOKOM, €CIIM HAUAJIbHAS TEeMIEpPATypa, TPAHUYHAS TEMIIe-
paTypa, a TakXe TeMIEepPATypa OKPYXKAIOIIEH Cpenbl PABHLI HYJTIO.

9. unuunp miuHbL [, 3aII0IHEHHBIN BO3LYXOM IIPU IABJICHUYM X TE€MIEDa-
Type OKDPYXKAIOIIel Cpembl, OTKPLIBAIOT C ONHOTO KOHIIA B HAYAJIBHBIA MOMEHT
BpPEMEHU, U W3 OKPYXKaIOIel aTMoc(heprl, Iie KOHIEHTPANUSI HEKOTOPOI'O Ia3a
PaBHa wug, HaumHaeTcs aubdysus rasa B muimeAp. HaiiTu kommuecTBO rasa,
mudbyHIUPOBABIIETO 33 BpeMs ¢, €CIIM HAYAJIbHAS KOHICHTDAIUSI ra3a B IU-
JIMHOpE paBHA HYIIIO.

10. Pemns 3amauy 9 B DPEOIIOIIOKEHIN, ITO JIEBBIA KOHEI[ IIJIMHIPA 3a-
KDPBIT IOJIyIIPOHUIIAEMOU IIE€PEropOmSKON.

11. Pemnts 3amauy o6 OCTHIBAHUU OLHOPOLHOTO CTEDPXKHS C TEIJIOM30JIu-
pPOBaHHOI GOKOBOM MOBEPXHOCTBIO, €CIIK €r0 HadasbHas Temmeparypa u (z, 0) =
= ¢ (), a HA KOHIAX IPOUCXONUT TEIII000MEH CO CPENOM HyJIEBOM TEMIEPATY PHL.
Paccmorpers wacTHBIZ citywait ¢ () = ug.

12. Pemnrs 3amaay 11, mpennosnaras, 94To TEMIEPATyPa OKPYKAIOIIEN Cpe-
net paBHa Up.

13. Pemmrs 3amauy 11, cumrast, 470 Ha 60KOBOI IIOBEPXHOCTH IIPONCXOLUT
TemI000MeH CO CPeNol, TeEMIIEPATyPa KOTOPOIL:

a) paBHa HyJIIO;

6) mOCTOSHHA W PABHA 1.

14. HaiT; yCTaHOBUBILIYIOCS TEMIEPATYDPY CTEPXKHs, IpeHeOperas TemsIo-
06MeHOM Ha GOKOBOHI NMOBEPXHOCTU M CUUTASI, UTO OOUH KOHEI[ CTEPXHS TeIJIOo-
M30JIIPOBAH, & KO BTOPOMY KOHI[Y IIOOBOOUTCS IIOTOK TEIId, TADMOHUYECKU Me-
HSIIOIINNCSI BO BDEMEHU.

15. Pemuts 3amauy 14, cuuTas, 9YTO OOUH KOHEI CTEDXHSI MMeeT HyJIe-
BYIO TEMIIEPATYDPY, & TEMIIEPATyPa BTOPOTO KOHIIA TaPMOHUYECKU MEHSIETCS BO
BPEMEHN.

16. Crepxens (0, ]) cocTasneH u3 IByX OMHOPOAHBIX KyCKOB OMUHAKOBOTO
TIOTIEPEYHOT0 CEUEHUS, COMPUKACAIOIINXCI B TOUKE & = T 4 OOIANAIOIINX Xa-
pakTepucTUKaMu ai, k1 u a2, ko coorBercrBenHo. HailTu yCTaHOBUBIIYIOCS
TEMIEpPATypPy B TAKOM CTEpXHE (TEIIOBBIE BOJIHBI), €CIIA OOWH KOHEN CTEPXHS
(r = 0) mommepXwmBaeTCsA NPU HYJIEBOU TEMIEPAType, & TEMIEPATypPa BTOPOTO
MEHSeTCSI CUHYCOUIAJILHO BO BDEMEHU.

17. JleBblil KOHEI] COCTABHOIO CTEPXKHS U3 33034 16 mOLIepKUBAaeTCS IPU
TeMmmepaTrype, PAaBHOW Hymo, a mpasbli—upu Temueparype u(l, t) = uy, Ha-
9JaJIbHAsL XKe TeMIepaTypa CTepkHsS paBHa Hymo. Haitu temmnepatypy u (z, t)
CTEPXHS B PEryIAPHOM PexuMe (IEePBBIA YIIeH PA3JIOXKEHNU).

18. Hairtu Temneparypy u (z, t) CTEpXKH:, HAYAILHAS TEMIEPATYPA KOTO-
pOro paBHA HYIIIO, & TDAHUYHEBIE YCIIOBUS UMEIOT BUI

w(0,t)=Ae” %, w(l, t)=B,

roe A, B u a > (0 — DOCTOSIHHEIE.

§ 3. 3anaun Ha GeckoHeUYHOW HPsIMOI

1. PacnpocrpaHenune Temjia Ha 6ecKoHeYHOU mpsamoii. ®yHK-
NS ICTOYHUKA [JIg HeOTpaHUYeHHOoU obsracTu. PaccmoTpuMm Ha Hec-
KOHEUHOH IPSIMON 330ady C HauaJlbHbIMU HaHHbIME (3anady Komm).
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Hatimu oeparnuuennyto Pywkyuio u (z, t), onpedeaennyio 6 obaacmu
—o0 < x <o, t>0, ydosiemsopsiowyio ypasHenu0 menionposodno-
cmu

U = a2 Uyy, —co<r<oo, t>0, (1)
U HAUAADHOMY YCAOBUIO
u(z, 0) = ¢ (z), —00 <z < 00. (2)

Ecmu ¢ () — HenpepbIBHAsS GYHKIUS, TO BBIIOJIHEHNE HAUAIBHOLO YCIO-
Bus OyneM IOHMMATB B TOM CMBICKE, 4TO GyHKuus U (T, t) HenpepbIBHA
mpu t =0, T.e.

Iim w(z,t) = ¢ (z0).

t—0
T—xQ

Kak mu1 Bunenu B § 1, m1. 7, perenne ypaBHEHUs! TEILIONPOBOMHOCTY OMHO-
3HAYHO OIPENEeJISIeTCsI CBOMMY HAYAIIBLHBIMU yCIOBUSIMUA, €CIIA OHO OTPaHU-
1eHo. [losToMy B GOpPMYyIUPOBKY TE€OPEM BBOAUTCS YCJIOBUE OTPAHMYIEHHO-
CTH.

Hamnm cHadana GOpMaIBHYIO CXEMY PeIIeHNs IOCTABICHHOR 3a/1a41,
OCHOBAHHYIO Ha, PA30eeHNN TePEMEHHBIX.

Bynmem mckarh orpaHndeHHOE HETPUBUAJILHOE DEIIEHUE YDPABHEHUS
(1), mpencraBuMoe B BUIE TPOU3BEACHUS

u(z,t) =X ()T (). (3)
IToncrasmsas seipaxkenue (3) B (1), momyuaem
XII TI
= =)
X T ’
roe A2 —mapameTp pasmenennusa. OTciona clenyer
T' + a®> *T =0, (4)
X"+ XX =0. (5)

Pemas ypasuenus (4) u (5), Halimem uyacTHBIe pemieHus ypasHeHms (1)
BUIA

2 2 .
u (7, t) = A(N) e MR (6)
YIOOBIIETBOPSIOLINE YCIIOBUIO OrPAHMYEHHOCTH. 3meCh A — Jiio6oe Bellle-
CTBEHHOE 4HCIIO: — 00 < A < 00; mo3TOMY B (6) BO3BMEM 3HAK <ILIHOCS
u obpazyeM GyHKIIUIIO
o0
242 .
u(z, t) = / A(N) e @ AT gy (7)

— o0
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Ecmu npoussonusie, Bxonsimue B ypasuerue (1), MOXHO BEIUUCIISATD Iy TEM
nuddeperuupoBanus moxn 3HakoM uHTerpana (7), To dyuakuus (7), oue-
BUAHO, OyIET yOOBIETBOPATEL ypaBHeHuto (1) Kak Cynepmno3uius 4acTHBIX
PeILeHn 3TOr0 YPaBHEHUSI.

Tpebyst BeIOIHEHUST HAYAIBLHOrO yeioBus npu ¢t = 0, 6ynem umers

o (z) = / AN e d), (8)

Bocnonb3yemcs Temepb GopMyItoi 06paTHOTO IPeobpPa30BAHMS UHTETPAJIa,
Dypoe

o0
1 )
AN = — A ge.
W= [ e e Q
Honcrasnas (9) B (7) u MeHsAs NOPANOK WHTETPUPOBAHUS, HOILY IUM
1 o0 o0
u(z, t) = — / / 0 (€) e e de o @ N trixe gy
27
1 o0 o0
2,2 .
= 5 / e TANEHNE=O x| o (€)de. (10)

Buyrpensnit narerpan B (10) pasen )

o0
1 / a2 t4iA (2€) 1 e
= e NGO g = Z o7 aan 11
27 2vVrat (1D

Honcrasnas (11) B (10), mnpuxonuM K MHTErPaIbHOMY HPENCTABIEHUIO UC-
KOMOTO DEIIIeHM ST

U@ﬂz/G@iﬁwwﬁ, (12)
roe )
1 _ (2=

—e 4a2t . 13
2V ma?t (13)

®Oyukuuio G (z, €, t), onpemensemyro dopmysoin (13), wacTo HasBIBaIOT
byHODaMeHTANIbHBIM pEIHIeHUEM YPABHEHUS TEMIOMNPOBOII-
HOCTU.

Gz, &, 1) =

1) Bynak B. M., ®omuu C. B. Kparuse unrerpans: u psaer. M., 1967.
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HemocpencTBeHHOM TPOBEPKOT MOXHO YOSIUTHCS B TOM, UTO GYHKITUS

(2-8)2

G (z, &t —to) - a2 (t-t0) (13)

_ Q
 ep2/ma? (t — to) ‘

IPENCTABIISIET TEMIIEPATYPY B TOUKE T B MOMEHT BpPEMEHU [, eciiu B Ha-
JaJIbHBIA MOMEHT BpeMeHU t = ty B TOUKe ¢ BBINEIISIETCS KOJIMIECTBO Te-
wia Q = cp.

®Oyukuus G (z, &, t — tp) yHEOBIETBOPSIET YPABHEHUIO TEILIOIPOBOLHO-
CTHU 1O TIepeMeHHBIM (Z, t) 1)) 9TO MOXHO NMPOBEPUTDH HEMOCPENCTBEHHBIM
nuddepeHnnpoBaHIEeM.

KonuuecTso Tenna, Haxonpsieecs Ha ocu £ B MOMeHT t > ty, PaBHO

7 T _we? d
cp / G(z, & t—to)dz = 9 / e Tl M _

VT 2./a2 (t — to)
_ 9 /e‘“2da:Q=cp,
™

TaK KakK

/ e do = Nz
oo

( x—¢& dz )
o= —""— doa=——7+7——].
2+/a? (t —tp) 2+/a? (t —to)

Takum oOpa3oM, KOTMYECTBO TEIJIa, Ha, HAIEH MPSMON HE MEHSETCS C Te-
yenueMm Bpemenu. Oyuxnus G (z, €, t — tp) 3aBUCUT OT BPEMEHU TOILKO
gepes aprymenT 0 = a? (t — tp), Tax 4TO 3Ty (DYHKIWIO MOXKHO 3aIMCATD

1) B camom neiste,

1 s—¢ _ (;(—5)2>
G —— . e da“ (t—tg ,
T2VE 2@ (-t
2
G 1 [_1 1 PG } PPy
2V | 2 [a®(t—to)]2  4a®(t—t0)]"2 ’

r— 2
1 {_ a? N a? (z — ¢)* :|e4a(Tt£—>t0)’
2Vm | 202 (t—to)2  4[a2 (t—to)]°2

Gt = a®Gae.



232 YPABHEHUS ITAPABOJIMYECKOI'O TUITA [[JI. 111

B BUIE
r— 2
G = —1 L e G 496)
2V Vo
Ha puc. 40 uzobpaxen rpaduk Gpyukuru G B 3aBUCUMOCTHU OT T IJIS Pa3-

anuHbX 3Hadenuii 6. IlouTu Beg miomanb, OrpaHUYEHHAsS STOU KPUBOIA,
HAXOOUTCS HAIl IIPOMEXYTKOM

(£ —& é- + 8)5
rme €-— CKOJb YTOMHO Majioe UmCio, ecid Tombko 6 = a? (t — tg) —
MOCTATOYHO MAJIoe 9uCyio. Bemmunna 5TOl Momany, yMHOKEHHAS Ha Cp,

(13")

G
3.0

A

\O

6,=0,01
jﬂ
0> =10,05
0 =0,1
—2,0 —-1,5 -1,0 -06 -0,2 0 0,2 0,6 1,0 1,5 2,0
Puc. 40

PaBHA KOJIMYECTBY TEILIA, MMOABENEHHOMY B HAYAJILHLIA MOMEHT. 1akum
obpa3oM, mJist MaJIbIX 3HauUeHu ¢ — tg > (0 mMOUTU BCe TEmI0 CoCpemnoTode-
HO B MaJioil okpecTHOCTH Toukm &. U3 cka3aHHOrO BBIIIE CIEMYyeT, 94TO B
MOMEHT tp BCE KOJIMYECTBO TEINIA MOMEIAETCs B TOUke &.

PaccmaTpuBas uaMeHneHre TeMIepaTyphl B QUKCUPOBAHHONR TOUKE L =
= ¢+ h c Teuennem Bpemenu npu h =0, T. e. npu x = £, moIyInM

1 1
2 /o
Taxum o6pa3oM, TeMIepaTypa B 3TOM TOUKE, I'ZIe BLIAETISIETCS TEI0, IITsT
MaJIbIX 0 HeOI‘paHI{ILIeHHO BeJINKa.

Goee =
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Ecmm z #¢&, 1. e. h#0, To dyukuus G npencTaBiseTcs B BUOE
[IPOU3BENEHUS ABYX MHOXUTEJIEH

G [—1 ! ] -4
T#E — —F=| € .
2V /8

Bropoit coMHOXUTENbL MEHbIE eOUHUNLL: Tpu Goibiiux 6 OH mpu-
6M3UTENBHO paBeH 1, mpu Masbix 6 ou Giusok k 0. Orcooma cnemyetr, 4ToO
Gore = Gp—¢ mna 6onbumx 0, Gpre K Gp—¢ nnsg mameix . Yem MeHb-
me h, T.e. yem Onuxke r kK £, TeM OONbIIEe BTOPON MHOXUTENL. ['paduku
oyuakmmit Gy—¢ u Gpxe pu hy < hy mpuBenensr Ha puc. 41.

Herpynso BuOETH, 4TO

li =0.
jm Gaze = 0

PackpeiBas HeonpeneneHHOCTh, HAXOMUM

2 2 2
lim 1 i6_2_0 = b lim {1 9_3/2/ (h— ez_e>] =0.
002/ /B 2/ 60 |2 40
®opwmyna (13') mokas3bIBaeT, 4TO BO BCAKONW TOUKE I TEMIIEPATYPA, CO-
3[0aBAE€Masi MIHOBEHHBIM TOYEYHBIM KMCTOUYHUKOM,
IENCTBYIOIIAM B HAUaJbHBIL MOMeHT t =0, or- G
JIMYHA OT HYJIS ISl CKOJIb YTOMHO MAJIBIX MOMEHTOB
BpeMeHU. [1omoOHBIN HaKT MOXKHO OBIIIO OB UHTED-
IPETUPOBATHL KaK Pe3ynbTaT OECKOHEUHO OBICTPO-
ro pacupocTpaHeHus Temia (GeCKOHEUHas CKO-
pocThb). OmHAKO 5TO MPOTUBOPEUUT MOJIEKYJIISIPHO-
KUHETUYECKAM [IPENCTABIIEHUSIM O IPUPOLIE TeILIa.
Taxoe mpoTrBOpeUNe MOITYUYAETCSI B CBI3U C TEM,
YTO BBIIIE [P BBLIBOAE YPABHEHUS TEIIONPOBOL-
HOCTU MBI TOIB30BAIINCH (DEHOMEHOIOTMIECKIME Puc. 41
TIPENCTABIIEHUSIMI O PACTEKAHUUN TEIIa, HE YUUTHIBAIOUINMYU WHEPIIUOH-
HOCTB IIPOIIECCA NBUXKEHUS MOJIEKYIL.
Tenepb BLISCHUM yCIIOBUS TPUMEHUMOCTH hopmysr (12).
Hokaxem, aTo dhopMyaa

1 _ (=92

w@ =gz [ e Wp©d (12)

Has3eIBaeMass mHTerpanoM Ilyaccora, mms mioboi OrpaHUYEHHON
dyuxuun | (€)] < M upencrasuser npu ¢ > 0 OrpaHWYEHHOE DENIEHVE
YPABHEHUS TEINIONPOBOAHOCTHU, HEIPEPEIBHO MpuMBbIKatomiee pu ¢ = 0 K
¢ () BO BCEX TOUKAX HEMPEPBIBHOCTHU 3TOU (DYHKIUA.

HMokaxeM npenBapuTenbHo temmy (06OGIMIe HHBIN IPUHI AT CYy-
NepHO3ULUIE).

ycmy gynryusg U (z, t, &) no nepemennvim (z,t) ydosasemsopsem
aunetinomy oud@epenyuaibHomy ypasHenuo

L({U)=0
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npu Aarbom Purcuposarnnom 3naueruy napamempa «. Toeda uwmezpan

u (z, t) :/U(:L', t,a) p(a)da

maxdce A6agemcs pewernuem moezo e ypaswewus L (u) =0, ecau npo-
u3600nble, 6xodquwue 6 aunelnoviti Juddepenyuasmubiii onepamop L(U),
MOHCHO BBIUUCAIMD NPU NOMOWY OUPPePEnYUPOBaAHUT N0O ZHAKOM UHME-
2paaa.

HoxazarensCTBO IeMMbI KpaiiHe npocTo. Jlunednnii quddepeHnnainb-
ueii oneparop L (U) mpencrasisier cymmy npousBonubix Gyukuuu U ¢
HEKOTOPBIMU KOd(hdurimentamu, 3apucaiumu ot & u t. Huddepenunpo-
BaHre QYHKINAN U, [0 [IPENIOJIONKEHUIO, MOXHO IIPOU3BOAUTE 0L 3HAKOM
rHTerpaia. Kodh@uureHTsl Tak®ke MOXHO BHECTH IO 3HAK WHTErPAJIA.
Orcroona cremyer, 4To

L(u>=/L(U<x, b, 0)) () da = 0,

T. e. uro bysKuus u (z, t) ynosmersopseT ypasuenutoo L (u) = 0.
Hamomuum nocraTounsie ycnosus nudhepeHnmpyeMOCTH MO 3HAKOM
MHTErpajia, 3aBUCAIIETO OT TAPAMETDA.
DyHKITUS

F(x):/bf(x,a)da

[IpY KOHEUHBIX TIpeneiax ¢ u b nuddepeHumnpyema, mo 3HAKOM HHTErpadia,

of
ecit —— (z, @) sABIETCS HENPEPHIBHON (DYHKIUEN [IEPEMEHHBIX T U & B

ox
06TaCTH WX U3MeHeHus 1.
Herpynuo BumeTh Takxke, 4TO (QyHKINL

b
F (z) =/f<x, o) ¢ () dov

IpM KOHEUHBIX TIpenenax ¢ u b mubdepeHimpyema, mon 3HaKOM UHTerpa-
JIa, TIPU TEX XK€ YCIOBUSIX OTHOCUTENHHO GyHKIMU [ (%, () U MPOU3BOIB-
HOI1, OrpaHu9YeHHON (1 naxe abCcoIOTHO nHTErpupyeMoi) dyukuuu @ ().
Ecnu npenensl naETerpupoBaHusa 66CKOHEYHLL, TO B 3TOM Cllydae Tpebyercs
PABHOMEPHAS CXOMUMOCTh UHTErPAIIa, Oy I€HHOTO B pe3ynbTaTe audde-
PEHIIPOBAHUS [IONBIHTErPAJILHOM (DYHKIHE 110 IApaMeTpy 2.

OTu xe 3aMEeYaHUsT OTHOCITCS K KPATHBLIM WHTETDAIIAM, 3aBUCAIIIM
OT TapaMeTpoB.

D COm. Bymax B. M., ®omuu C. B. Kparusle unrerpanst u psagel. M.,

1967.

2) Cm. Tam xe.
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Ins nuHeriHeIX ypaBHeHuil L (u) = 0 mMeeT MeCTO MPUHIUN CyIEep-
TO3WUIAY, 3aKJIOYAIOIINNACSI B TOM, IYTO (QYHKIINS

’U/(CE, t) = thul (.CL', t):
i=1

IPENCTABIIEHHAS B BUAE CYMMBI KOHEYHOTO YKCIA YACTHBIX DEIIeHUN, SIBIIs-
eTCs TakXe pelneHueM ypasHeHus. Ecium Mbl umeeM pewtenue u (z, t, @),
3aBUCAIIEE OT [TAPAMETPa, TO UHTErPAITbHAS CYMMa,

Z U (ZL’, t, an) Cn (Cn = (an) ACK) (14)

Takxe aBiigercs pemternreM ypaaenus L (u) = 0. Iokasanuas imemma, Kak
u jemMa Ha, ¢. 97, yCTAHABIUBAET yCIIOBUS, IPU KOTOPBIX MPENeT CyMMEI
(14), B HameM cityuae paBHBII

u(z, 1) =/U(x, b a) ¢ (0) da,

Takxke sBisgercs pemenueM ypasHeHus L (u) = 0. C sToil Touku 3pe-
HUS NOKA3AHHYIO JIEMMY, KaK W JIeMMy Ha C. 97, eCTeCTBEHHO HA3LIBATH
0600OMUIeHHBIM NPUHINUIOM CYIEPIO3NIINU.

O6parumcs k usydenuto unrerpasa (12). INokaxeM, BO-IEPBBIX, 4TO
ecu byHkms ¢ (z) orpanmuena, |¢ (z)| < M, To murerpam (12') cxo-
IUTCS ¥ OPENCTABIAET OrpaHMIeHHyI0 dyHknuio. B camom nemne,

— o0
TaK Kak
oo
e da = /7.
— o0

Hokaxem manee, uro unarerpas (12') ymosieTBopsieT ypaBHEHUIO Te-
monposogHocTy npu ¢ > 0. st 5TOro mOCTATOYHO MOKA3ATh, UTO IIPO-
M3BOOHBIE 5TOr0 MHTerpasa npu ¢ > 0 MOXHO BBHIYMCIISTH [P IIOMOLIA
nuddepeHnnpoBaHus MO 3HAKOM MHTErpasa.

B cnyuae KOHEUHBLIX IPENENOB MHTErPUPOBAHKS STO 3AKOHHO, TAK KaK
BCE IPOM3BOMHEIE (DYHKIN

1 _ (=92
—F— €
2Vma’t

npu t > 0 senpepoiBubl. it BosMoxHOCTH nuddepeHImpOBa s IO 3Ha-
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KOM MHTErpaJia Ipu OECKOHEYHBIX IIPeeax JOCTATOYHO yOenuThCs B PaB-
HOMEPHOU CXOOUMOCTY MHTErpajia, MOyIeHHOro nocie nuddepeHnupoBa-
HUS TTON 3HAKOM mHTerpadia. [Iposenem 5To nccmenoBanme Ha TPUMEPE Iep-
BOU IIPOM3BOOHOU IO .

Wrak, nnsa mokasarenscrsa aubdepennupyemoctu dyuxuuu (12) mo
T, a TakXe PaBEHCTBA

6_Z _ / %‘G("” £, 1)) (€) de

IOCTATOYHO yOEOUTHCS B PABHOMEDHON CXOOUMOCTU WHTEIPAJIA, CTOIIIE-
IO CIpaBa; IIPU 3TOM IS YCTAHOBIEHUS NUGDEPEHINDPYEMOCTH B TOUKE
(0, to) MOCTATOYHO MOKA3ATH PABHOMEDHYIO CXOMUMOCTDb UHTErPAIa B HE-
KOTOPOU 06JIACTU 3HAUEHUN IIEPEMEHHBIX, COOEPXKAIIEN UCCIenyeMble 3Ha-
uenus (o, to), HAIPUMED B OOIACTU

th1 <to <2, |2|<Z

HocTaTouHBIM yCIOBMEM PABHOMEDHOM CXOOMMOCTU MHTErpaila (aHa-
JIOTMYHBIM TIPU3HAKY PABHOMEPHOU CXOIMMOCTH PSAIA,) ABJIAETCS CYIIECTBO-
BaHUE NOJNOXWUTENbHOU Gyukiuuy F' (£), He 3aBUCALIENl OT IAapaMeTPOB
(z, t), KOTOpas MaXOPUPYET MOALIHTErPAIHHYIO (DYHKIIMIO:

G ED0@|<FO.  ¢>a e<-a (9

¥ WHTErpajl OT KOTOPOU CXOOUTCS:

/F(&) dé < oo, / F (€) dé < oo. (15)

Bemmuuza 7 0603HaYAET HEKOTOPOE UMCIIO, HAUMHAL ¢ KOTOPOTO BBIMOJM-
HseTcs HepaBeHcTBO (15).

Haiinem onesky cBepxy I aGCONIOTHON BEJIMYUHBL HOMLIHTEIPAJIb-
HOTrO BhIpaxeHus B hopmyse ans Ou/dz:

oG _ 1 |§—$| (z— 522
o 0,60 (O] = gz pomt e T Lo(0)] <

M |gl+z - ]
\ﬁ;['it]/ Wi —F(6) man €<z (16)

npu mobeiX |z] < T u t; <t < ty. HerpynHo yOenuThest B CXOOUMOCTHI
uaTerpanos (15’ ) oT byHKIUN F (§). Uarerpan

2
gl e S5 / M &+ S
F d 4a“ty 4a“t d
/ 5 /2\/_ 2 a2t1]3/2 € é. 2\/— 2 a2t1]3/2 € 2 51

& =1¢l - 2)
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CXOOWTCS, TaK KaK IIOf 3HAKOM MHTErpajia CTOMT MHOXUTENb Tuna (af +
2
+b)e . Orcioma 3aKI09aeM, 94TO

du [ oG
5= | g @ & De©d.

— o0

AHAJIOTMYHO MOKA3BIBACTCA BO3MOXKHOCTD BLIUMCIICHUS BCEX OCTAJIb-
HEIX TPOM3BOMHBLIX IION 3HAKOM HMHTErpaja. 1TeM CaMbBIM HOKA3aHO, UTO
dbyuknusa (12') ynoBreTBOpsieT ypaBHEHUIO TEIONPOBOIHOCTH.

O6paruMcss Temepb K BBLIACHEHHWIO OCHOBHOTO CBOMCTBA WHTErPAJIa
(12"), a nMeHHO mOKaXeM, UTO

u(z,t) >(xo) mpm t—0 u z— 20

BO BCEX TOYKAX HEIpepBIBHOCTU byHKUuu ¢ (I).
Nrak, mycTts ¢ () HEOpEpLIBHA B HEKOTOPOU TOUKE To. MBI MOIKHEL
IOKA3aTh, 4TO

lim w(z,t) = ¢ (zo),
t—0
T—xQ
T. €. KAKOBO OBl HU OBIIO € > (), MOXHO yKa3aTb Takoe 0 (€), 4To
|u (2, t) — ¢ (z0)| <,
KOIIb CKOPO
|z —zo] <d(e) m || <d(e).

B cuny npenmonaraemoit menpepsiBHOCTH GyHKIUU @ (Z) B TOUYKE To Cy-
iecTByeT Takoe 1) (), 4TO

€
o (2) = ¢ (z0)l < 5, (17)
€CIIH TOIIBKO
|z — zo| <.

Pa3buBas NpPOMEXYTOK HNHTETPUPOBAHUSA HA YACTH, HOPEICTABUM
u (z, t) B BIIE CyMMBI TPEX CJIATAEMBIX:

T2

S T S W= ;
_ — _ 4a“t —
w@ =gz [ Ame Wp@dir g [odet
— o0 Tl
+L7 dé =uy (z, t) +us (z, t) +us (z, t)
2\/7__‘_ = Uu ) 2 ) 3 ) )
D)

rue

Ty =xg—1N U Tg=1xo+1. (18)
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['maBHOE cmaraeMoe 5TO CyMMBI 4o MOXHO NMPENCTABUTHL B BUIE

T2
¢ (zo) 1 e
us (x, t) = / e 4%t dé+
2\/m
v ]

a’t

_ (=92

1 [ ¢
*ﬁ/ﬁ T p(€) — (o) = I + I,

Wurerpan [; BBIYUCIAETCS HEMOCPEICTBEHHO:

1)2712
( ) z2 7(93—2'5)2 ( ) 2vVa2t
© (ZTo e 4a®t @Y (To A2
I, = d¢ = ———= “d
IV / e TR / °©
Tl r]—x
2Va?t
roe
- d
-2y £ (19)

a=—="+— da= )
2Va?t 2V a3t

Ipu |z — zo| < n BepxXHMIL IPENETT MONOKUTEIEH, & HIKHUA — OTPULATE-
ned, u ipu t — 0 BepXHUit Ipenen CTPEeMUTCS K + 00, a HIKHNAR K — 00.
Orcroona cnemyet, 4To

lim I; = ¢ (o).
t—0
T—xQ

Taxkum 06pa30M, MOXKHO yKa3aTb TaKoe (51, q9TOo
£
o

|11 — ¢ (20)| < 6

€CJIn TOJIBKO
|$—.CL'0| <4 m |t| < 01.
ITokaxeM, YTO OCTAIBbHLIE MHTErpaNbl: Iy, u; 1 u3z — Majsl. OueHuM

mpexne Bcero uHTerpan Is:

1 (=82

T2
1 -
Bl< gz [ e W o - @)l i
T

W3 pasencts (18) BumHO, uTO IIPU
1 < €<z
IMEeT MECTO HEPABEHCTBO

|§ —mo| <.
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Monb3yscek vepasencToM (17), a Takxe TeM, 4TO

1] -
ﬁ / €_a2 da < ﬁ / €_a2 da=1
' —©

opu mobex ' n ', momygaem

z9—
1 b 1 (0—6)2 1 2Va2t
£ _ = & £
[ LN N —a® g 21
1Ll < 2\/77/\/@6 rA =S o /6 a <5 (21
T z]—
2V a2t

I HOBas TiepeMenHas « onpenensercs dopmynon (19). Ouenum us (z, t):

7 1 _ (@=&?
/ S (0 de
T2

jus (&, )] = — <
W

e
a?t

o0

M
/ e~ da = 0 mpu T — xg, t—0, (22)

< R
N
1)2713

2vVa2t

7 aHAJIOTUYHO U1 (T, t):

t ) z1 1 7@725)2 ;
= — 4a“t
el =5=| [ Ame wp©d| <
— o0
13171)
2va2t
<M " do — 0 — t—0. (23)
— e (6] xr T .
ﬁ opu 0,
— o

CnpasenmusocTs (22), (23) BEITEKAET U3 TOTO, UTO €CIU & — Lo, TO Lo —
—x>0wu z; —2 <0, nuecnu t — 0, To B nocnenuux wieHax (22) u (23)
HIDKHUI U, COOTBETCTBEHHO, BEPXHUN IIPENENBI CTPEMATCI K + 00 U — 0.
CriemoBaTenbHO, MOXKHO yKa3aTh TaKoe dz, 4TO

fus (@, Ol < 5w Jun (3, )] < (24)

€
3
€CIIM TONBKO

|z —zo| <02 m |t < Js.
Monb3yscek ycranosiaenubiMu Beiie oneakamu (20), (21) u (24), nonyuaem
|u(z, t) = @ (z0)] < |ur + [I1 — ¢ (20)] + L2 + us| <

13 13
< ur| + 1[I = @ (zo)| + | I2] + |us| < 3tgtgT3=o (25)

™
Wl M
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€CJI TOJILKO
|z —zo| <0 m |t <9,

rme § paBHO HAMMEHBINEMY U3 UuceNn §; u Jo.
Takum 06pa3oM, MBI HOKA3AJIU, YTO (PYHKIIMI

oo
1 1 (z=£)2

u(z, t) = NG T ¢ 12t (£)dE (12)

OTpaHUYECHA, YOOBJICTBOPAECT YPABHCHUIO TEHJIONIPOBOAHOCTU N HAYAJIBHO-
My YCJIOBHIO.

Ecnu nauanbuoe 3uaueHue 3anaercs ue npu t = 0, a npu ¢t = ty, TO
BhIpaxeHue misd u (z, t) nmpuobperaer BUI

__(@=9?
1a2 (t—10) o (£) dE. (12")

P 7 1
RGN VD

EnuHCTBEHHOCTE MOMTYYEHHOTO PEITCHNS IJI HeMPEepPLIBHOM (QyHKINN
¢ (x) cnemyer u3 TeopeMbl, Hoka3aHHOU B § 2, 1. 3. Ecnu nHavanbHas GyHk-
s @ () MMeeT KOHEYHOE YUCIIO TOYEK Ppa3phiBa, To uaTerpad (12”) npen-
CTaBIIIET OTPAHWYEHHOE pelneHue ypasuenus (1), HempepbiBHOE BCIOAY,
KPOMe TOodek pas3peiBa Gyukmmn ¢ ().

PaccMoTpuM B KauecTBe MPUMEDPA CIEAYIOIIYIO 38044y .

Haiimu pewenue ypasrewus mensonposoonocmu, €cal, Ha%aibHaT
memnepamypa (npu t =tog = 0) umeem nocmoawnbie, KO PA3AUUNbIE 3HA-
wenud dag © >0 v z <0, o umenno:

Ti mns x > 0,
Ts mna z < 0.

U(w,0)=<ﬁ(w)={

Monb3ysce dopmysoir (12'), momyuaeM peleHue 3a0a4u B BULE

u(x,t)zi/ L S oo de =

T 2V a2t T 2 aot
— o0
_ $2 -
T2 —a? Tl 2
= —= e do + e % da =
VT VT
— 00 — T
2Va2t

1 IMonb3ysacs METODOM, M3II0XKEHHBIM B § 2, 1. 3, MOXHO y6enuThCs, 4T0 PyHK-

mus u (Z, t) MepevnCIIeHHBIMU yCIIOBUSMU OIPENEIISeTC ONHO3HAYHO.
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TN +Ty T, —T VT
1+ 13 1 — 13 _a?
- o® g 2
> T/ /e a (20
0
TaK KaK
17 17 17 1 1 7
2 2 2 2
— e da=— [ e da-— [eda==—-— [e"4
ﬁ/e « ﬁ/e “ﬁ/e “=3 ﬁ/e «
o oo 0 0
n
17 11 1 1 7
2 X
L P - -0 oy = = - —a” g —
\/7_r e 0} 2—!— o e 0} 2—l—\/7_r e 0% (z 2m>

B wacTHOCTH, eciim

TO

@) == [14 2 j“zd ( r )
u(z, t) == — [e a z=———.
2 ﬁo 2v a2t

[Ipodune TemmepaTypsl B 3aJaHHLIE MOMEHT ¢ HAETCSI KPUBOML

z

f(z):% + % /efazda,
0

Te z TPENCTAaBISIeT abCIUCCY TOYKM, B KOTOPOU OIPENEeNsIeTC s TeMIepa-
Typa, €CJIU 33, OUHUILY OJIUHLI, B 3aBUCUMOCTU OT t, IPUHUMAETCS 3HAUE-

mue 2vVa?t. IlocTpoeHne 5TOIl KPUBOM HE MPENCTABILET TPYyHOa, TaK KaK
MHTErpat

z

D (z) = % /ff"‘2 da,

0
HA3BIBAEMBIN OOBIYHO MHTETPajoM OIMuOOK, JYaCTO BCTPEUAECTCS B

TeOpUU BEPOSITHOCTEN U AJIS HErO CYIeCTBYIOT NOAPOOHBIE TAOIAIIBL b,
®opmyina (26) npu npoussonbHblx 17 u Ts MOXeT OBITH 3aIUCAHA B
BUIE

T + T T, — T
w(z, t) = 1+ 1> 1 2 ( z )

2 2 2\/(1275

Cwm., manpumep, «Acuucnenne BeposraocTein»> A. A. Mapkosa (M., 1924),
rfe maHbl TabIuIBI 3TOTO MHTErPAJIa C IIECTHI0 NeCATHIHBIME 3Hakamu. CM.
rakxe Tabin. 1 B Homonmuenwnwu II, 4. IV.

1)

16 A. H. Tuxonos, A. A. Camapckuit
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Orcroma BumHO, uTO B TOuke £ = () TeMmepaTypa BCEe BPEMsI MOCTOSHHA, 1
paBHa II0JIyCyMMe Ha4daJlbHBIX 3HAUYEHWH CIpaBa u ciieBa, Tak kKak @ (0) =

Perenne HeomHOPOMHOrO ypaBHEHMS
ut = a’ug, + f (7, t) (—oo <z <00, t>0)
C HYJIEBBIM Ha4YaJIbBHBIM YCJIOBUEM
u(z, 0) =0,

OYEBUIHO, MOJIKHO MPENCTABIATHCI (POPMYIION

u(z, t)z/ / Gz, € t—7) (€ 7)dedr, (27)
0 —o©

Kak TO cienyer u3 cMbicna byukumu G (z, & 7) (cM. § 2, m. 4). MbI He
Oynem monpoOHee 3aHNMATBHCS U3yUEeHNEM 5TON HOPMYIBLI U YCIIOBUM IIPU-
MEHMMOCTH, KOTOPHIE HAJ0 HAJIOXKUTL HAa Qyukuuio f (z, t).

2. KpaeBble 3aauu aJ1s mMoJiyorpaHndeHHon nmpaMoii. Kak Mer
yxke ormeuayim B § 1, m. 4, B Tex CIy4yasix, KOTIa WHTEPECYITCS PACIpe-
[IEJICHNEeM TEMIIEPATYPHI BOIM3KM OOHOIO M3 KOHIIOB CTEPXKHS, & BIIASHUE
BTOPOTO KOHITA HECYILIECTBEHHO, IPIHIMAIOT, UYTO BTOPOH KOHEIl HAXOMUT-
¢ B GECKOHEUHOCTHU. DTO NMPUBOMUT K 3amade 00 ONPENesieHUN DPelleHuns
YPABHEHUS TEIIONPOBOIHOCTH

Ur = a®Upy, >0, t>0,

Ha OIyOecKoHeUHOU mpssMoit & > 0 mis 3HaveHuit ¢ > 0, yImoBIETBODSIIO-
I1Ier0 HAYAIILHOMY yCIIOBUIO

u(z,0)=¢(z) (2>0)

¥ I'PAHUYIHOMY yCJIOBUAIO, KOTOPOE B 3aBUCUMOCTHY OT 33aaHHOI'O XapaKTepa
TPAHUYHOTO peXuMa 6epeTcs B OIHOM U3 CJIEAYIOIINX BUOOB!

u (0, t) = u(t) (mepBas kpaeBas 3amava),

% (0, t) =v(t) (Bropas kpaeBas 3amada)
z
wim
Ou
9z (0, t) = A[u (0, t) — 0 (1)) (Tperbst KpaeBas 3a1a4a).

B naaneﬁmeM MBI OT'PDaHUYINMCA HOI[pO6HI:>IM nccilaegoBaHneM TOJIBKO
MepBON KPAaeBOW 3aMadU, 3aKITIOUAIOIICHCI B OTHICKAHUU PEIICHUS
YbpaBHEHUA TEIINIOIIPOBOOHOCTH IIPU OOIIOJIHUTEIBHBIX yCIIOBUAX

u(z, 0)=¢(z),  u(0,t)=p(d). (28)
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st TOro 4TO6R! yCIOBUS 33149 OIPENESITA eTUHCTBEHHOE PEIeHne,
HEOOXOMMMO HAJIOKUTH HEKOTOPLIE yCioBus B Oeckoneunoctu. [lorpebyem
IOTIOITHUTEIBLHO, UTOOBI yHKIUs 4 (2, ) ObLITa BCIOAY OTPAHUYEHA:

lu(z,t)] <M mns 0<z<oo m t2>0,

rome M — uekoropas nocrosHHass. OTciona clenyeT, YTO HadalbHas DYHK-
st @ () HOVKHA TaKXKe yIOBIIETBOPSTH YCIOBUK OrPAHUIEHHOCTH:

o (z)] < M.

PeH_IeHI/Ie [OCTAaBJIEHHONI 3a0a491 MOXHO 3allICaTh B BUOE CyMMEL
u (.CL', t) = u (.CL', t) + us (fE, t)a

roe u (z, 1) OPENCTaBISIeT BIMSHUE TOJBKO HAYAILHOIO YCIOBUS, a
us (x, t) — TONILKO IPAHUYHOLO YCIOBUs. OTU (DYHKIUN MOXKHO OIpEme-
JIITH KaK perieHus ypasHeHus (1), yOOBIETBOPAIONIAE YCIOBUSIM

1 (l‘, 0) = 90("17)7 Uy (07 t) =0 (28I)

uz (2, 0) =0, uz (0, 1) = p (t). (28")

OueBumHo, 4TO cyMMa 5Tux GYHKIUA OymeT yOOBIETBOPATH YCIOBHU-
M (28). IHokaxeMm npenBapuTENBLHO ABE JIEMMBI OTHOCUTEIBHO (DYHKIUY
u (z, t), onpemensemon unrerpasom Ilyaccona:

(z-8)?

u(z, t) 10t 4 (&) dE. (29)

2f/\/a7

1. Ecau dynryug o (z) ge6agemca newemmnot, m. e.
¥ (z) = —¢ (—=),
mo Pynruyug (29)

‘ —

u(z, t) =

5
3

T 1 we?
/ W (€) de

obpawaemes 6 nyav npu x = 0:
u (0, t) = 0.
Ipu 5TOM, KOHEUHO, MNPENIOIATAETCS, YTO WHTErPAJl, OMPENEIISIOLINil

¢byukuuio u (z, t), CXOOWTCs, YTO UMEET MeCTO, eciu 1) (z) orpaHude-
Ha. [loneIHTErpalibHAS DYHKISA B MHTETPAJIE

u(0, ) = ‘ﬁ@b(adf

16*
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HEUYETHA OTHOCUTEIBHO &, TAK KAK SIBJISETCS IPOM3BENEHUEM HEUYEeTHOM
byukuun Ha deTHyo. MHTerpas xe or He4eTHOW (QYHKINM B IPENENax,
CAMMETPUYHBIX OTHOCUTEIILHO HAYaJIa KOOPANHAT, PABHIETCS HYIIO; CIe-
IOBATEILHO,

u (0, t) =0,

YTO U MOKA3HIBAET JeMMy 1.
2. Ecau dpynxyug ) (z) geagzemea wemmnot, m. e.

P (x) =9 (—2),

mo npouzsodnag ynryuu v (z, t) uz gopmyavt (29) pasna nyao npu r =

ou
—(0,¢) =0
ax ( ) )
dasg ecex t > 0.
B camom merne,

(z=6)2

Wit (§)dg| =0,

u 1 [ @-9 -
=0 S22 ﬁ —[o 2 (azt)3/2 ‘ =0

oz

Tak kKak npu z = 0 mogeIHTerpanbHas QyHKIusS HedeTHas, ecnu 1 (§) —
yeTHasd.

[lepeiineM Tenepb K MOCTPOEHUIO GYHKIMA w1 (T, t), YOOBIETBOPSIO-
weit ycnosusm (28').

Beenem Bcomorarensuyio dyakuuio U (z, t), onpenenennyio Ha Gec-
KOHEYHOU MPSIMON — 00 < & < 0O U YIOBJIETBOPSIOIIYIO yDABHEHNIO, & TaK-
Ke yCIOBUAM

U (0, t) = 0,
U(z,0)=p(z) mua z > 0.

OTy GYHKIWIO, HOMB3YACH TEMMOI 1, MOXHO ONPENEATE IPU TTOMOLIA Ha-
vanpaOu dyskiuu VU (), coBnanarouei ¢ ¢ (x) mis z > 0 u sSBsOIIeics
HeyeTHBIM nponoiikenueM ¢ (z) mis z < 0, T. e.

_ p(z) mnaz >0,
¥ (@) = {—(p (—z) mna z <0,

TaK 49TO

_ (=92

WU (€) de.

17 1
U‘”“’:m_[ome

Paccmarpusas 3unauenus byuakuun U (z, t) TONBKO B MHTEPECYIOLIEH HAC
obmactu z > 0, momyuum

up (z,t) =U(z,t) ompm z >0.
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Monbsysce onpenenenuem dyukiuuu ¥ (z), GymeMm uMeThb

Uz, t)=

0 [e’s)
1 1 _@=9? 1 1 _ @-9?
o | e @it 5 [ R @ =
[e%e] 0

2ym Va2t 2ym a’t
o0 o0
L[l S e+ 5 [ S e
= — e~ 4alt + e 4a%t
2T a?t 4 2ym | a2t 4 ’
0 0
OpuYeM B IEpBOM MHTerpaJe chelaHa sameHa & = —¢ U KUCIOIB30BAHO
PABEHCTBO

V(&) =—p(=¢) = (&)

Coenuuss o6a nHTErpajga BMECTe, HOIYyUNM UCKOMYIO GOYHKIIUIO

_ (=92 (2492
2

R VG

up (z, t) =

Ty E

B BUIE, HE CONEPKAIIEM BCIOMOTATENBHLIX (QYHKIUA. 3aMETHM, YTO HPH

2 = 0 BBIpaxkeHUe B QUTypPHBIX CKOOKax obpatmaercs B Hyib u u1 (0, t) = 0.
Mone3ysacy neMMoOi 2, HETPYOHO YOEMUTHCS, YTO PEIECHNE YPABHEHS

TEMTONPOBONHOCTA C OMHOPOMHLIM TDAHUYHLIM YCIOBHEM BTOPOTO DOMA

o1 _

. (0, t) = 0 u mauanbpuBIM ycnoBueM U1 (z, 0) = ¢ (z) npencrasnsercs

B BUZIE

_ (2-8?  (@48)?

i (z, t):ﬁfﬁ {e el il }<p(§)d§. (30)

[Ipumenum nosyueHHyI0 HOPMYILY K PEIISHUIO 33139 00 OCTHIBAHII
PaBHOMEDHO HAUPETOTO CTEPXKHS, Ha IPAHUIE KOTOPOTO IOANEPKUBAECTCS
MIOCTOSIHHASL TEMIIEPATYPa, KOTOPYI0 MBI IPUMEM PABHOU HYJIO. 330a4a
COCTOUT B OIpENeJIeHNY PEeIIeHNs yPAaBHEHUS TelJIONPOBOLHOCTH, YIOBIIE-
TBOPSIOILETO YCIIOBUSM

(%} (.CL', t()) = T, U1 (0, t) =0.

YuuTeBasg, UTO HaUAILHOE yCIoBUE 3amaercs He mpu t = 0, a mpnm
t = tg, BmecTo dopmyist (30) moyunm

T T oo __@+e)? d
vy (z, t) = m / {e 4a? (t—tg) — g 4a2(t—tp) 75 (31)
0

a2 (¢ — to)
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PasbuBas nunTerpan Ha QB3 CIIATAEMBIX U BBOIS [EPEMEHHBIE
E—x E+x

o= A = ——F/—,
20Vt —to) 2@ (t—to)

TIOITy 9aeM

v (z,t) =T® ( (319

2 az(t—t0)>’

roe

®(2) = % /Ze_o‘2 da
0

— MHTEerpaJl OmmboK.

O6paTumcs Tenepb K OTBICKaHUIO GyHKUUU Us (T, t), IpemncTasiisio-
el BTOPYIO YaCTh PEIIeHNs IePBOY KPAEBOW 3aIa4M.

Iycte

i (t) = po = const.
DyHKIUS

U(z, t) = po® <m> (32)

SIBJIISIETCSI PEIIeHNeM YDPABHEHUS TEIJIONPOBONHOCTH, YIOBIIETBOPSIOIINM
YCIIOBUSAM

v (x, to) = po, ©(0,t) =0.

Orciona crenyer, 9T0 OyHKIL

v(x,t):uo—v(x,t):uoll—q)(*)] (33)

2/a? (t —to)
U ABJIAETCS MCKOMOI, TAK KAK OHA yIOBJIETBOPSET TOMY XK€ YDABHEHWIO U
YCIIOBISIM
v(z,t0) =0 (z>0) umw v(0,t)=po (t>to).
[Ipencrasum v (z, t) B Bune
v(z,t)=poU (z,t—to),

roe

T 2 7 —a2
U@,t-t@:l-@(m):ﬁ / = da (34)

24/a? (t—tp)
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SBITAETCA PEIIeHNEM TOI Xe 3amauu, uto u v (x, t), upu po = 1.
ITo ompenenenuto dynkuus U (z, t — tp) UMEET CMBICI TOIBKO NPU
t > to. [Ipomomxum onpenenenue >Toi GYHKIIAY, TOTATAS

U(z,t—t) =0 mua t<tg.

OueBMOHO, YTO BTO ONpPEHEIEHUE COTNIACYEeTCsS CO 3HAUCHWEM (DYHKIIN
U(z,t) npu t =0 u onpenmenennas TakuM obpasoMm Gyukuus Oyner
YIOBJIETBOPSITH YPABHEHUIO TEIIONPOBONHOCTH il Beex ¢ mpu x > 0.
Ppannunoe snauenue stoil Gyukuuu (mpu z = 0) sBISETCS CTyNEHYa-
TON (PyHKIIMEN, paBHOW HYyIIo npu t < ty ¥ paBHOW enwHuUle mpu t > to.
®yukuusa U (z, t) BeCbMa 9aCTO BCTPEYACTCS B MPWIOKEHUAX U SABIIICTCS
BCIIOMOTaTEILHEIM 3BEHOM Ml HAXOXIeHus QyHKuuu uUs (T, t).

PaccMoTpuM BTOpPYI0 BCIOMOTATETBHYIO 330a4y, 3aKITIOUAOIIYIOCT B
HAXOXIIEHNU PEIIEHUS YPABHEHNS TEIIONPOBOMHOCTY CO CIEMY FOITIME Ha-
YAJILHLIMA W TPAHWYIHBIMUA yCIIOBUSMU:

o mast to <t < ty,
0 mnat>t;.

v (z, to) =0, U(O)t):p‘(t):{
HemocpencTBeHHOM TPOBEPKON HETPYOHO YOEMUTHCS, UTO
v(z, t) = o {U(:v, t—to) — U (x, t—tl)].

Boobuie, ecimu rpanununas dyukuus p (t) 3amaeTcs B BULE CTYNEHYATOU
pyHKITAN:

4o o to <t <ty

1231 ot b <t < ta,
p(t) = N

fn—1 M tp_1 <t <y,
TO, PacCcy*/ias COBEPIICHHO aHAJOTUYHO, IOJIyUYNM, YTO PelleHne KpaeBoi

3amaun ¢ monoOHON (yHKumen f (t) MOXET OBITH 3AIUCAHO CIEMYOIIM
obpa3zom:

n—2
u(z, t) = Z'“i [U(:ﬂ, t—t;) — U (z, t—ti+1)] + -1 U (2, t — tp—1).
i=0

(35)
[Mome3ysick TeOpEMOil O KOHEUHOM TPUPAILEHUN, TIOTYIAeM
n—2
oU (z, t — 1
T e R e S IC)

Ti

=0

ms b <7 < g
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ObpaTumcs Tenepsb K 3a1a4ue 0 HaXOXICHUNAN peleHus u (z, t) ypas-
HEHUs TEeIVIONPOBONHOCTIY C HYJIEBBIM HAYAJIBHBIM YCIIOBIEM U IDAHNYHBIM
yCIIOBUEM

w(0,t) =pu(t)  (£>0),

roe p(t) — npousBonbHAsL KyCOYHO-HenpepuiBHAas QyHkuus. [Ipubinxen-
HOEe DeIlleHne HTON 3aJaul JIerKo MonyunTh B Bume (36), ecnu byHKIMIO
i (t) 3ameHuTH KycouHo-noctosuuou ¢yukuuei. [lepexons x mpemeity npu
YMEHBIIIEHNY NHTEPBAJIOB IIOCTOSIHCTBA BCIIOMOTATEIBHON (DY HKIUN, [TOITY-
vyaeM, 4To npenei cymmel (36) Oyner pasex

t

/—U (z, t — ) p(7)dr,
0

0

Tak Kak rpu x > 0

t—t}:iri—m Mn—1 U (CL‘, t— tnfl) =0.

OueBunHO, YTO UCKOMOE perneHue s (Z, t) BTOPON 330a4r HOIKHO OBITH
pPaBHO

/B_U (z, t —7) p(7)dr. (37)
0

Mer me Gymem HOZPOGHO OCTAHABIMBATHCA HA NPABOMEPHOCTH IIPE-
LIETIBHOTO TIEPEXOMA U BBIICHEHUN YCIIOBUI MIPUMEHIMOCTY 9TOU (HOPMYIIBI
B oTHOIWeHu Gyukuuu (7).

HerpymnHo y6ennThes B TOM, ITO

e 7 g | =L 9T
T BV R BTN PN -
2vVa2t
oG oG 1 1 @
:_2 2 7 :22_ = — a? .
a 8$($’0’t) a 35‘ (G 2\/77\/%6 4 t>

TaxuM 06pa30M, UCKOMOE PEIIEHUE B CIIydae MPOU3BONIBHON HYHKIIUM
)
1 (t) MOXeT GLITH IPENCTABIICHO B BUME
¢
2 22

us (2, t) = 2?/7? / 20 - i ¢ W) pu(r)dr,

to
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i
h oG
us (z, t) = 2a® / % (z,0,t—T1)p(r)drb. (38)
¢

OTMeTum, 4TO B mporecce mogyderus GhopMyiibl (38) MBI HE NONB30-
BAJICH HUKAKVME CHEMUAIBHBIMU CBONCTBAME YDABHEHUS TEILIONPOBOL-
HOCTH, KPOME €ro NUHEHHOCTH. MBI HUT[e He MONb30BAIICH TAKXKE aHA-
suTuaeckoir popmoit pyukuuu U (z, t), mis HAC ObLIO BajXKHO TOILKO TO,
YTO OHA YIOBIETBOPSET TPAHNYIHEIM U HAYAIBHBIM YCIIOBHIM

U@,t)=1 mnat>0,
U(x,00=0 muaz>0
i
1 t
U0, t) = nsa t > 0,
0 mast<O.

OueBUIHO, YTO KOTA MBI MMEEM MEJI0 C PEIIeHNeM KAKOro-aubo Jiv-
HenHOro nqud@epeHnnaIbHOr0 yPaBHEHNS IPY TPAHUYIHOM YCJIOBUNT

w(0,t) =pu(t)  (£>0),

HYJIEBBIX HAYaJIbHBIX YCIIOBUSX M HYJIEBBIX IOIOJIHUATEIbHBIX I'DAHUYHBIX
YCIIOBUAX, €CITU TAKUE UMEIOT MECTO (Hampumep, npu z = [), TO pelieHune
5TOH 33034l MOXET OBITH IPENCTABIIEHO B BUIE

ta
u (z, t) zo/a—xt—T),u(T)dT, (39)

roe U (z, t) — peleHne aHAJOTUYHON KPAeBOU 3304y IPK
Ut =1

ChopMyIUpOBaHHLIN 3M€CH ITPWHIAN, HA3LIBAEMBIN MPUHIIUIOM
Horame s, IOKa3bIBAET, ITO OCHOBHYIO TPYAHOCTH [IPY PEIIEHUN KPae-
BBIX 3aJ1a4 IPEACTABIISIET IOCTOSHHOE FPAHNYHOE 3HaUeHre. Ecmu kpaeBas
3a0a4a C IOCTOSHHBIM IDAHUYHBIM 3HAUEHUEM DeIleHa, TO PELIeHne Kpae-
BOM 3a]aUM C IE€PEMEHHBIM I'DAHUYHBIM YCJIOBUEM BBHIDAXAETCs HOpMYIIon
(39). OTUM IPUHIUIOM YACTO HONB3YIOTCA IPY PEIIIEHAN MHOTUX KPACBHIX
3a0a4, IPUBOAS PELICHUE TOIBKO IS MOCTOSIHHOTO I'PAHIMYIHOIO yCJIOBUS,
HE OrOBApUBasi, UTO PEIICHNE KPACBOU 3aa4U C IepeMeHHbIM i (t) maercs
dopmyioin (39).

U Bro [IPENCTABIIEHNE PELIeHNs IEPBO KPAEBOIl 3aMa9l C HyJIEBLIMU HAYAIIb-
HBIMM yCJIOBUSAMU IAHO 3[ECHh IUIs yOOOCTBA CPABHEHUS C PEIICHWEM TOR Xe 3a-
nmaqy, nonydeHHsM B 1. VI, § 4 npyrum meromom.
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Cymma bysKImi
Ui (CL‘, t) + Uz (ZL’, t)
IAeT peIIeHre IEPBOM KPAEBOH 3a1a49M IJIs OITyOECKOHETHON TPSIMOM IJTsT
OIHOPONHOI'O yPABHEHUS.
Monb3ysce dopmysoir (27) uz § 3, 1. 1 1 IPUHIUIOM HEYETHOTO IIPO-

IOJIXKEHUS, HeTPYOHO YOeIUTHCS B TOM, UTO PEIIeHNe HEOTHOPOLHOIO ypaB-
HEHUS

ug = a®uzy + f (z, 1) (0<z <00, t>0)

[IpY HyJIEBOM HAa4YaJIbHOM U HylieBoM rpanmunoMm ycioBusx (u (0, t) = 0)
naeTcs popMyson

uz(z, t) =

(@82 __(z+8)?
e 4a2? (t—7) _ e 4a2 (t—7) f(f, T) dé- dr. (40)

t oo
1 1
2 / / Ve t=1)
Cymma
ur (z, t) +us (z, t) +us (z, t) = u(z, t)
JaeT PeIIeHne TepBOil KPACBOH 3a,1adu
U = 0’y + f (2, ),

u(0,t) = pu(t), wu(z,0)=0p().
§ 4. 3amaun Ge3 HaYaJIbHBLIX yCJIOBUI

Ecan m3yuaercs mporiecc TEIIONPOBOLHOCTHA B MOMEHT, MOCTATOYHO
YOANEHHBIA OT HAYAIBHOLO, TO BIUSHUE HAYAIBHLIX YCIOBUN MPAKTUIE-
CKU HE CKA3LIBAETCS HA PACIPENETICHNN TEMIEPATYPHI B MOMEHT HAOIIOIe-
uusi. B sToM ciiyuae craBuTcs 3amaua 006 OTHICKAHUYN DPEIIEHUS YDABHEHUS
TEILIONPOBOMHOCTH, yIOBIIETBOPSIIOIIErO FPAHUYHBIM YCIOBUAM OIHOTO U3
Tpex TUIMOB, 3aJaHHBIM IJIs BceX ¢ > — 00. Ecnu crepkeHnb orpanundeH, To
33JaI0TCS TPAHUYHBIE YCIOBUS HA 000UX KOHIAX crepxHs. Ilis momyGec-
KOHEYHOTrO CTEPXKHS 3aMAETCS JIUIIE ONHO TPAHUYHOE YCIIOBHE.

PaccmoTpuM nepByio KpaeByro 3a4a4Uy OJIsI TOIYGECKOHEUHOTO CTEPXK-
HsL.

Hatimu oepanuuenmnoe pewenuve ypasHenus mMenionposodwocmu 6
obaacmu x > 0, ydosaemeopsouee Ycio6uo

u (0, t) = p(t), (1)
ede u(t) —zadannag gynrxyusa. IIpednoaazaemes, wmo Pynwkyuu u(z, t)
u i (t) oepanuuensv 6crody, m. e.

lu(z, t)] < M,
| ()] < M.
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Kak Oynmer mokaszaHo Huxke (CM. TEKCT, HAODAHHBIA MEIKAM MIPUGTOM),
Gbyukuus u(x, t) onpenensercs omHo3Ha4HO. BosbMeMm Hambonee 4acTo
BCTPEUAIOIINMCS CIIydall FPAHUYHOIO yCIOBUS

u(t) = Acoswt. (2)

Ora 3amaua uzyuanacs eme Pypbe u BrepBbie ObLIa, TPUMEHEH), IPU OIIpe-
IeJIeHIK TeMIlepaTypHbIX Konebanuil moussl (cM. [Ipunoxenue I).
3anuieM rpaHUYHOE YCIOBUE B BUIE

p(t) = Aett. (2"

W3 nuueHOCTY ypaBHEHUS TEIJIOIPOBOOHOCTH CIIEAYET, YTO JeHCTBUTETb-
Hasgd 1 MHHUMas 9aCTU HEKOTOPOro KOMINJIEKCHOI'O PEIICHUs YPDAaBHEHUA Te-
IIJIOIPOBOAHOCTHY, KaXOasd B OTOCIBHOCTH, YOOBJIIETBOPAKT TOMY X€ YpaB-
HEHUIO.

Ecnu maiineHo pereHre ypaBHEHUST TEIJIONPOBOAHOCTH, YIOBIETBOPSI-
romee ycioBuio (2'), TO ero meiCTBUTENBHAS YaCTh YAOBIETBOPSIET yCIIO-
Buio (2), a MHUMas — yCJIOBUIO

(0, t) = u1 (t) = Asinwt.

Wrak, paccMoTpuM 3amady

U = 6% Ugy, (3)
u (0, t) = Ae™t,
Ee pemrenue 6ymeM mckaTh B BUOE
u(z, t) = Aed®THt, (4)

roe o u (3— He OIpefelieHHbIE [OKA ITOCTOSHHBIE.
IToncrasmsas Beipaxenue (4) B ypasHeHne (3) u UpaHIYHOE YCIOBUE,
HAXOIUM
1
a2 =5 /8) /6 = iw)
a
OTKyIa

a:i\/aﬁt:i\/gﬁ:i\/g%:i[\/%ﬂ\/%].

Hus u(z, t) umeem

u(m,t):Aexp{ﬂ:\/%x—ki(:t %zx—kwtﬂ. (5)

HeticTBUTENBHAS YaCTh YTOTO PEIIECHUS

u(z, t) = Aexp (ﬁ: 2i(12x> cos (ﬂ:,/%x%—wt) (6)
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YIOBIIETBOPSIET YPABHEHUIO TEIIONPOBONHOCTY ¥ TPAHUIHOMY YCIOBUIO
(2). ®opmyna (6) B 3aBUCMMOCTH OT BLIOOpA 3HAKA OIPENENIET HE Of-
Hy, a nBe ¢bysknun. ODHAKO TONBKO (GYHKINS, COOTBETCTBYIOIIAS 3HAKY
«MUHYC», YIOBIETBOPSIET TPEOGOBAHUIO OrPAaHNIEHHOCTH. Takum 06pasom,
DEIIEeHVE IOCTABIEHHON 33041 Oy 9aeM B BULE

u(a, 1) = Aexp (_\/22x> (_\/%:Hwt). 7)

Anamornuno pemraercs 3anaua 663 HAUAIBLHBIX YCIOBUI [JIST OTPAHU-
YEHHOT'O OTPE3KA

Ut = @°Ugq,
u (0, t) = Acoswt, (8)
u(l,t) =0.
[lepenuceiBas rpaHMYHBIE yCIIOBUS B BUIE
a(0,t) =Ae” ™ a(l,t) =0,
6ymeM MCKATh pereHne B hopMe
i (z, t) = X (z)e” . 9)

[ToncraBus 510 BhIpaxeHue B ypapHenue (8), nomyuum s GyHKIIM
X (z) ypaBHeHue

X'+ 2 X =0, wm X'+92X=0,
’ 1w w (10)
Y= T g LD

U OTIOJTHUTEITLHLIE Y CITOBUS
X0)=4, X =0. (11)
Orcrona mus byukuun X (z) Oynem umers

siny (I — z)

X(z)=A = X, (z) +i X» (), (12)

sinyl
roe X; u Xo—BemecrsenHas u MuuMas dactu dyakuum X (z). s
byuxunun 4 (z, t) moMydYaeM BEIpaKeHUe

siny (I — z)

i(z,t)=A et (13)

sin vyl

Beinenss BemecrBennyio yactb Gyukuuu @ (z, t), HAXOOUM DEILIEHUE UC-
XOMHOM 3anauu 06e3 HauaJIbHBIX yCIOBUH B BUIE

u(z, t) = X; () coswt + Xs (z) sin wi. (14)
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ME&rI He maeM 371eCh SBHOTO BBIpaXeHUSI st X1 u Xa, XOTS HTO U HETPYIHO
CIEeNATh.

Ecnu rpanmunas GyHKINUS OIPEOCTABIISIET COOON KOMOWHAIINIO TapMO-
HIK Pa3HBIX YaCTOT, TO PEIIeHNe TAKON 331Ul MOXKET ObITDH [TOIYyYeHO KaK
CYIEPIIO3UIINS PeIeHnil, COOTBETCTBYIOIINX OTHEIbHBIM IapMOHUKAM.

IoxaxeM enMHCTBEHHOCTH DelIeH’s 3ana4uu 0e3 HAYAIIBHBIX YCJIOBMI IS
TIOJIyOT DAHUYIEHHOM HpsMoi. ByzmeM mcxonuTs u3 GOpMyIIED

2
-2
e 4% (t=7) 4 (0, 7) dr +

u(z,t) =

t
a2 T
M—rt/ (6=

__(@=9)? __(et9)?
1a2 (t—tg) — o 4a2(t—tg) \ 4 (&, to) de =

7 1
+2\/?0/\/(12(7540) ‘

=11 +1> (15)

(t = t0)7

KOTOpas IPENCTABIILeT JI060e OrPAHUIEHHOE PEIIEHNE YPABHEHUS TEIJIONPOBOL-
HOCTM 4epe3 ero HadasbHOe 3HaueHue u (z, to) u rpanmunoe u (0, t) = p(t) B
obmactu z > 0, t > ty.

ITokaxem, aTo

lim Is(z,t) =0, (16)

tg—— 00
€CIIM TOJIBKO
lu(z, t)| < M

upu igobom t. IeicTBUTENBHO,

oo oo
M _ 2 2
|12|<ﬁ / e “Tday — / e “2das y =
B 24/a? (t—tg) 2\/a2‘(t7t0)
2\/a2‘(t7t0)
M 2
= ﬁ2 / e @ da,
0
roe
al:7£—$ n 012_75_’_1. .
2 a2 (t—to) 2 a2 (t—to)

Orciona u cnenyer pasenctso (16), Tak kak = u ¢ GuKCEPOBAHEL, a ty — — 0O.
Ecmu B popmymne (15) dukcuposaTs = u ¢t m ycrpemuts tg — — 00, T0 u(z, t)
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OyIeT paBHO IIPENeJIy TOJIBKO IMEPBOTO CJIAraeMOr0 M MBI MOJIyYuM GOpMYITy

2

L e 4Z(=7) y(r)dr, (17)

t
a2
ve0=57 | wt

IIOKA3BIBAIOIIYIO, UYTO NBYX PA3IMYHBLIX DEIICHUH HAIIEH 3a4a4un OBITH HE MOXET.
MoxHO TakXe IOKa3aTh, YTO I JIIOO0H OrPDAHMYEHHON KYCOUHO-HEIIPEPLIBHOK
dyukumu p (t) dopmysna (17) mpencTasiseT pemeHuEe TOCTABICHHON 3aTa4M.

Ananorununo MoxeT OBITH UCCIIENOBAHA 3a0a4a 663 HAUAJILHEBIX YCIIOBUM IS
orparmuerroro orpeska (0 < z <1). Ora 3amada 6e3 yCIOBUS OrPAHUICHHOCTH
UMeeT MHOTO3HAUHOE peIleHNne, TaK KaK QyHKIus

n )2a2t

_ .
un (z,t) =Ce (l sin == =
npu JI000M 7 IPENCTaBIISIET pelleHUe >TOW 3a0a4YM C HYJIEBBIMU I'DAHWIHBIMU
sHaueHnsMu. OQHAKO PEIIeHNsT TAKOrO TUIA IPA ¢ — — 0O HE OCPAHUYEHBI U HE
COCTaBJISIET TPYyHA HOKa3aTh €NMHCTBEHHOCTH OTPAHWYEHHOIO PEIIeHUs IOCTa-
BJICHHOU 330a4U.

SAITAYN K T'NIABE III

1. HafitTu GyHKIUO BINSHUS MIHOBEHHOT'O TOYEYHOIO MCTOUHUKA TEIId
IS

a) HOJIyOrpPaHWYEHHOTO CTEPKHS IPU FPAHUYHBIX yCJIOBUAX 1-T0 1 2-T0 poma
U DY OTCYTCTBUH TeIIoo0MeHa Ha GOKOBOM IOBEPXHOCTH;

6) HEOrPAHWYIEHHOIO CTEPXKHS IPU HAIWIUK TEIIOOOMEHa Ha GOKOBOU IO-
BEPXHOCTH;

B) IOJIyOrPAHWYEHHOIO CTEPXKHS DU HAIMYNM TEIIoo0MeHa Ha GOKOBOI
MOBEPXHOCTU U IIPU I'PAHUYHBLIX YCJIOBUSAX IIEPBBIX IBYX TUIIOB.

2. Haiitu GyHKIIUIO BIMSHYSI MTHOBEHHOTO TOYEYHOI'O NCTOYHUKA TEILIa IS
MOJIyOrDAHUYEHHOTO CTEPXKHS C TEIJIOM30JIMPOBAHHON OOKOBOM ITOBEPXHOCTBHIO

9]
IU1s TPETHEN KPAeBOU 3amady (TPAHUIHOE YCIIOBUE BUIA 8—“ (0,t) —hu(0,t) =
T

— F (1)),

3. PemnTh ypaBHEHHE TEMJIONPOBOMHOCTHU IJIS CIIydYaeB, OMUCAHHBEIX B 3a-
magax la — 1B, ecmn:

1) B Touke z = £y meucTByer mcTouHmK Temra () = Q (t), B wacTHOCTH
Q = Qo = const;

2) s3amaHO HAvabHOE pacupenenenme temmepatyper u(z, 0) = ¢ (z), B
JaCTHOCTHA

_ Jup mpm 0 <z <1,
p(z) =
0 Bme murepsana (0, [);

3) TemnoBBIE MCTOYHWKYA PACHPENENICHBl C MIOTHOCTHIO f (7, t) mo BCemy
CTEPXHIO, & HAUAJIbHAS TEMIEPATYDPa PABHA HYJIO; PACCMOTDPETH, B 9aCTHOCTH,
cnywait f = qo = const (cTammoHApHBIE NCTOYHUKH).

4. TlomyorpaHUYeHHBIN CTEPXKEHDb C TEIJION30JIMPOBAHHON GOKOBOM ITOBEPX-
HOCTBIO GBI PABHOMEDHO HATPET N0 TEMIEPATYPHI

u(z, 0) = up = const (z > 0).
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Komnern crepxHs, HaunHasg ¢ MoMeHTa ¢ = (), MOmAEPXKUBAETCS DU TEMIIEPATYPE,
PaBHOU HYJIIO:

w(0,8) =0 (t>0).

Hairtu Temmeparypy crepxHS u(T,t) u, MOIB3ysICh TaGIMIAMU HHTETPAIIA
ommbok

z
2
@(z):% /efa da,
0

nocrpouTh rpaduku mo = ua muaTepBane 0 < z <! dynxmum u (z,t) opm t =
=12/16a%, t =1%/24°, t = 1%/d’.
YKa3anue. Y nobHO BBeCTU 6e3pa3MepHbIE IEeDEMEHHEIE

o =z/l, 0=d’t/1>, v=u/uo.

5. KoHen mosiyorpaHMYeHHOTr0 OMIIMHODPA B HAYAJILHBI MOMEHT BDEMEHI
t = 0 orTkpniBaoT B aTMocdepe, rie KOHIEHTPAIS HEKOTOPOrO ra3a PaBHA U(Q.-
Haitrtu xormeHTpanmio ra3a B nmwmHape u(z, t) mia t >0 u z > 0, ecnm Ha-
vaspHast KoHneHTpamus v (z, 0) = 0. [lome3ysack TabnumaMu MHTErpaJIa OmuboK,
YCTAHOBUATD, Y€PE3 KAKOE BPEMs B CJIO€, OTCTOSIIEM HA PACCTOSHUE | OT KOHIIA
OUIMHADPA, KOHIEHTPANKs rasa nocturaet 95% sHemrnen konueHTpanuu. Haitu
3aKOH IBUXEHUS (PPOHTA IIOCTOSHHON KOHIIEHTPAIWAN.

6. K xOHIy ITOIIyOrpaHMYEHHOrO CTEPXKHS, HAYAIIHHAS TEeMIEPATypa KOTO-
poro 6buIa PaBHA HYJIIO, IOGBOLUTCS TEIIOBOR MOTOK k ugz (0, t) = ¢ (). Hanrm
remneparypy u (, t) CTepxH:, ecim:

a) CTePXKEHb TEIIION30IIMPOBAH C GOKOB;

6) Ha GOKOBOI HOBEPXHOCTY CTEPKHS IPOMCXOOUT TEIIOOOMEH (IO 3aKOHY
HeioTOHA) CO CPEmOU HyJIEBOM TEMIEPATYPHL

Paccmorpers wacTHBIE ciiywair ¢ = qg = const.

7. Kowner mosiyorpanumyeHHOro CTEPXKHs [ONIEPXKMBACTCS IPU HOCTOSHHON
TeMmepaTrype ug; Ha 60KOBOI MOBEPXHOCTYU CTEPXKHSI IPONCXOAUT TEIIIO0OMEH CO
Cpemoil, HOCTOSIHHAS TEMIIEPATypa KOTOPOoi paBHa u%]. Hauambpuas TemmepaTypa
cTepXHs paBHa Hymto. Haittu u (z, t) — TeMmepaTypy CTepxXHs.

8. Pemuts 3amauu 6a, 66, camras, uto u (z, 0) = ug = const.

9. HaiiTu yCTAaHOBUBIIYIOCS TEMIIEPATYDPy BIOJIb IOJyOrDAHUIEHHOTO
CTEPXHS C TeIJION30JIMPOBAHHON OOKOBOW IMOBEPXHOCTBHIO, HA KOHIIE KOTOPOTO

a) 3amana temmepartypa u (0, t) = A coswt;

6) 3aman TemnoBol mOTOK () (t) = B sinwt;

B) IPOUCXOmAT TEmIoo6MeH 1o 3akoHy HbIOTOHA CO Cpemol, TeMuepaTypa
KOTOpOIt MeHsteTcs 10 3akoHy v (t) = C sin wt.

10. ITonb3ysch METODOM OTPAXKEHUS, IOCTPOUTH (DYHKIINIO BIIMSHUS MLHO-
BEHHOI'0 TOYEYHOIO MCTOYHUKA IJIS OUPDAHUYEHHOTO CTEPXKHS C TEILIOU30JIUPO-
BAHHOM GOKOBOI IMOBEPXHOCTHIO IPU I'PAHUYHBLIX YCJIOBUSAX 1-TO M 2-TO pOZna.

11. HeorpaHuueHHBIN CTEPXKEHb COCTABIIEH U3 IBYX OMHOPOOHBIX CTEPXHEH,
CONPUKACAOUIMXCS B TOuke & = () u 06Iamaronmx XapakTePUCTUKAMYA a1, K1 &
a2, ko coorBercrBenHo. HauanpHas Temmeparypa

T) npu z < 0,

u(@ 0)=¢@) =17, wpu z > 0

Hairtu remneparypy u (z, t) CTepXHs M CiIydas, KOrna 60KOBas HOBEPXHOCTD
TeIJION30JINPOBAHA.
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ITPMNIIO2KEHWA K I'NNTABE III

I. TemneparypHbIe BOJIHBI

3amada 0 paCIpPOCTPAHEHUN TEMIIEPATYPHBIX BOIH B MOYBE SIBIISETCS
OOHVM W13 MEPBBIX IPUMEPOB IPUJIOXKEHNS MaTEMATIIECKON TEOPUX TEII0-
IPOBONHOCTHY, pa3BuToll Pypre, K N3YUEHUIO SBIEHAN IPUPOLILI.

Temneparypa Ha MOBEPXHOCTH 3€MIIA HOCUT, KAK U3BECTHO, SIPKO BhI-
PaXEHHYI CYTOUHYIO U TONOBYIO MEPUOAMYHOCTH. OOparumcs kK 3amaue
O PaCIPOCTPAHEHNN EPUONNIECKAX TEMIIEPATYPHEIX KOleOaHu B IIOYBE,
KOTOpYIO OymeM pacCMaTpUBATh KaK OTHOPOTHOE MOIYyIPOCTPAHCTBO 0 <
<z < 00. Ora 3amava sIBAAETCS XapaKTEPHOR 3amadeil 6e3 HAYAIBHBIX
VCIIOBUH, TaK KAK IPX MHOTOKPATHOM IIOBTOPEHUU TEMIIEPATYPHOI'O XOHA
Ha MOBEPXHOCTY BJIMSHNIE HAYAJIBLHOM TEMIEPATYpHI OyIeT MEHbIIE BIIWSI-
Hust Apyrux GaxTOPOB, KOTOPHIMK MBI IIpeHebperaeM (HampuMep, HEOLHO-

POIHOCTD MOUBHI). Takum 06pa30oM, IPUXOMUM K CIIEAYIOIIEH 3a1a9e n,
Hatimu oepanuuennoe peurenue ypasuenud menaionposoonocmu

ou 5 0%
ydosaemsopaiouee Ycaosuio
u (0, t) = Acoswt. (2)

Ora 3amaua 6buia paccmorpena B rii. 1II. Ee pemenue umeer Bum (cwm.
ro. I, § 4, (7))

u(a, 1) = Aexp (_\/QE ) cos (\/QE v-at). 3)

Ha ocHOBaHMU MOJIyYEHHOTO DEIIEHNs MOXKHO HATH CIEOYIOLIYIO Xa-
PaKTEPUCTUKY NIPOLECCa PACIPOCTPAHEHNs TEeMIePATyPHOU! BOJIHEL B IIOU-
Be. Eciiu TemniepaTypa HOBEPXHOCTH AJIUTEILHOE BPEMS IEPUOAMIECKH Me-
HSETCs, TO B IIOUBE TAaKXKE YCTAHABINBAIOTCS KOJIeOAHUS TeMIIepaTypHL C
TEM XK€ IePUONOM, IPAIEM BEDHEI CIIeAYIOIINe yTBEeDPXKICHN .

1. AMmnuryna KomeGaHW SKCIOHEHINAIILHO YOBIBAET C TITyGIHOIL:

A(z) = Aexp (— 2iazx>,

T. €. eCiIu IIyONHBI pACTYT B apudMETUIECKON IIPOTPECCUN, TO AMIIIATYIHI
yOBIBAIOT B F€OMETPUYECKON nporpeccun (mepshii 3akoH Dypoe).

2. TemneparypHble KOiIeOaHUS B IOYBE IPOUCXOMSIT CO CABUTOM (DA3HL.
BpeMms 0 orcTaBaHUsS MaKCUMyMOB (MUHMMYMOB) TEMIEPATYPHL B IOUBE OT

1 Kapcnoy X. C. Teopus remnonposonuoctu. M.; JI., 1947. Tu. II1.
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COOTBETCTBYOIINX MOMEHTOB Ha ITOBEPXHOCTU MTPONIOPIUOHAJIBHO rny61/1He:

1
z
2wa?

(BTopoit 3akon Pypoe).

3. I'mybuHa NPOHMKHOBEHUS TEIJIA B MOYBY 3ABUCHT OT MEPHONA KO-
nebaHN TeMIepaTypHl Ha MOBEPXHOCTH. O THOCHTENLHOE N3MEHEHNE TEM-
IepaTypPHON aMINIUTYILI PABHO

A _ oy (- [ e).

Ora GopMyna MOKA3BIBAET, UTO UEM MEHBIIE MEPHUOL, TEM MEHbIIE
ryOuHa TPOHUKHOBEHUS TeMIepaTyphl. s TeMmepaTypHBIX KOmebaHui
c mepuonamut 171 u T» TIyOUHBI 1 M T3, HA KOTOPHIX IPOUCXOMUT OIWHA-
KOBOE OTHOCHUTEJIbHOE N3MEHEHNEe TeMIEPATYPhl, CBSI3aHbI COOTHOIICHIEM

[ T
To =]+
2 e

(Tpernit 3akon ®ypwe). Tak, HAIPUMED, CPABHEHME CYTOYHBIX U TOMOBBIX
xonebanuit, nist KOTOpuIX Ts = 365 77, mMOKa3LIBaeT, ITO

To = V36511 ~ 19,124,

T. €. 94TO INIyOMHA IMPOHWKHOBEHUS TONOBLIX KOIEOAHUN MPU OMMHAKOBOM
aMIIATYZIE Ha MOBEPXHOCTU ObLTa ObI B 19,1 pasa GombIre riayOUHBL IPO-
HUKHOBEHWSI CYyTOYHBLIX KOJIEOAHUI.

B xauecTBe nmpumepa mpuBeneM pe3yIbTATH HAOTIOAECHUN HAM TOHO-

BLIMI TEMIIEPATYPHBIMU Konebauuamu Ha ctannuu [omr B [lpramypnbe R

Diry6una () 1 2 3 4
Avmmuryns (° C) 11,5 6,8 4,2 2,6

OTH HaHHBIE MOKA3BIBAIOT, YTO AMIUIUTYHA FONOBBIX KOJEOAHWI HA
raybure 4 M ymenbmaercs 0o 13,3% ceoero 3HaueHWs Ha TTOBEPXHOCTH,
paBHOoro 19,5°. Ha ocHOBaHUV 3TUX MAHHBIX MOXHO ONPENETUTEH KOdhdHU-
UMEHT TeMIIEePaTyPOIPOBOLHOCTH HOUYBLL. Mcnons3ys popmyiist

2
A(x) w 5 wT

l = — — T, =,
T 227 " T 22 (A(x)/4)

HAXOOMUM, 9TO KO3(POUIMEHT TeMIIepaTyPOIIPOBOLHOCTH [I0YBEI PABEH

a® ~ 4102 em?/c.

1 Cymruu M.U., Kauypuu C.II., Tonctuxuua H. U., Tymens B. ®.

O6wee mepsnorosenenue. M.; JI., 1940. T'n. V.
17 A. H. Tuxonos, A. A. Camapckuit
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Bpewms 3amasmeiBaHUS MaKCHMAJIBHOW TEMIEPATYPHI HA riryOuue 4 M mO-
cTuraer 4 Mecsaues.

Crenyer, OMHAKO, UMETH B BUY, UTO U3JIOXKEHHAS 3[IECH TEOPUs OTHO-
CUTCsI K PACIPOCTPAHEHUIO TEILIA B CYyXOil OYBE MIT TOPHBIX mopomax. Ha-
JIMYMe BIIATY YCJIOXHSIET TEeMIIEPATYPHLIE SBJICHUsS B [IOYBE, U IPU 3aMep-
3aQHUY TPOUCXOMUT BBINEJEHUE CKPBITON TEMJIOTHI, HE YUMTHIBAEMOE DTOi
Teopuen.

TemnepaTyponpoOBOMHOCTD SBISETCS OMHOW M3 XapPAKTEPUCTUK TEJIA,
BaXKHBIX IS U3y YEHUS €ro GU3NIECKUX CBONCTB, 8 TAKXKE ML PA3IUIHBIX
TEeXHUYIECKUX PacueToB. Ha m3ydueHnn pacnpoCTPAHEHUS TEMIIEPATYPHBIX
BOJTH B CTEPXHIX OCHOBAH ONUH U3 JIAOOPATOPHBIX METOMOB ONPEICTICHMS

TeMIIepaTypOIPOBOXHOCTH V).

[IycTs Ha KOHIIE HOCTATOYHO IJIMHHOTO CTEPXKHS MONIEPKUBACTCS
nepuonuueckas Temneparypa i (t). I[IpencraBus 5Ty QyHKIUIO B BULE Psi-
na Pypbe

)
a 2mn . 2mn
/l(t):?()+nE:1<CLnCOSTt+bnSIHTt>:
a = 2mn
_ ¢ E: 0
—? + AnCOS |:T (t—(sn)j| ,

n=1

T b
Ap =+/a2 + b2, 6 = 57 Arcts -,
™m

n

roe T —mepuonm, m pacCMOTPEB TEMIIEPATYPHBIE BOJIHBI, COOTBETCTBYIO-
LIVe KaXKIOMy CIIArAeMOMY, [OJLy49UM, YTO TeMIeparypa u (x, t) mis io-
boro z OymeT meprooWYecKOW (DYHKIIMEN BPEMEHU U ee 7-s FapMOHUKA
paBHa

2 2
un (z, t):an(x)cos$t+ bn(x)singt =

™ ™ 2mn 2mn
:Anexp — T—azl' COS T—azl'—Tt-FT(sn

a2 (z1) + b2 (z ™
ST (o)
Va2 (z2) + b2 (z2) a
Ora hopMyma MOKa3EIBAET, UTO €CIM TPOU3BECTH M3MEPEHUE TEM-

HepaTypbl B KAKUX-HUOYIb NBYX TOUKAX T W Tz 33 TOJHBIA MEPUOI,
TO, HAXOAS KOYGDDUIMEHTHL ayp, (1), by (21), an (T2), by (x2) mpu momorn

nim

1) Crenmasns et ¢usmueckuir mpaktukym. M.; JI., 1945. T. I, sanaga 35.
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TapMOHMYECKOTO QHAJIN3a, MOXKHO ONPENeNNTh KOYhOOUUNEHT TeMIepaTy-
POIIPOBOINHOCTH CTEPKHI a2,

[Tepuonmueckme xkoneb6aHNS TEMIEPATYPHI B CTEPXKHE MOXKHO BEI3BATD,
HampuMmep, ciaenyiomuM obpasom. [lomecTuM OnuMH M3 KOHIIOB CTEPXKHS B
SJIEKTPUYUECKYIO IeUb U OyneM uepe3 ONMHAKOBBLIE IIPOMEXYTKHU BPEMEHU
BKJTIOUATDH U BBIKITIOUATL TOK. B pe3ysbTaTe TaKoro MepruoOaMIecKOro Ha-
IPEBAHUS B CTEPKHE Yepe3 HEKOTOPOE BPEMsSI YCTAHOBSITCS IEPUONAIECKLE
xomebaHus TeMmepaTyphl. 3Mepsisi ¢ MOMOIIBI0 TEpMOIlap TEMIEPaTyPh
w(z1, t) u u(ze, t) B kKakux-1ubO ABYX TOUKAX T1 U T2 33 IIONHBIN [IEPU-
Ol U3MEHEHU s TPAHNYIHOIO PEXIMA U OIBEPTasl U] U U OMUCAHHOU BHIIIE
06paboTKe, MOKHO OIPENENUTh 0 — KO3(DOUIMEHT TEeMIEePaTypPOIPOBOLI-
HOCTU MAaTepHajia, U3 KOTOPOro CHEJIAH CTepxKeHb. EcTecTBeHHO, YTO Iis
TIPUMEHUMOCTH U3JI0KEHHON BEHIIIIE TEOPUU CTEPXKEHDb NOJIXKEH OBITH TEIIIO-
M30JIMPOBAH ¢ OOKOB, & TaKXKe HeOOXOMUM KOHTPOJb TEMIIEDPATYPHI Ha IIPY-
TOM KOHIIE CTEPXKHsSI, YTOOBI UMETH BO3MOXKHOCTB IIOIIE30BATHCS TEOPUEn
TEeMIIEPATYPHBIX BOJH B MOIYOECKOHETHOM CTEDXKHE.

Is1si BO3MOXHOCTU KCIIOIE30BAHUS TEOPUM TEMIIEPATYPHBIX BOJH B
0Iy0ECKOHEUHOM CTepXKHE HalO yOenUTHCS B TOM, UTO TeMIepaTypa Ha
CBOGOMHOM KOHIIE CTEPXKHS MOCTOAHHA. DTO KOHTPOIUPYETCS C MOMOIIBIO
IOIOJIHUTEIHLHON TEPMOIAPHI.

I1. Bausune pagmoak TUBHOTO pacmama
Ha TeMOepaTypy 3€MHOI KOpPbI

s cyx)meHusi 0 BHYTPEHHEM TEMIEPATYPHOM COCTOSHUM 3EMJIM MBI
“MeeM HEeMHOTHe MaHHBbIE, IOJyJaeMble U3 HAOIIONEHUN HA ee IOBEPXHO-
ctu. OCHOBHBIE CBEIEHUSI O TEPMUYECKOM ITOJIE€ 3EMHOM KOPHI 3aKITFOIAIOTCS
B ciemytoiieM. CyTOUHBIE U TONOBLIE KOJIEOAHUS TEMIEPATYPHI IPOUCXOMAT
B CPABHUTEIIHLHO TOHKOM MOBEPXHOCTHOM ciioe (mopsnka 10-20 m misa ro-
noBBIX KoneGanuit). Huxke sToro cios remneparypa ¢ TEYEHUEM BPEMEHU
MEHSIETCsI OYeHb MEIJIEHHO.

Habmronenus B mmaxTax u CKBaXKMHAX, OTHOCSIIINECS K BEDXHUM 2—3 KM
3eMHOI KOPHI, IOKA3BIBAIOT, YTO TEMIEPATYPa C IIyOWHON HNOBHIIAETCS B
cpemuem Ha 3° C Ha xaxmeie 100 .

[lepBele HONBITKM OATH TEOPETUIECKOE OOBSICHEHHE HAOIIIOLAEMOrO
re0TEPMUUECKOrO IPALUEHTA, OTHOCSIIIUECS K KOHIY [IPOIILIIOrO CTOJIETHS,

BCTPETUIM HENpPEeONOIUMbIe TPYOHOCTH D). DTV MONBITKM MCXOMMIN U3
[IpencTaBieHns 00 OXJIaXIeHI 3eMIIU, PACKAJIEHHOI B mpouuioM. Hauais-
Has TEMIEPATYPa, XapPaKTEePU3YIOIIAs STOT MPOIECC OCTHIBAHUS, MOIKHA
umets nopanok Tp = 1200° C (Temmneparypa MiiaBieHus] TOPHBIX MOPOI),
a MOBEPXHOCTHas Temueparypa umeer mopsanok 0°C u He Mormaa 3Haum-
renpHo (Gonbiie 100°) OTKIIOHATHCS OT HTOM BEJWYMHBL 33, BECH EPUOL
CyILLEeCTBOBaHUS XKU3HM Ha 3emiie. IIpocreiias KOIm4ecTBeHHAs TeOpus

1 Kapcnoy X. C. Teopus remnonposonuoctu. M.; JI., 1947. Tu. II1.

17"
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OCTBIBAHUS 3EMJTU MIPUBOMUT K PEIIEHUI0 YPABHEHUS TEIIONPOBOMHOCTH
ou 5 0%
=g =
ot 022
B nonynpocTpaHcTBe () < z < o0 MpU CIEOYIOIINX HAUAJIHLHBIX U TDAHUY-
HBIX YCIIOBUSIX:

u(z, 0) = T, u (0, t) = 0.

Permenne sToit 3amaun 66710 PACCMOTPEHO B § 3 HACTOSIIEH TIABHI U
naeTcst GopMyIIon

2 \/za2t
2

u(z,t) =T ﬁ / €_a2 da.

I'pamuenT sTon dyuxuum npu z = 0 paBeH
ou T() P

:7674a2t = —

0z z=0 \/7_r \4 a’t z=0 ﬁ \% a2t-

[loncrapmsast cooma W3BECTHBIE 3HAYEHUS] FEOTEPMUYECKOrO TI'DALMEHTA
Ou/dz|,—0 =v=3-10"* K/cm, Ty = 1200° C, a Takxe 3Hauenne a> =
= 0,006 cm?/c, COOTBETCTBYIOIIEE CPEMHEMY SKCIIEPUMEHTAIILHO Ofpere-
JIIeMOMY KO3GhOOUIMEHTY TEMIEPATYPOIPOBOOHOCTI I'PAHUTOB U 6a3aiib-
TOB, MOMYYUM M TPOMOJIKUTENHHOCTU TPOIECCa OCTHLIBAHUS 3HAUECHUS
t ~ 0,85-10% ¢ ~ 27000 000 ser. Takoe mpencrabieHre 0 BO3PACTE 3eMIIH
HUKAK HE COTJIACOBBIBAJIOCH C TEOJIOTMUEeCKUMEU NAHHBIMY. [[pubnuxenusbit
XapakTep paccMaTpuBaeMoil Teopur (IpeHeOpex)eHue KPUBU3HOU 3eM-
JIM, HEMOCTOSHCTBO KO()OUIMEHTa TEeMIEepaTypPOIPOBONHOCTH, MPUOIIU-
XKEHHOCTb 3HaueHus 1) He MOXET, KOHEUHO, U3MEHUTH MOPAIKA HAMICH-
HOIO 3HAYEHUS IJIs BO3PACTA 3€MIIU, KOTOPHIN 110 COBPEMEHHBIM JAHHBIM
olleHMBaeTCs mpubmm3nTensho B 2 - 109 meT.

dusnueckas cxeMa TEMIEPATYPHOTO PEXUMa 3eMIlK MONBEPriiach Cy-
[IECTBEHHOMY IEPECMOTPY MOCIIE OTKPBLITHUS SBJICHUS PAMUOAKTUBH O-
ro pacunapna. PannoakTuBHLIE BJIEMEHTHI, PACCESIHHBIE B 3€MHOM KOpE,
[IpY PACIaie BLI3BIBAIOT €€ HATPEBAHUE, TAK UTO YPABHEHUE TeIIONPOBOI-
HOCTU JOJIXXHO UMETH BUJI

ou  ,0% A
Fmr I (f—a>’

roe A — o6 beMHAS INIOTHOCTE TEINIOBLIX KCTOYHMKOB. Ha oCHOBaHMM MHO-
TOYNCIJIICHHBIX HBMGPGHHﬁ PaognOaKTUBHOCTU I'OPHBIX IMMOPOM U UX TEIIJIOBBI-
OEJICHUS IIPDUHATO 3HAYCHNE

Ax1,3-10712 xan/(cm® - c).

OTO 3HAUEHUE YUNTHIBAET TEIJIO, BHIIEISIEMOE YPAHOM, TOPUEM U KAJIUEM
BMeCTE C UX IIPOOYKTaMU pacuaia.

0

To
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[TpenmomoxuM, ITO TAOTHOCTL PAMMOAKTUBHBLIX UCTOUHUKOB BHYTPU
3EMHOTO IIapa IIOCTOSHHA U PABHA 3HAUEHUIO A, OmpenenieHHOMYy [Jisl BEPX-
HIX CJIOEB 3€MHOU KOPHL. B 5TOM ciydae KOJIMYIeCTBO TEMJIa, BEIIEMISIONIE-
rocsl BO BCEM 3eMHOM IIIape 3a eIUHUITY BpeMeHu, OymeT PaBHO

4
Q = gﬂ'RsA.

CoenmaeM BTOpPOE MPEMNIOIOXKEHNE O TOM, YTO 3eMJIsd PALUOAKTUBHLIM Te-
IJIOM He HarpeBaeTcs. B »ToM ciiyuae mOTOK Temna uepe3 eIuHUIly MOBEPX-
HOCTU

= Q )
o 4rR?

ou
Q—ka

z=

roe k u 0u/0z|,—0 CyTb KOODOULUUEHT TEMIIONPOBOTHOCTH U T€OTEPMU-
YeCcKuit TpafueHT Y IOBEPXHOCTH 3eMJIn.
Orcroma must Ou/0z npu z = 0 HaXOOWM 3HAUECHUE

ou AR
— > ~68-10"2K
5 > 5 2681077 K/ew,

z=0

rme R =6,3-10% xm—panuyc 3emmu u k = 0,004 — cpemHee 3HaueHME
KO3hGUITIEHTa TEIIOIPOBOIHOCTHU OCAIOUYHBIX TOPOL.

Taxum 06pa3oM, reOTEPMUYIECKUN I'PALUEHT, BLIYUCIEHHLIN B IIPE-
TIOJIOXKEHNU, YTO PACHIPEOCIICHNE PAONOAKTUBHBIX 3JIEMEHTOB IIOCTOAHHO 1
uTO 3emils He HAPEBAETCS OJIaromaps pairOaKTUBHOMY Paclamy, Ha [Ba
TIOPSIOKA TPEBBIMIAET HAOII0IaeMOe 3HAUeHNe I'e0OTePMUYecKoro Kodddbu-
LIMEHTA

y=3-10"*K/cm.

OTkaxeMcst OT TUNOTE3bl MOCTOSHCTBA PACIPENEIEHUs PATUOAK TUB-
HBIX DJIEMEHTOB U IIPEATOJIOXUM, YTO PANNOAKTUBHBLIE 3JIEMEHTHI PACHO-
JIOXKeHBI B ciioe MotHocTu H y moepxuocTu 3eminu. [Ipenebperas kpu-
BU3HON 3eMIid, MOIyYUM [IJIisl ONPENENEHUs CTAIMOHAPHON TEMIEePATYPHI
ypaBHEHUE

A
0%u —Enmogng,

5 =
0z 0 mnaz>H

C yCJIIOBAAMMU
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OueBumHO, YTO peIlleHrne TOCTABICHHON 33,0a4 PABHO

2
é(Hz—z—>, 0<z<H,

A H?
- — H
E 9 z> M,

Tak KakK 3Ta (QYHKIUS HEIPEPBIBHA BMECTe C IIEPBOU IIPOM3BOLHON IIpU
2z = H m ymnoBeTBOPSIET YCIOBUSM 3aIaTMU.
Omnpenensis 3HAYEHE IPANUEHTA 9TOR GyHKiu mpu z = 0, paBHOE
ou AH
0z k>’

z=0

¥ COTOCTABIAS €ro ¢ HabmonaeMbM 3Hadenuem v = 3 - 10~* K/cu, maxo-
OUM, 4TO

k
H=2"~105 c; = 10 k.
A
OHeHVIM BIINAHUE COEJIQHHOT'O HpeI[rIO.]'IO)KeHI/IH (6] CTaHI/IOHapHOCTI/I
TeMIepaTyphl Ha [I0JIydaeMoe 3HadeHre Te0TepMUIecKoro rpaauenTta. Pac-
CMOTpI/IM OJIs 5TOrO peLHeHI/Ie ypa,BHeHI/ISI TeHHOHpOBOﬂHOCTH

ow 5 0%w
a2 T

A

R 0<Z<H,
f={ep

0, z>H,

C HYJI€BBIMU HAYAJbHBIMU U I'DAHUYHBIMU yCJIOBUAMN

w(z,0)=0,
w(0,t) =0

Permenue sToit 3anauu npencTaBisieTCs, KAK Mbl BUAEIHN B § 3, MHTEIPAIIOM

w (2, t)zf/tG(Z, ¢, t—7) f(¢)drd(,
00

rae (G — QYHKIUSA UCTOTHUKA, IJTSI TOITYOECKOHEYHON MPSIMOU, PaBHAS

1 _ =02 __40)?
— 4a® (t—7) _— 4a® (t—T1)
2/ma? (t — ) ¢ ¢

G(z,(, t—T)
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Brruncnum 3uauenue rpaguenTa npu z = 0, TpUHUMAS BO BHUMAHUE
sgaueHue GyHkmua f:

H t 2
ow| __A //74 ¢ WA ddr =
0z |,y cp2yT , [a (t —T1)]3
2
A t 4a2 (t—7)
= L / e “dadr =
cp/m , a’(t— 1) /

t
A 1 _ %

= / [1—6 4529}d0, rme 6=t—rT.
cp/m / a2

Taxum obpaszom,

8_w
0z

2
o VT | a a
roe

H H do a2 db
o= ——, o , =—-—= )
2V a0 0 2V a3t o? H \/a20

Boruncium naTerpan

oo

2 2 o0
d —o2 joo -0
/6_02—2—:—6 —2/6_”2daze —2/60610;
o o |, 0o
oo 0 a0 70
OTKyIIa
) A ) 2avi e > 7
ow - S a vt 1—e 4a%t| + H-— / e do S (1)
0z |,_, cpa Nz VT
H

Ormerum, 9TO

lim —

t—oo 0z =z H

)
z=0 k

Tak Kak cpa’ = k, TIpemen mepBoro CIaraeMoro B (hUTyPHEIX CKOOKAX pa-
BEH HYIIIO, a [IPEeeil BTOPOro ciaraeMoro pasex H.
Beruucaum orkionenne Jw/0z OT ero NpeneibHOrO 3HAYEHUS LJLsL

t=2-10° mer ~ 6 - 10'° c.
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3uauenne gy MaJo:

_ H 108 ~ 1
T oVa 2v6. 10 7.6 100 219
Pasnaras dysakuun, Bxogsamme B hopmyity (1), B psiubl, moydum

A ow A -1 2 A
Zg- == =_"H{!{—[o62 + ... . ~ _H.0,014
k{ﬁ%m+]+ﬁa@ “ 10014,

=~ 0,025.

oo

k 0z

T. e. Qw/0z|,—¢ OTAMIAETCS OT CBOETO MpPEeNeNbHOro 3HaueHus Ha 1,4%.
Herpynuo 6buto 6v1 BerauciuTh Gysknuo w (z, t) mia z > 0 u yGe-
IUTHCA, 9TO IPK Z > H OHa IaJIeKo elre He JOCTUTaeT CBOEro IPENesIbHOTO

z=0

3HAYEHMs ISl ¢, PABHOIO BO3pacTy Semin ) (XOTsI, KAK MBI BUIVM, TDAIM-
€HT y MOBEPXHOCTY MPAKTUUECKYA PABEH CBOEMY MPENEIHHOMY 3HAUECHUIO).

[IpuBenennsre BhIIIE PACCYXKIOEHWS HOCST, KOHEUHO, JIUIIL OLEHOYHBIN
xapakTep. OmHAaKO, IPUHUMAS BO BHUMAHUE BECHMA OOJIBIINYIO YCTONUU-
BOCTB CKOPOCTH PAAMOAKTUBHOIO PACIANA, HE U3MEHSIOIIENCS IO BO3IEH-
CTBUEM IOCTYIIHBIX HAM TEMIIEPATYD U HABIIEHUN, MBI TOMKHBI IPUATU K
3aKJTIOUEHUIO O TOM, UTO KOHIICHTPAIUS PAANOAK TUBHBIX 3JIEMEHTOB ITOMTXK-
Ha OBICTPO yOLIBATE C MIIyOMHOI, €CIIM OCHOBLIBATLCS Ha 3HadYeHun A mis
BEPXHUX CIJIOEB 36MHOM KOPBI, YCTAHOBJIEHHOM MHOTOUYUCIIEHHBIMU U3Mepe-
ausimu. Pusnueckoe 0OBSICHEHNE, [TO3BOJISIIOIIIEE YCTAHOBUTE 3aKOH yOBIBa-
HUSI KOHIIEHTPAILAU PAOUOAKTUBHBEIX DIIEMEHTOB C TJIYOWHON, OO CUX TOP
OTCyTCTBYET.

III. MeTom mmomo6us B TeOpUHN TEMJIOMPOBOAHOCTH

Hiist pernenust psga 3a0ad TEIIONPOBONHOCTY BECHMA IIOJIE3€H M € T O I
nonobus. B kauecTBe mpumepa paccCMOTPUM [BE 331a4U.

1. ®dyHKIIUSA MCTOYHUKA OJII OGECKOHEYHOUN HIPsAMOM. Y paBHe-
HI€ TEIJIONPOBONHOCTY, KAK HETPYQHO BUNETH, OCTAETCS HEN3MEHHBIM [IPU
TpeoOpPa30BAHUN TEPEMEHHBIX

T’ = kz, t' = k%t (1)
T. €. ecim MacIITabBl IIMHLI MEHAIOTCA B k pa3, TO MacmTalb BPeMeHH

CIeIyeT U3MEHUTH B k2 pas.
ByﬂeM HNCKaThb CHaYaJIa PEIICHNEe ypaBHeHMH TEMJIONIPOBOOHOCTHU

Up = 0 Upy (2)

C HaYaJIBHBIM YCJIOBIEM

w(z,0) = ug mpu x > 0, 3)

0 mpu = < 0.

) Tuxomos A. H. O smsuum PamuoOaKTHUBHOIO Paclala Ha TeMIepaTypy

semuont kopet // Wze. AH CCCP. Orn. maTeM. u ecTecTB. HayK, cep. reorp. 1937.
Ne 3. C. 431—459.
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IIpun yka3aHHOM BBHIIE M3MEHEHHU MACIITA00B HAUAJILHOE ycjoBue (3)
ocTaeTcs Takxke 0e3 M3MEHEHUs, IOPTOMY IJist QyHKuuum u (T, t) IOIK-
HO METH MECTO PABEHCTBO

u(z, t) = u (kz, k*t) (4)
Opu JTIOOLIX 3HAYEHWSX T, t 1 k.
[omaras
1
k=—r, 5
Wi (5)
nonyuaeMm

w(z, t):u<2i\/z, i) :u0f<2iﬂ>. (6)

Taxum 06pa3oM, u 3aBUCUT TOJBKO OT apryMeEHTa,

z
z=—=.
2Vt

Boruucias npoussomusie mia v u3 Gopmynst (6):

82u_ d?f 1

922 = a2 4
Oou  x-ugdf z df
ot~ a4k dz . 2 dz

MONCTABIIAS B yPABHEHUE TEIIONPOBOMHOCTY (2) U COKpaIlas Ha MHOXU-
Tenb ug/4t, noiyuaem

d? f df
2
“J_ 9,9
“ dz? i dz ()
[IPU JOTOTHUTENBHEIX YCIOBUIX
f(=00)=0, f(0)=1, 9)

COOTBETCTBYIOIIMX HAYAILHOMY YCIOBUIO I (DYHKIUU U.
Wurerpupys ypasaenue (8), Oynem umerhb

"
a’ % =2z, f'= 06_22/a2,
z z/a
f =C / 6_52/a2 d§ = Cl / €_C2 dC

3mech HUXKHUT Tpenest BEIOPAH TaK, YTOOLI BBIMOIHSIIOCH IEPBOE YCIIOBUE
(9). Yrobsr ymoBneTBOPUTEL BTOPOMY yCIOBUIO (9), CIEAYET MOJOXUTH
1
C, = —.
NG
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Takum obpaszom,

roe

3 (2) = % /(52 d¢
0

(urTerpasn ommb6ok). Ecnu navanbHOe 3HAUEHVE MMEET BUI

w(z, 0) = Up Op1 T > T, (11)
") Ompmz <,

TO

uiz, 1) =2 {1+q><2:”\/_a_i>]. (12)

O6paTuMcs Teneps K PEIIEHUIO BTOPOI BCIIOMOTATENBHOM 3a1a41, TIe
HAJaJIbHBIE 3HAUEHUS 33IaI0TCS B BUOE

0 mpu z2 < x,
u(z, 0) = Qug mp 1 < z < T, (13)
0 opu z < 7.

B sTom cnyuae
Uo r — I r — T2
u(wt):_[q>( >_q>< )}
’ 2 2V a2t 2V a%t
Haganbuas TemmepaTypa %y COOTBETCTBYET KOJIMYECTBY TEILIA,

Q =cp(z2 — 1) up.

Ecin

Q = cp,

1 1 x — x2> (x — I )}
u(z, t) =— —|® - . 14
(.9 Ty — 1 2 [ (2\/a2t 2V a2t (14)
®dyHKIMSA BIMAHNS WCTOYHMKA, COCPENOTOYEHHOTO B TOYKE, OYEBUIHO,

upencrasiser npeneil Gyukuuu u (z, t) opu x2 —z1 — 0.
[IpenensbHeii mepexon B dopmymne (14) maer

w(a, t) = - a% B 3 (%)L , (15)

TO
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TaK KaK B IPaBoil dacTu (Gopmyssl (14) CTOMT pasHOCTHOE OTHOIIEHUE,
[IPEEeNIOM KOTOPOro sABJseTcs npousBonHas B (15).
[Tpoussons nuddepeHIIPOBAHNE, HAXOMUM

1 1 ,@ (16)
= —— ——¢ 4a“t s
2V a2t

T.e. u(z,t) =G (z, z1, t) — OYHKUNI MTHOBEHHOTO TOYEUHOTO UCTOUHU-
Ka.

u(z, t)

2. KpaeBble 3amaun OJisd KBa3WJIMHENHOTO YPaBHEHUS TEIJIO-
npoBonHocTu. PaccMOTpUM KBa3UIMHENHOE YPABHEHUE TEIJIONPOBOIHO-

cT!
0 ou ou
5 (k5 ) =y a7

¢ KOd3(hIUIMeHTOM TEeIIONIPOBOOHOCTY, 3aBUCSIIIIM OT TEMIEPATYPHI.
Haiimem perieHue 5TOro ypaBHEHUS, YIOBJIETBOPSIOIIEE TPDAHUIHOMY
¥ HAaYaJbHOMY YCJIOBUSIM

u (0, t) = ug, u(z, 0) = us. (18)

B srom ciyuae npeobpasosanue (1) Takxe He meHser ypaBHenus (17) u
nmonosHuTeNnbHEX yesosuit (18). Orcoma ciemyer, 4To

u(z, t) = f <2i\/£> = f(2) <z: %/,;) (19)

IMonb3ysich 5TUM BBIpAXKEHUEM, OIyYaeM i f ypaBHEHUE

d df] df

= | ] =2 (20)
C OOIIOJIHATEJIbHBIMA yCHOBHHMI{I

FO)=ur, f(o0) = (21)

@yukuust f, B TEX CIydasx KOTIa ee He YOAETCI HANTH AHAIINTUIECKH,
MOXeT ObITH HaWNEHA IPU IIOMOIIY UNUCICHHOTO WHTETrPUPOBAHMUS.

Ypasuenue (20) npu BecbMa OOIIUX MPEANIOIONKEHUIX OTHOCUTEIb-
HO GyHKIUN k M Ccp UMeeT eNMHCTBEHHOE DelIeHIe, yIOBIIETBOPSIOIIEe
yeaouam (21). Omuako Ha MOKA3aTENbCTBE 5TOr0 (GakTa MbI HE GymeMm
OCTAHABIINBATHCS.

Paccmorpum B kKauecTse npumepa ypasaenue (17), rme k (u) = ko +
+ k1 u — nuHelHAs GYHKUWS, & Cp — MOCTOsSIHHAS BenuwdunHa. N3Menss mac-
mTab BpEMEHU U IIKAJTy 3HAUEHWN U, MOIYyYWM IJIS [IpeoOpa30BAHHON
(GyHKINM ypaBHEHUE

9 1+ )% _ Ou
oz Yoz T ot

C HAYaJIBHBIMI U I'DAHUYHBIMU Y CJIOBUAMNA

u(z,0)=0, u(0,¢)=1.
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Ilonaras
u(z, t)=f(2), z2=-—F=

monyvyaeM it f KpaeBylo 3aaduy

d df}:_Qﬂ

5{(1+af)5 Z f(0)=1, f(c0)=0. (22)

Ha puc. 42 npuseness! pe3ynbTaThl YUCIIEHHOTO pelnenus 3anaun (22) mis
Pa3IUYHBIX 3HAUEHUN «.

/(2

1,0

o 04 08 12 16 90 24

Puc. 42

PaccMoTpuM HEKOTOpBIE Mpyrue 4acTHBIE pemieHus ypasHerus (17).
OmuvM U3 HEUX SBISIETCSA PEIIeHNe TUMa, «Oeryiein Bosusny (cp. ¢ rir. 11
§ 2). Ono umeer BUX

u(z, t)=f(z), z=x—Dt, (23)

roe D > 0— npousBonbHas MOCTOSHHAS (CKOPOCTH IBUXKEHUS BOJHLI). B
KaXIBI (DMKCHPOBAHHEIN MOMEHT BPEMEHU IPOCTDPAHCTBEHHBIA IPODUIBL
pewenus (23), oupenenseMorit Bunom ¢Gyakuuu f (z), ocTaeTcs HEM3MEH-
HBIM, IIEPEMEIIASICh CO BpEMEHEM B IOJIOXKUTEIHLHOM HAIIPABIICHAN OCH & CO
CKOpOCTBI0 D (TemnoBas BONHA HEU3MEHHOU TPOCTPAHCTBEHHOM CTPYKTY-
DEL «0€XUT> B yKa3aHHOM HAIIPABIIEHNN C IOCTOSIHHON CKOPOCTHIO, OTCIONA
HasBaHue «beryias BonHa»). Ecnu mocrosanas D < 0, To BonHa GymeT
IBUTATHCS B IPOTUBONOIIOXKHOM HALIPABIICHUI.
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Moncrasmnas (23) B (17), momyuaem mia f (z) obsikHOBeHHOE Mudde-
PEHIUABLHOE yDABHEHUE

= (v ) =-pentl. (24)

W3 (23) cienyer, uro pemenue u (z, ¢) onpenenenonpuscex t >0 u z >0
U yIOBIIETBOPSET HOMOTHUTEBHEIM yCIIOBUAM

u(z,0)=f(z), z2>0.

MepBoe ycmoBue (25) MOKa3LIBAET, YTO TpaHUYHOE ycioBue mpu z = 0
onpenensercs 3HadeHusaMu Gyukuuu f (2) Ipu OTPULATENBHBIX 2, & L
3aaHus HadanbHOU GyHkimu npu ¢t = 0 meobxomumo Haiitu f(z) mpnm
Bcex 2z > 0. Taxum o6pa3om, OjIs TOTO YTOOBI ONPENETUTD PEIIeHNE YPaB-
Henus (17) B Buzne (23) B obnactu ¢ > 0, > 0, Heobxonumo HaiiTu QyHK-
o f (z), yOOBIETBOPAMIIYO ypaBHenuoo (24) Ha Bceir ocu — 00 < 2 <
< + 0.

Ypasuenue (24) unrerpupyerca B kBagparypax. Mcxonsa us dpusmde-
CKIX cOoOOpaxeHW#, OymeM MCKATh HENpepLIBHOE pEeIeHNe 3TOr0 yPaB-
HeHUs, OOJIANAOIIee HENPEPHIBHBIM «TEIIOBBIM HOTOKOM» —k(f(2)) X
x 0f(z)/0z, uro ObGecneunBaeT HEMPEPLIBHOCTH MO & U ¢ PEATHLHOTO
TEIIIOBOrO TIOTOKA,

ou (z, t)
ox

U SBILAETCS OYEHb CYILIeCTBEHHBIM (CM. 06 sToM Huxe). Uurerpupys onun

pa3 ypasHenve (24), Haxomum

k= peps v, (27)
dz
roe Co— IpOU3BONbHAS HOCTOAHHASL. [IPENNONOXnuM N1 OIPENeIICHHOCTH,
4TO «Oeryias BOIHA» HAUAIIA CBOE ABUXKEHUE [0 HEBO3MYIIEHHOMY (HyIe-
BoMy) omy Temmeparypsl, T. €. f (z) = 0 npu z — + oo. Torma B cuiy
AIPUOPHOI HENPEPHIBHOCTH «TEILIOBOro norokas k(f(z)) - 0f/0z — 0 upu
z = + 00, T. e. Cg =0, ypaBuenue (27) IprHUMAET BUI

k(f) df _

A —Dcp (28)

W (e, ) =~k (u(a, 1)) (26)

U JIEFKO MHTETPUPYETCS.

PaccMoTpumM, Hampumep, Ciiyuail, korma koddounuent k (u) sBis-
€TCs CTEmeHHON GyHkumeir Temmneparypsl: k(u) = kou’, tme ko u o—
(DUKCUPOBAHHLIE MOJIOKUTENLHLIE MOCTOSHHBEIE. Takas 3aBUCHMOCTb OT
TEMIEpaTypPhl XapaKTEPHA, B YACTHOCTHU, I KOIPOUIMEHTA, SIIEKTPOH-
HOI TEMIONPOBONHOCTU B TIOIHOCTHI0 MOHU3OBAHHOM TLIA3ME, DU 3TOM



270 MMPUWIIOZKEHUY K I''TABE 111

o = 5/2. Honcraenasa B ypasuenue (28) k(f) = ko f, nocme maTerpu-
poBanus noiydaeM mist f (z) cienyolee BEIpaXKeHUE:

[UDCp

1/o
(—z)] npu z < 0,
ko

f(z)=
0 mpu z > 0

(TIOCTOSHHYI0 MHTErPUPOBAHUS MBI 3[I6Ch TAKXKe MONOKUIIA PABHON HYITIO).
Pemenne (23) npusnumaer Bun

1/o
uotl/" (1—%) mpu 0 < z < Dt,

u(z, t) = (29)

0 upu x > D,

oD?cp /e
27

Paccmorpum pemtenve (29) nogpo6uee. Ono npencrasiser coboit xa-
PAKTEPHBIN W HATIISIHBEIA TPAMED TAK HA3LIBAEMOTO OGOOIIIEHHOTO pere-
HUSI KBa3WJIMHENHOTO BBIPOXIAIOMIErOCS NapaboimIeckoro ypapHeHus. B
YEM €ro OCHOBHBLIE OCOOEHHOCTM !

Bo-mepsoix, dyukmms (29) sensercs dunntHOR D) MO 2 B mM0GOI KO-
HEYHBLII MOMEHT BPEMEHHU. PeIleHus NMMHeHOro yPaBHEHUS TeIIIONPOBO-
HOCTH, KaK N3BECTHO, TAKNM CBOMCTBOM He O0JIaAIOT.

Bo-Bropeix, pemenue (29), BooOle roBops, He UMEET BCIOAY HeIpe-
DBIBHBIX [IPOM3BONHBIX, BXONAIIMX B ypaBHenue (17), 4To Takxke HEBEPHO
B CIy4ae JMHEeWHOro ypapHeHus. Hanmpumep, ecnu o = 1, TO mpoOM3BOmHLIE
Ou/0t m Ou/dr umeror Ha upsamoir = Dt paspeiBbl 1-ro pona; eciu xe
0 = 2, TO B TOUKaX «(pPOHTA®> TEIJIOBOM BOMHEI £ = [t BCce MPOU3BOMHLIE:
Ou/dt, Ou/dx n 8*u/dr? — mperepneBaroT paspeB 2-To poma. B To xe
BpeMs BHe MHOXecTBa £ = Dt pemenue (29) sABiseTCs 0OCTATOUHO Iilak-
kM. OTMETHM, 9TO, HECMOTPS Ha YKA3aHHBLIE PA3PLIBLI TPOM3BONHEIX, TE-
II0BOU OTOK (26) siBiiseTcst HenpepuiBHOU byHkumeil. [leiicTBUTENBHO, 13
(29) nomyuaem

rIe BBeIeHO O003HAUeHNe Uy = (

o+1
k)g Ug

1
1 x [o
t/"(l— —) mpu 0 < z < Dt,
Wz, t)=4 P Dt

(30)
0 upu z > Dt.

Oxcroma W (Dt —0,t) =0=W (Dt +0, t) mpu aobeix t > 0.

1 Oyuknusa ¢ (z) HaspmBaercs GUHMTHON (IO Z), €CIM CyIIECTBYET MHO-

crosanas A > 0, takas, aro g (z) =0 mpm Bcex z > A.
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[epeuncnennsie ocobeHHOCTH perterus (29) B NEPBYIO Ouepenb CB-
3aHBL C TeM, 4TO Koddduuuent remionposopaoctu k (u) = kou’ obpa-
utaercs B Hynb npu 4 = 0. Ilapabonuueckue ypasaerus (17) ¢ xosddu-
uuentamu k (u), ymosierBopsiomwuMu yciaosuio k (0) = 0, HasbiBaoTCs
BBIPO XK LATIO I MHUC .

OTnuunTensHON OCOGEHHOCTBIO BBIPDOXKIAIOIIMXCS ypaBHeHuin (17)
SIBJIIETCS. TO, 9YTO OHU MOTYT OIMUCHLIBATH IPOIECCHL C KOHEIHOUW CKOPOCTHIO
PACIPOCTPAHEHUsT BO3MYINEHWA. [IpyruMy ClIOBAMU, WX DEIIEHUS MOTYT
ObITH PUHUTHBIME QyHKIUAMEA. [locTaTOYHOE yCIOBUEe PUHUTHOCTH IO X
pemeHms TUna «OEryIei BONHLI 0e3 TPyma BEIBOOMUTCS U3 yPABHEHUS
(28). Omo nmeet BUL

1
/%dn<+oo. (31)
0

HeiictBurensuo, npu BhmoiHeHun ycioBus (31) ypasaenwe (28) MOXHO
MEPENUCATb B BUIE

P
il Y =D
dz / n P
0
OTKyI[a HOquaeM
f (Z)k
[ B2y = ~Dep o - ), (32)
0

rze zo— IOCTOsHHAs MHTerpuposanus. U3 (32) HemocpencTseHHo crenyer,
uro pemenue [ (z) ofpaliaercs B HyJib B TOUKE 2z = Zg, T. €. DYHKIUSA
(23) dumuTHA. OTMETHM, YTO NPK BINOMHEHUN yciaoBus (31) duHUTHBIM
0O I SBIAETCs paccMOTpeHHoe Bhimie pemnenue (19). Hepasencrso (31)
ABIIAETCSA HEOOXOMUMEIM U IOCTATOYHBIM yCIIOBIEM KOHEUHOCTH CKOPOCTH
PACIPOCTPAHEHUST BO3MYILIEHAN B MPOLECCAX, OMUCHLIBAEMEIX yDPABHEHUEM
(17).

Wrak, u3 ycnoBus (31) ciemyer CyliecTBOBaHME KOHEYHOTO «(HPOH-
Ta» TEIJIOBOU BOJIHEI, M€ MOXKET TEPITHCA HEOOXONUMAs TIIANKOCTh Perlie-
HEA. OTO, B CBOIO OYepenb, TPEOYeT OMPENeNIeHns] PEIICHNAsS B HEKOTOPOM
06001ierHOM cMBIciie. OOCOOIIEHHOE PEIeHrNe BBIPOXKIAIOIIErOCs YPaBHE-
uus (17) ymormeTBopseT He camoMy nuddepeHInaILHOMY YPABHEHWIO, 8
HEKOTOPBIM MOCTPOEHHBIM Ha, €0 OCHOBE MHTETPAIBLHBEIM COOTHOLICHUAM,
KOTOpbIE He COMepXaT Mpou3BomHbIX Ou/Ot, Ou/dz, 0*u/dx® (mperep-
NeBAONX, OBITH MOXeT, PasphiBhl). CyIIECTBEHHO, OMHAKO, TO, UTO 3TU
COOTHOIIEHUS CIEMMATLHEIM 006pPa30M yUNTHLIBAIOT HENPEPLIBHOCTE TETLIO-
BOTO TOTOKA, (26).

[epeiineM Tenepb K MCCICOOBAHMIO OPYTUX YACTHBEIX PEIICHUN ypaB-
wenus (17). IlpenBapuTenbHO 3aMETUM, YTO PACCMOTPEHHEIE BEIIIE PEIe-
uust (19) u (23) Bebpansl B nepByio ouepensd He ciaydaitno. OxasbiBaeTcs,
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5TO eMUHCTBEHHEIE TUMTLI HETPUBUAILHEIX ABTOMONEITLHLIX PEIIEHNH, KOTO-
pele nomyckaetr ypasaenue (17) npu npousBonbHbX Kosdbuimentax k (u).
3nece aBTOMONENbHBIMY MBI HA3EIBAEM TAKUE PEIICHUS HEJTMHENHOTO
yPABHEHUS B YACTHBIX MTPOU3BONHBEIX, KOHKPETHBIA BUM KOTOPBIX OIPENe-
JIAETCS My TEM MHTErPUPOBAHMS HEKOTOPHIX OOLIKHOBEHHBLIX muddbepenn-
AJIILHBIX yPaBHEHUN (MHOTIA TION ABTOMONEILHEIMU ONPA3YMEBAOT 60Iee
y3KuUil Kiiacc Takux pewenuit). Hanudme y paccMaTprBaeMoil KpaeBoil 3a-
@4y ABTOMOIEIBHOTO PEIIeHMsI CYIIECTBEHHO YIPOIIAET €€ UCCIENOBAHNE.
HoBbie TUIIBI ABTOMONENBLHLIX PEIIEHWH NOSBISIOTCS TOIBLKO Yy yPaB-
menuit (17) cneunansaoro Buga. PaccMoTpuM ypaBHEHHUE CO CTENEHHON He-
JIMHENHOCTHIO (31eCh U majiee I MPOCTOTHL momaraeM c¢p = 1)

0 s Ou\ Ou

[IycTte Temmeparypa Ha rpanute £ = (0 cTemeHHBIM 006pPa30OM 3aBUCUT OT
BPEMEHU:

u(0,t) =ugt™, t>0; m =const>D0. (34)
IIycTe, xpome TorO,
u(z,0)=0, z>0. (35)

Kpaesas 3anaua (33) — (35) momyckaeT aBTOMONENBHOE PEIIEHNE CITe-
OYIOILIEro BrUOa.:
x
ké/z ’U,g/z t(1+mo)/2 ’

u(z,t) =uot™ f(2), z= (36)

roe dyukuusa f (z) onpemensercs u3 OOBIKHOBEHHOTO MuddHEpEeHInaILHOTO
YDABHEHUsI, II0JLy YAIOIIEr0Cs IOCHe ONCTAHOBKYU BhIpaxeHus (36) B ypas-
Henve (33):

d s df 1+mo df B
%(f dz>+ 5 2, M =0, z>0. (37)

B cuiy (34) u (35) dyukuus f(z) momxHa Takke yOOBIETBOPSTH TAKIAM
KDAEBBIM yCIIOBUSIM:

f(0)=1, f(+00)=0. (38)

IMockonbky ypaBHeHue (33) SBIAETCS BHIPOXKAAIOIIMMCS U HOMYCKAET KO-
HEYHYI0 CKOPOCTH PACIPOCTPAHEHUS BO3MYIIEHNH, HEOOXOOUMO MOIIOIHU-
TEIBHO NOTPEGOBATH, YTOOHL «TEIIOBOR IOTOK» — f7 - Of /0z Gbln Hempe-
DPBIBHOU (hYHKITUIEN.

IIpu m # 1/o samaay (37) — (38) MOXHO DELINTH JIMIIb IUCICHHO
(B cnyuae m = 1/0 pemenve (36) B TOYHOCTHU cOBmamaeT ¢ «Geryuei
BOmHOI> (29)). C moMmoIb0 3aMeHb

(=lnz, @)=z "7f(2) (39)
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ypasrenue (37) CBOOUTCS K ABTOHOMHOMY BUY (IIPOBEIUTE ST BLIKIIAIKMN)
U IOy CKAET MOHIKEHUE MOPSAKA. TeM CAMBIM B HOBLIX IIEDEMEHHEIX CTa-
HOBUTCS BO3MOXHBIM €r0 aHAJIU3 Ha (DA30BOM IIOCKOCTU. DTO MO3BOIIAET
LOKa3aTh CYLIECTBOBAHKE U €AUHCTBEHHOCTD pelenus 3anaan (37) — (38),
a TAK¥XKe ONPENENUTh €r0 OCHOBHEIE CBOCTBA.

Hanpuwmep, npu mobeix 3sHauenusx napamerpa m > 0 dyaxuusa f (z)
ABIAETCs QUHUTHON: CyLIECTBYET Takoe 2Zg = 2o (m, o) > 0, aro f(z) =
=0 mnaBscex 2 22z u f(z) >0 mpu 0 < 2z < 20- [osTomy perenue (36)
Takxke QUHUTHO IO T U MPENCTABISLET COOOU TEMIOBYIO BOIIHY , IBAXKYIITY-
I0Cs TI0 HEBO3MYIIEHHOMY (DOHY TeMIepaTyphl (HOCIEmHee, B YACTHOCTH,
CBUIETEILCTBYET O TOM, UTO peuienue u (&, t) yHOOBIETBOPSET ypaBHE-
Huto (33) B 06061enHOM cMmbiciie). U3 Boipaxenus (36) mis mepeMeHHOR
Z CJemyeT, 4TO IOJIOKEHNE TOUKU «(DPOHTA®> BONHBL Ty (t), XapakTepn-
3YIOITIEECS] PABEHCTBOM 2 = 20, ONPENeISIeTCS B KAXKIBI MOMEHT BDEMEHN
o opwmyne

zg () = 20 k:(l)/2 ug/z t1+ma)/2, (40)

Taxum o6pa3oMm, B OT/IMYKE OT PACCMOTDPEHHBIX Bhile pemeHuit (19) u
(23) Tennosas BomHa (36) yCKOpsET CO BpEMEHEM CBO€ IBIKEHUE U B IIpe-
nene mpu t — + 00 HarpeBaeT OO0 6eCKOHEUYHO OOJIBINNX TEMIIEPATYP BCe
npocTpaHcTBO T > 0.

IIpu He3HAUUTENBHBIX HAPYLICHUSX KpaeBbix yciouin (34) m (35)
OCHOBHBEIE 32KOHOMEPHOCTH IIPOLIECCA HATPEBA, KOTOPHIE NAET MPOCTPAHCT-
BEHHO-BPEMEHHAS CTPYKTYPa aBTOMOMIENBHOrO pernenus (36), COXpaHsooT-
cst. Hanpumep, BmecTo (35) MOXHO B34Tb IPOM3BOJBHYIO OrDAHIMYEHHYIO
PUHUTHYIO HAYAIbHYIO (DYHKITIO

’U,(CE,O):U()(.CL')ZO, .TZO,

7 TeM He MeHee IPU MOCTATOYHO GOMNBIINX ¢ C BBICOKOW CTEIEHBIO TOYHO-
ctu Oyner BeIIONHATHCs paseHcTBO (40). WubiMu ciioBamu, aBTOMOnENH-
Hoe pertierne (36) sIBISETCS ACUMITOTUYECKY YCTOAUMBLIM IIPH ¢ — + 00
OTHOCUTEIIBHO «MAaJIBIX®> BO3MYLIEHUI KPAEBbIX NAHHBIX (6oiee TOro, ycra-
HOBJIEHO, UTO OHO ACUMITOTHYECKN YCTONIMBO IO OTHOIIEHUIO K «MAJIBIM>
OTKJIOHEHUAM KO3(DDUIMEHTa TEerIonpOBONHOCT k (4) OT CTEmeHHON 3a-
Bucumoctu k = kou?). W xora B peanbHbIX 3amadax QUMK U TEXHUKA
6GECKOHEUHBIX TEMIEPATYD HOCTUCHYTH HENb3s, BCE DTO IIO3BOJISET TOBO-
puTh 00 aBTOMOmENBHOM perneHun (36) Kak O MPOMEXYTOYHON ACUMIITO-
THKEe PacCMaTPUBAEMOrO IPOIECCa HArPeBa, KOTOPAas BCET A PeATTN3yeTcs
[IPU HE CIIUIIIKOM MAaJIbIX U He OYeHb OOJIBIINX BPEMEHAX.

YpaBHEHHUE CO CTENEHHON HEJIMHENHOCTHIO UMEET TAKXKE ABTOMOIEIb-
HOE peIIIeHre NPYTOoro BUOA!

Z

u(z, t) =uo et f(z), z= , (41)

aCy

k;h ug> ="k %

rme C' — npou3BOJIbHAS TOCTOsSIHHAS. MBI paccMoTpuM Huxke ciayuann C' >
> 0. Oyukuua f (z) onpenesnsercs U3 KPAeBOIL 330249 1151 OOLIKHOBEHHOIO

18 A. H. Tuxonos, A. A. Camapckuit
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nuddepeHnnaIbHOr0 ypaBHEHN

d (., df\ o df . _

f0)=1,  f(+00)=0.

Kpaesrie ycnosus, mOpOXIAIOIIMe TAaHHOE ABTOMONEIBHOE PEIIEHNE, OMpe-
nessorces BunoM dyukiuu f (z). U3 (41) HEMOCPENCTBEHHO CIEMyeT, YTO
OHU TAKOBHI:

u(0,t) =upe®t, t>0,

- (43)

u(x70):u0f ) 1'20

1/2 0'/2 1
ko uy? C— 12

Pemenue 3amauu (42) cymecTByeT m enuHCTBEHHO, dyukuusa f (z)
¢uurTHA (CcnemoBaTenbHO, pertenne (41) semsercs o606menHHbM). Touka
«($ppOoHTa> TEINIOBOI BOJIHBI IBUKETCS CO BPEMEHEM II0 3aKOHY

Tg (t) = 29 k;h u?C e

(3mecwb zg = 2 (0) > 0— mauna vocuTens dyukuun f (z)). lpu ¢ — + oo
BOJIHA IOJIHOCTBIO «3aI0NHseTs npocTpancTeo = > 0. Bce xkauecTBennbie
3aKJIIOYEHNs, CAEIAHHBIE BHIIIE 10 OTHOIIEHUIO K ABTOMOLEIILHOMY Dellie-
uuro (36), CIpaBeIIUBLL U B NAHHOM CITydae.

3. Pexumbl ¢ o6ocrpeHneM. DddeKkT JIOKAIU3ANAN TeMIa.
B 5TOM myHKTE MBI pACCMOTDPUM HOBBIN KJTACC aBTOMOIEITLHBIX DEIICHUH
ypaBHeHus (33), KOTOpbIe 00JIANAIOT LENbIM PILIOM OTIUYUTEINHHEIX 0CO-
OGeHHOCTEN.

I[IycTe TemnepaTypa Ha rpanune £ = 0 u3MeHsETCS B pexuMme ¢ 060-
CTPEHueM:

aC
oot

uw(0,t) =uo (T —t)", 0<t<T; T =const>0. (44)
[Ipennonaraercs, ayro nocrosuuas n < 0, mostomy w (0, t) — + 0o mpu
t—-T" =T —-0. Pexumom c obocTpeHueM HA3LIBAETCS TAKOH 3a-

KOH M3MEHEHUs HEKOTOPOHN BEIMUWHBI, KOTOPHIN 00ECIeYNBAET ee Heorpa-
HIYEHHOE BO3PACTAHNUE B TEUEHUE KOHEYHOIO BPEMEHU (B HAHHOM Cilydae
pasHOro T < + 00). Pexumer ¢ obocTpenuem, anasiornyusie (44), ucnonn-
3YIOTCSI [IPU ONKUCAHUU MHOTUX CYIIECTBEHHO HECTAINOHAPHLIX (PU3UIeCKIX
mporeccoB. OKasbIBAETCS, TaKUM CHEHMUDUIECKAM TDAHUIHBEIM YCIIOBUASIM
OTBEYAIOT DEIIeHUs] C OYeHb MHTEPECHBIMU U BeCbMa HEOOBLIYHBIMIU CBOM-
CTBaMU.

YpaBHeHUE CO CTENEeHHON HeJIMHENHOCTHIO (33) MMeeT aBTOMOLENbHOE
pelleHre, yIOBIeTBOPSIOIIee FPAHNIHOMY pexumy (44):

w(z, t) =uo (T —t)" f(2), 2= ?

(45)

1+no *

Ko ug (T — )%
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Honcrasnas (45) B (33), mst dysknuu f (z) momydaem 3amady

d d o d
£<f”d—£>—1+2n zd—f—n =0, z>0, (46)
f(0) =1, f(+00)=0. (47)

Cy1iecTBOBaHNE U €AMHCTBEHHOCTH perreHus 3anaun (46) — (47) ycrana-
BIIMBAETCS IyTEM CBeNeHWs ypaBHeHUs (46) ¢ MOMOIIBIO YKA3aHHOW BbI-
ute 3amensl (39) (cMm. paccyxmenus, oTHOCAmmecs K 3anade (37)— (38))
K YPaBHEHUIO [IEPBOTO MOPSNKA U MOCIELYIOIEro aHAIIN3A OISl €r0 MHTe-
PaJIbHBIX KPUBBIX.

W3 (45) BBITEKAET, YTO HTO ABTOMOIEIBHOE PEIIEHNE YIOBIETBOPSIET
KDAEBOH 3a7jaue ¢ TPAHNYHBIM PEXUMOM (44) 1 HAUAIBLHBIM YCIIOBAEM

xr
u(z,0) =ugT" f (W) : (48)
2

ko~ ug

CeoiicrBa pemtenus sanadu (46) — (47) (xak, BIpOYeM, U CAMOTO aBTOMO-
IeIBHOro perneHus (45)) CyIIECTBEHHO 3aBUCST OT COOTHOLIECHUS MEXIY
BenuunHaMu n u o. Tak, ecmu n < —1/0, To byuxkuus f (z) umeer ko-
HEYHBIN HOCUTENb IUIMHEL Zg = Zo (N, 0) < 4+ 00. B6ausu touku z = 2o (B
JIEBOI €6 OKPECTHOCTY) CIPABENIINBO PA3IIOKEHUe

(1+no)

[
5 O'Z():| (20 — z)l/" X

f= |-

1 1-no) 1

X{l 203 (l—l-na)z()(a-{—l)(zo AR E (49)
B cnyuae n > —1/0 pemenne 3anaun (46) — (47) cTPOro HOOXUTENBLHO
Ipu JIIOOBIX KOHEUYHEBIX 2 > 0 u sBiseTcs 6eckoHeuHO nuddepeHnnpyeMon
dbyuxuunen (xak cnenyet us (49), npu n < —1/0 nponssonHBIe bYyHKIUY
f(2) MoOryT mmerhb paspbiB B TOUKE 2z = 2g). Ilpu GONBIINX 2 BBHINOIHSI-
€TCsI PA3IIOKEHIE

Flz)=CoTine +..., (50)

roe C = C (n, o) > 0— nekoropas nocrosuuas. Bequuuna C, Tak xe Kax
u 3HAYeHUe 2o = 2o (N, o) B ciiyuae n < —1/0, onpenensercs B pesyib-
TaTe YNCIEHHOro perreHns 3anaun (46) — (47).

HauGomee npocThiM sBisieTcs cnydait n = —1/0. 3mech pernenne 3a-
naan (46) — (47) BEIIUCHIBACTCS B SIBHOM BUIE:

2 2/o
(1——) npu 0 < 2z < 2o,
f(z)= o (51)

0 mpu 2z > 2o,

18*
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rme 2o — IUIMHA HOcUTens (GuauTHOU byHKimE (51)— Borumcnsercs mo
dopmyne

(a+2)]1/2‘

0= 272

Tenepsb MBI IEpERIEM K CAMOMY BasKHOMY MOMEHTY — AHAJIU3Y MPOCT-
PAHCTBEHHO-BPEMEHHOI CTPYKTYDPHL aBTOMOENBLHOro pernenus (45) mpu
pasnuUHLIX 3HaueHUsX n. [lycTs cHauama n = —1/0. Torma, kak cienyer

3 (51), dyukuus (45) upencrasiser coboll BeCbMa HEOOBIYHYIO TEIIIOBYIO

BOJIHY C OCTAHOBUBIINAMCS (DPOHTOM OF

. z Y
ug (T' — 1) /‘T(l—x—> , 0< T < o,
0

u(x,t) =
(, 1) onr T
o,x>%zp___%%}.

o

(52)

3meck TemIoBBIe BO3MYIIEHNS Haiee TIIYyOUHEL & = Lo BOOOIIIE HE TPOHUKA-
10T, HECMOTPSI Ha, HEOTPAHUYEHHBIA POCT TeMIepaTyphl Ha rpadute z = 0
U BO BCEX BHYTDEHHUX Toukax oTpeska [0, zg]. Pemenue (52) marmsamzHO
IPOSBIISAET CBONCTBO JIOKATU3ANNN (KAHEPLUUMS>) TEIIIa, KOTOPOE B NAHHOM
CIIy4yae XapakKTepu3yeTCs TeM, 9YTO B IPOCTPAHCTBE 00pa3yeTcs O6IACTD C
OTNUYHOU OT HyJIsl TEMIEPATYPOU, HE MEHSIOIIAs CBOUX PA3MEPOB B Te-
JeHne KOHEeYHOro BpeMenu. Buyrpum obmactu nmokammsammu 0 < z < xg
TEMIEPATYPa U KONMUUECTBO MOCTYIAOIIEH TYMa SHEPTUN HEOTDAHUICHHO
BO3pacTaioT npu t — 1T'~. Benuuwmna z( Ha3bLIBaeTCSI FAYyOUHOMW JTO-
KaJlu3aluu.

B ofmiem ciyuae MTOKAaIM30BAHHBIM HA3LIBAIOT TAKOE DEIEHIE,
KOTOPOE HEOT'PAHUIEHHO BO3PACTALT B TE€YEHNE KOHEUHOIO BPEMEHU B OI'Da-
HUYEHHON 9aCTH IPOCTPAHCTBA (9TO ONPENENIeHNE SBIISeTCS HAub0oIIee YHI-
BEPCAIILHBIM, OHO, B YaCTHOCTHU, HE CONEPKUT TPEOOBAHUS KOHETHOM CKO-
POCTHU PACIPOCTPAHEHUsS BO3MYIIEHUN; cM. 06 sToM B ria. VI, § 1).

I'paHUYHBIN pexXuM, OTBeUaomil mokaszaremo n = —1/c B (44), Ha-
3piBaeTcs S-pexuMoM. OH pasmenseT CeMeiCTBO CTEMEHHBIX PEXUMOB C
060CTpeHNeM Ha IBa Kiacca: B MEPBOM U3 HuX n > —1/0 (sT0 Tak Ha-
swiBaeMmele LS-pexumer), Bo Bropom — n < —1/0 (HS-pexunwmsr). IIpn
n > —1/0 aBTOMOmENBHOE pelIeHne PACTeT N0 GECKOHEYHOCTU TOJBLKO B
omHou Touke: z = 0, u mpu Bcex = > 0 OHO OFPAHUUIEHO CBEPXY PABHOMEDHO
mo t. B cooTBeTCTBUM ¢ BBENEHHBIM BBIIIE ONPENEIICHUEM TAKUE PEIIeHUs
TaKXe HA3BIBAIOTCS JOKAJM30BAHHBLIMU. Y KAXKEM ONHY BaXKHYIO OCOOEH-
HOCTBb rpaHnuHOro LS-pexnma. OGO3HAUNM Uepe3 Ty () dbdhekTuBHYyIO

1) Buepseie sT0 pemenue 6b10 moctpoeno B paGore: Camapckuit A. A,

Co6onp U. M. Ilpumepsr uucieEHOr0 pacueTa Temueparypueix Bons // ZKBM
u M®. 1963. T. 3, Ned. C. 703—T719.
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ryOuny (MOyIIUPUHY) TPOHUKHOBEHUS TEILIOBOM BOJIHEI, KOTOPAs B Ka-
KIOBI PUKCIPOBAHHBEI MOMEHT BPEMEHU OIPENEISeTC s N3 PABEHCTBA

1 1
U (Tog (1), t) = JU (0,t) = 3 (T —t)".
Torma, o603HauMB Uyepe3 z* eNUHCTBEHHBLIN KOPEHb YPABHEHUS
. 1
f (Z ) - 57

u3 (45) nomyuum

Top () = 2" k2 ul? (T — )%, 0<t<T.
IMockonbky mpu n > —1/0 nokasarens (1 + no)/2 momoxwurenex, riy6u-
Ha, IPOHUKHOBEHUS BOJIHEI, HECMOTPS Ha, GECKOHEUHEBIN POCT TEMIIEPATYPEI
Ha, CpaHuIe, CoKparmaercs npu ¢ — T~ BIIIOTH mo Hysa. TeMm caMbIM HO-
CTYNAIOIIasl B CPEMY SHEPTUs COCPENOTOUMBACTCS BO BCE COKPAILIAOILIEHCS
yacTu npocTpancTBa. OTMETHM, UTO HUKAKHE OPYTUe U3 PaHee PaccMa-
TPUBABIINXCS ABTOMONEILHEIX PEIIEHUI TaKM CBONCTBOM HE OOJIAIAIM.
B ciyuae n < —1/0 TenmoBas BONHA SABISAETCS yXKe HE JIOKAIM30-
BaHHOW, a Oerymieill BOHON; kak cienyer u3 (45), ee GpOHT mBUKETCs
[0 HYJIEBOMY (OHY TEMIEPATYPLI CO BCE YBEIMUUBAKIICNCI CKOPOCTHIO
(14 no < 0) mo 3akoHy
T (£) = 20 k> ug> (T — )27, 0
1 K MOMeHTY obocTpenus t = T yxonuT Ha 6eckoHeuHOE paccTosuue. B pe-
synbraTe mpu t — 7'~ TeMmepaTypa HEOTPAHUYEHHO BO3DACTAET BO BCEM
npocTpaHcTBe. B sTom cmbicie perenne (45) mpu n < —1/0 npuxHnunu-
AJIBHO He OTIIMYAETCs OT aBTOMONENbHEIX perteruit (36) u (41). U tam u
3[ECh TEMIEPATYpa BCIOAY HEOTPDAHMUEHHO PACTET, TOIBKO B OMHOM CIIydae

3a KOHEUHOE, a B IIBYX APYTUX — 33 GECKOHEUHBIE BpeMeHa 1.

<t<T,

IV. 3amaua o dpa3zoBoM mepexone

HpI/I N3MEHEHUNN TeMHepaTypr TeJIa MOXET MNPOUCXOOUTH M3MEHE-
HUE ero (u3am4eckoro COCTOSHUS, B YACTHOCTU IIPU IIEPEXONE TeMIepa-
TypBI Yepe3 TOYKY IIJIABJIEHUS — IIePexXon M3 XKUAKOW (a3bl B TBEPLAYIO
(unmu obpaTHBII mepexon). Ha moBepxHOCTH ($asz0oBOro mMepexoma BCE BPE-
MsI COXPAHSIETCs MMOCTOSIHHAS TeMrepaTypa. [Ipu mBumXeHnu moBepXHOCTH

1) Bomee nonpobHYI0 NHGOPMALKIO O Pe3yIbTaTaX UCCIenoBaHus dddexTa j10-

KaJIM3ALUU TEIIa B IIPOM3BOJILHBIX HEJIIMHEAHBIX Cpenax cM. B pabore: [amax-
truounos B.A.,,Kypaniomos C.II., Muxaunos A.Il., Camapckuit A. A.
Jlokammsanms Temna B HenwHEMHBIX cpemax // HmbdepenumanbHbe ypaBHe-
amst. 1981. T. 17, Nel0. C. 1826—1841. Cm. Takke NPUBENEHHBIA TaM CIKCOK
JIUTEPATYPHI.
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(azoBoro nmepexona MPOUCXOOUT BhIAEIEHNE CKPBITON TEIJIOTHL 33 TBEPAEBA-
uust (mwiasienns). ChHopMyaupyeM Te HOMOIHUTENBHBIE YCIOBUSL, KOTOPHIE

IIOIKHBI BBITOMHSTHCS Ha, TOBEPXHOCTY 3aTBEDAeBAHMS 1) .

PaccMoTpum minockyo 3amady, KOTma MOBEPXHOCTBLIO PA3MENa SBIs-
ercsa mockocth x = & (t). C MoMeHTa BpeMeHu ¢ OO MOMEHTA BPEMEHU
t + At rpammma x = £ mEpeMECTUTCS OT TOYKUA & = x; OO TOUKH & =
= x5 = 1 + A¢. Ilpu sTom 3arBepmeBaer macca pAf (winm pacmiaBiis-
ercsa, ecmu A¢ < 0) u BBIOENAETCS COOTBETCTBYIOIIEE KOIMUECTBO TEILIA,
ApAE.

511 BEITIOSTHEHUST TEINIOBOrO OAIAHCA 3TO KOJIMIECTBO TEILIA JOJIKHO
PABHSTLCS PA3HOCTY KOJIMYECTB TEIIA, MPOIIEAIINX Yepe3 TPAHuNBL § =
=1 u £ = Z3, T. €. NOIDKHO BBLINOJHATLCS yCIIOBUE

8U1
M o

Oup

—k
> Oz

r1

At = ApA&,

T2

roe k1 u ks — KOSDPUIIMEHTH TEIIONPOBOAHOCTY IIEPBOR U BTOPOH (Pa3kbl,
a A\ — CKpBITas TEIJIOTA, TIIABIICHUS.

Iepexons x mpemeny mpu At — 0, MBI U MONYYUM HOTOITHUTEITHHOE
YCJIOBHE Ha I'DAHUIE PA3NeNa B CIENYIOIIEM BUIE:

8u1
M o

1y, %

uz

> 9z

=¢

z=£

OT0 ycioBue uMeeT MECTO Kak [l ponecca 3aTsepaeBanus (korna A& >
>0 u d¢/dt >0), Tak u mns mpouecca mmasneHus (korma AL <0 n
d¢/dt < 0); HanpaBieHUe IPOLECCa ONPENEsIeTCs 3HAKOM JIEBOIl YaCTH.

PaccMmoTpumM mporecc 3aMep3aHus BOOBI, IPU KOTOPOM TEMIIEPATYPa,
dasoBoro mepexona paBHa Hys0. Bynem paccMaTpuBaTh MAcCy BOOBI & >
> 0, orpaHHYEHHYIO C OMHOW CTOPOHHI IIIOCKOCTHI0 T = (. B HauanbpHbIR
MoMmeHT t = 0 Boma 06mamaeT MOCTOSHHON TeMnepaTypon ¢ > 0. Ecmu Ha
moeepxHOCTH T = () BCE BpEeMsI OAAEPXKUBACTCS IOCTOSHHASI TEMIIEPATY DA
c1 < 0, To rpanuna npomepsanus ¢ = ¢ OymeT co BpeMeHeM NMPOHUKATH B
ry0b XUOKOCTH.

3amada 0 pacupeneneHny TeMIEPATYPLI IPU Hauduu Ga3oBoro mepe-
XOIa, U O CKOPOCTHU MBUXKEHWs MPAHUIBI pasmena a3 (HampuMep, BHYTPU
3aMepP3alolell BOABI) CBOAUTCS K PELICHUIO yDABHEHUI

0 9?

%:a%&:;mmo<x<£, "
1

0

%:a% 8,:22 mna £ <z < oo

Do pauk ®.,, Musec P. Judpdepernuansupie u nHTErpAILHBIE YDABHEHUS

maremaruyeckon ¢pmsmkum. JI.; M., 1937. ['m. XIII.
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C IOTIOITHUTENILHBIMU Y CIIOBUSIMU
uy = c; upu x =0,
us =c mpu t =0

¥ yCIIOBUSIMU Ha I'DAHUIE 3aMep3aHUs

ur=us=0 mpm =z =¢, (3)
Ou Ous _ o dg
ST N BT @

rae ki, a3 u ka, a3 — k0o PUIUEHTHI TEIONPOBOIHOCTH 1 TEMIIEPATYPO-
[IPOBOLHOCTY COOTBETCTBEHHO TBEPHOR U x)uakoir das. 3amauy (1) — (4)
yacTo HaswBawT 3amadeil CTedana, 3amadein 0 GasoBOM MEPEXOLE,
U7 33a9€l O IPOMEP3AHUN.

Permenne samauu Gynem UCKaTh B BULE

z T )
2a1 V/t 2a5Vt)’

rme A;, Bi, As m By —moka He ONpeneieHHBIE MOCTOSHHEIE, a P —
MHTEerpaJi ornnbox

U,1:A1+Bl(§< >, U2:A2+ng><

& (1) = % /6—52 de.
0

Y nosnersopsia yciosuam (2) u (3), mowyaum
Ar=c, As+Bx=c

u3 ycuosust (2) u

)
A +B & =0,
! ! <2a1\/f

£\ _
A2+B2(I><2a2\/5> =0

u3 yciosus (3). IocnenmHue ycinoBust NOMKHBI MMETH MECTO IS JIFOOBIX
3HAUEHUH ¢. JTO BO3MOMKHO JIIIb IPU BBINOIHEHUN COOTHONICHUS

E=avi, (5)

roe o — HeKOTOpas nocTosHHas. CooTHoeHne (5) OMpenenseT 3aKO0H IBU-
JKEHUS TPAHMIBI 3aMEP3aHNU.
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g mocrosiuubix Ay, By, Ay u Bs TMONy4YaloTCS BLIPAXKEHUS

\

Al =c, B1=—071aa
* (5,)
o (52:) : "
Ae=-—7 N B=—F7av
1“1’<2—a2> 1_q>(2_a2> )

Uro6bl ONPEnenyuTh HOCTOSHHYIO (, HAAO BOCIONB30BATHCS COOTHO-
menneM (4):

1z ez
kicire "1 " koce "2

we () wli-e(2)]

Perenne sToro TPaHCHEHOCHTHOI'O YPABHEHUA U OAE€T 3HAYCHUE . Hamu-

= — \pa . (7)

%

ume X0Ts ObI OMHOTO petterus npu ¢; < 0, ¢ > 0 cremyet yxe u3 TOTO n
9TO Ipu u3MeHeHuu & OT 0 mO + 00 JeBasi YaCThb YPABHEHUS U3MEHSETCS
OoT —o0 Omo +o00, a mpaBas—oT (0 mo —oo. B cnyuae ecmu ¢ paBHO
remneparype mnasnenus (¢ = 0), seipaxenus (6) u (7) muas onpeneneHus
K03hPUImeHTOB TpUuHUMAT 60JIee IPOCTON BUI:

AZ =By = 07
6[
Ay =, Bl——cil ()
q> (i)
20,1
u

_a?

k 4a?
1ce /\pag- )

1) Acovmrorueckoe npencrasienne Gyakmm 1 — @ (2) mpm 2z — 00 cM. HA

c. 758.
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rae IMOCTOAHHAI D OIIpenessi€TCsa BhIPpAXEHUEM

Apa?
p=2% <o
kl C1
-3
e
Bocnonb3oBasmuce rpadukom bysknun ¢ () = ———, DaHHBIM Ha

VT (B)’

puc. 43, merko rpaduvecku ompesme-

JIUTH 3HAUEHUE . 25 [T1
Pemrenne 3a0a4um 0 IpOMEpP3aHAN Tt e(8)
MOXKET OBITH TAKXKE MOIyYEHO MPH MO~ 0,08
MOIIM MEeTOMNa IOmoOus, IpuBefeHHoro 29 007
o k)
B Hpunoxenun IIT x sToir raase. 3a- 0.06
Ia4a O MPOMEP3AHUU SIBJISIETCS B HE- \ i \
KOTOPOM CMEICJIC TIPENENbHEIM CITyda- 1P 0,05
€M HEJMHEMHBIX KPAEBBIX 3a/1ad, Pac- \ 0,04
cmoTpenubix B [Ipumoxenvu I11. B ca- 0,03\
MOM melne, kKosdbunuenTs Temonpo- 10 002
BONHOCTY M TEIIOBMKOCTH B 3a[ade \ 0’01 A
O TPOMEP3aHWM SBJISIOTCI KYCOUHO- )
TIOCTOSTHHBIMU () 0,5 L4 18 2,2 ™M
YHKIMSME, W, KPOME
Toro, mpu 4 = (0 TEmI0eMKOCThL UMEET
—— ﬁ —- P
6eCcKOHEYHO 60JIbIIOe 3HAYEHNE. DTOT T uE
, 0,0 |
Cydaii MOXHO TONydnTH Kak mpe- U7 05 10 15 2.0
nenbHBIL mpu € — 0, KOrma CKpbITas
TeIJIOTa BLIIENIIeTCS He MTHOBEHHO, a Puc. 43

HA, HEKOTOPOM MPOMEXYTKe (—¢, +€), IPUUEM JOJIKHO BLITOIHITHCS Y CII0-

/c(u)du:)\.

—€

Onnako 5Ty 3amady MOXHO PEIIUTh U HEMOCPENCTBEHHO, MOIb3YsICh
MeTonoMm momobus. HeTpynHo ybenuTnes, YTO BCe YCIOBUS 3aadl OCTa-
HYTCS HEM3MEHHBLIMU, €CJIN MACIITA0 MIVHLI YBEIUYUThL B k pas, a Mac-
mTab BpeMeH! — B k2 pa3. OTO 3HAYUT, UTO PEIICHNE 3ATAUN 3ABUCUT OT

aprymenta z/v/t, T.e. uTO

z
u(z, t)=f|—=).
’ 2t
OTcroma, B 9aCTHOCTH, CIIEAYET, 9TO OBUKEHNE HYJIEBON M30TEPMEI OyIeT

ONUCHIBATLCS ypaBHeHUeM & = qy/t, IIe «— 3HAUYEHWE apryMeHTa, IIpU
koropoM f (a) = 0. Hus onpenenenus GyHkuuu f MBI IMEEM CJIELYOLIE
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yCIIOBUSI:
d? d
a? dzj;l = -2z —d];l o 0<z<a,
d? d
a’ dzJ;Z = —2zd—];2 o a <z < oo,

fi(0)=c1, fa(0)=¢, fi(a)=f2(a)=0,
ki £ (@) = ke £ (@) = Do 5.

Mostomy dysknus f (z) umeer Bun

z
f(z): fl(Z):A1+Bl(I)<2—al
fQ(Z):A2+BQ(I)<

),ecnm0<z<a,

—),ecnma<z<oo.
2012

Hia onpenenenus nocToaHHbIX Ay, By, As, Bs MBI JOJIXKHLI UCIOIEL-
30BaTh ycinoBus (2) m (3), u3 KoTopeIx BeITekanT (opmyisr (6). s
ompenenenus « nomydaercs yciosue (7). Takum obpasom, aHamuTIUE-
CKasl YACTb PEIIeHus B 000X METONAX OMUHAKOBA.

N3noxennsie 30ech COOOPaXKEHVS MOKA3BIBAIOT, UTO 330341y O IPOMEp-
3aHIM MOXHO DEIIIATh TAKXKe M B TEX CIIyYasx, KOTIa CKPHITAs TEIIOTa
BBIIEISIETCS He IPU GUKCUPOBAHHON TEMIIEPATYPE, & Ha HEKOTOPOM UHTEP-
Bajie TemnepaTyp. [[omoOHBIM XKe MeTOIOM MOXHO DEIINTH 33a0ady, ecili
UMEETCs He OIHA, & HECKOIBKO KPUTUYIECKUX TEMIEPATYDP, YTO BCTPEUIALT-
cs1 pu (ha3OBBIX IPEBPAIIIEHUSX B IPOLIECCE TEPEXOa OT OLHON KPUCTAJIIIIN-
YECKOU CTPYKTYPHI K APYTOi, HAIPUMED [IPU HePEeKPUCTATIIA3ALNYN CTAIIN.
HauGomee 5pPekTUBHLIM METOMOM YHCIEHHOTO PEIIeHWS 33034 O (aso-
BBIX [TEPEXOMaX SIBIISIETCS METOL KOHEUHBIX PA3HOCTEN, KOTOPBIH IPIMEHIM
IUTSI CIIy4as OBYX U TPEX MPOCTPAHCTBEHHBLIX MMEPEMEHHBLIX MDY HAIUYUA
HECKONIBbKIX (ha3oBbIxX mepexonos (cM. Homomuerue I, § 4).

V. Ypasuenue OininTenina — Kosimoroposa

Muxkpockonudeckue 4YaCTUIbI, HAXOLAIIMECS B CPene B CBOOOLHOM,
B3BEIIIEHHOM COCTOSIHUW, COBEPIIAIOT GECIOPSIIOYHOE MBUKEHNE, HA3HIBA-
emoe OpoyHOBCKUM. (OGO3HAUMM BEPOSTHOCTDL ISl YACTUIBI, BBIIIENIIEH
u3 Touku My B MOMEHT %, HAXOOUTHCS B MOMEHT ¢ B MAJIO OKPECTHO-
cru AV Toukm M dyukumein

BeposTHOCTE 3meCh MOHUMAETCS B TOM CMBICIE, UTO €CIIA B TEUYEHUE
HEKOTOPOIO MaJIOro mpomexyTka At =t — ty u3 Touku My BEIXOOUT
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IOCTATOYHO GOJIBINOE KOMMUIEeCTBO uacTur N (ODpudueM B3amMOmeCTBUE
MEXIy HUMU IPEHeOPEeRMMO MaJjo), TO KOHIEHTDALWS STUX YACTUI[ IPU
At — 0 BTouke M B momenT t Gyner pasaa W (M, t; My, to). Illpu sTOM
33 €OVHUIY MACChI YaCTHULl IPUHUMAETCS BCSI MACCA BBIXOMAIIAX U3 TOUYKH
My 4acrtnm.

C momoGHBIM XK€ SIBJIEHMEM MBI BCTpPEUYAEMCs Tpu nuddys3um rasa,
IPOUCXONALIEN B KaKOW-imub0 (Hampumep, Bo3myliHou) cpene. PyHkuums
W (M, t; My, tp) nupencrasiseT (GyHKINIO TOYEYHOTO MCTOYHUKA, COOT-
BETCTBYIOILETO ENUHUIHON Macce.

OueBunuo, 4TO

/W(M, t; Mg, to) dVM =1 (t > to) (2)

U UTO eciy HAJYAIbHAs KOHIEHTPAINS YACTULl B HEKOTODPBIA MOMEHT Bpe-
meHu ¢y paBHa ¢ (M), To konuenTpanus u (M, t) 5TUX YaCTUL B MOMEHT
t >ty OymeT paBHA

u(M, 1) = / W (M, t; P, to) o (P) dVp, (3)

rne nHTerpasa 6epercs Mo BCeEMY IPOCTPAHCTRY.

3 mOCIIENHEro PABEHCTBA ClleAyeT ypapHeHue )

W(Ma t7 MO: tO) = /W(M7 t7 P: G)W(Pa 07 MOa tO)dVPa (4)

MMEIOIIee MECTO IJIs JIIo00oro 3HaueHus to < § < t. OTo mocnenuee ypas-
HEHVE HA3BIBAIOT ypaBHeHUeM OiMHmTeiina—KonmMoroposa.

ITokaxxem, 9TO IPU OMPENEIEHHBIX yCJIOBUSX, HAJIOXKEHHBIX HA (DYHK-
w0 W (M, t; My, to), peuienue ypaBHeHus DunmiTeina — Komamoroposa
YIOBJIETBOPSIET HEKOTOPOMY YPABHEHUIO C YACTHBIMU IIPOU3BOOHLIMU IIa-
pabosuaeckoro Tuma. PaccMOTpuM citydaii, KOrZa, MOojoXeHne Touku M
XapaKTepU3yeTCsl OMHOW KoopmwHaTon . llpemmomoxum, 4To QyHKIMS
W (z, t; zo, to) yHOBIETBOPSET CIIELYIOLIMM yCIIOBIIM.

1°.

x

lim
T—0

;gzlim%/(m—f)W(:v,t+T;§,t)d:v:A(f,t). (5)

Ecnu 3a BpeMst T 4acTUIA MEPEXOMUT U3 MOJIOXKEHUs ¢ B MOJIOXKEHUE I,
T0 (x —&)/T saBIsAETCs CpemHell CKOPOCTBIO dYacTuubl. Taxum 06GpasoM,
[IepBOE YCIIOBUE 03HAYAET TPeOOBaHIE CYIIIeCTBOBAHNS KOHEUHON CKOPOCTH
YIOPAOOYEHHOI'O OBUXEHUSA YaCTULBL.

1) Heomrosuma M. A. CrarmcTmueckas ¢wmsuka. M.; JI., 1944. T'm. VI
Konmoropos A. H. O6 ananmuTwIecknx METONAX B TEOPUU BeposTHOCTER //

YMH. 1938. Bem. 5. C. 5—41.
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2°.

lim @ zlim% /(x—f)ZW(x, t+71;& t)de =2B(&t). (6)

T—0

Benmunna (z — £)? He 3aBUCUT OT HATIDABIICHUS CMEIICHUs. TOYKHA T OTHO-

curenbuo Touku ¢. Cpemuee 3HAUEHUE KBAAPATA OTKJIOHEHUS 33 BPEMSI T

(x—f)zz/(x—f)zW(x,t-i—T; & t)dx

OOBIYHO PACCMATPUBAETCI KAaK MEpPa HEYHOPSMOYEHHOCTU IBUXKEHUS 33
5TOT MPOMEXYTOK BpeMeHu. TpeboBaHMe 2° 03HAUACT TPEANOIOXKEHNE JIN-
HEMHOW 3aBUCHMOCTY CPEIHEr0 KBaApPaTa OT BPEMEHU IIPUA MAJIBIX T.

3°.

|z = ¢

3
lim :1im1/|x—§|3W(:v,t+T; & t)dz = 0. (7
T

T—0 T
Oyukuua W (z, t + 7; €, t), apagomaicsa GyHKIME TOYEUHOrO NCTOUHI-
Ka, s MAJIBIX 3HAYEHUN T HOJLKHA ObICTPO yOBIBATH, Korma |z — &| — oo,
U BO3pacTaTh, Koraa |z — €| Maso.

s nonyuenns nuddepeHnuaabHoro ypapuerus Duamnreina—Kon-
MOTOpPOBa YMHOXKUM 00€ 4acTu ypaBHeHus (4) Ha IPOM3BOIIBHYIO QYHKIAIO
¥ (), 0OpaIIAIIYIOCsS B HyJIb BMECTE CO CBOEU MPOM3BOMHOM HA TPAHUIIAX
00IIaCTH MHTErPUPOBAHUS, U IPOUHTErPUPYEM IO BCEU 3TOM OOIIACTHU:

/W(:L’, t+7; zo, to) Y (z)dz =

= [W (& tmn, t)dg [ W (o, t 475600 (@) do.
Pasnoxus B npasoit wactu ¢dyukuuio ¢ (z) B psan Teiopa no = — &:

v@) =9 O +v O @-0+ L @2+ LI e,
roe £*— cpemHee 3HAUEHME, 3AKITIOYEHHOE MEXAY T W &, W pa3meNuB Ha,

T, TIOCJIE IPOCTHIX Mpeobpa3oBaHuil 6yneM UMeTh

/¢($)W(x,t+7'; xg,tOZ—W(x, t; o, to) de —
r— £ (r— £)2
= [ W tm ) [0© = a0 S ae

o [[ 9 €) @9 W b0, ) W (o t4 71, ) de

Mpennonaras, uro " (z) orpanuuena:

9" ()] < 4,
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" yYUTHIBAA, YTO

/W(£7 t7 Zo, tO) d£ = 17

MBI TOJTyYUM

@@= ) W g D deds| <

_ Az ¢
= ="

< é /|:13—§|3W(:v,t+T; & t)de
pu

W3 ycmoBus 3° BerTekaeT, 9TO 5TO BeIpaxenue npu 7 — () cTpeMuTcst
k myao. [losTomy, mepexons kx npeneny npu 7 — 0 # UCHOOIB3Ys yCIIOBUS
1°, 2°, monyuaem

[y P I 0] g,

- / W (€, t; 2o, to) [ (€) A (€, £) + 9" (€) B(€, )] de.

[Tocne nuTErpUpPOBAHMS IO YACTAM IPABOMA YACTHU, IPUHUMAS BO BHIMAHIUE,
uTo GyHKIUS 1) obpalraeTcs B HyJlIb BMECTE CO CBOEHl MPOM3BONHOW Ha
rpaHuie o6JIaCTU MHTEIPUPOBAHUS, IOILY IUM

oW  0(AW) 9% (BW) _
/¢ (z) {W + 9 oa2 dz = 0.

Tax Kax 5TO COOTHOIIEHNE MOIKHO UMETb MECTO IJIsl TPOU3BOILHOM
¢byukuuu ¢ (z), To mus dyukuum sepostHocTu W (z, ¢; To, to) MBI HO-
gyuaeM nudbepeHIUANbHOE YypaBHeHUEe OuHm TenHa—Kon-
MOTOpPOBa

ow _ 0(AW)  0*(BW)
ot Oz + 0x? 8)

[Tosyuennoe ypaBHEHUE SIBIISIETCS yPABHEHIEM [1apPab0InIeCcKOro THIIA, [10-
IOOHBEIM YPABHEHUIO TEIJIONPOBONHOCTH, M MOXET OBITH 3aIICAHO B BUIE

oW _ o (oW
ot Oz ox

>+a%—V;+ﬂW, 9)

roe

a:_A+Bz) /BZ_A:E+B:tz:az
W3 ypasuenus (9) Bumuo, 9TO BenuuuHa B uMeeT (QU3MYECKUI CMBICI
koddurmenTa nuddysuu. Eciu paccMaTpuBaeMbIil IPOIECC OOHOPOIEH B

MPOCTPAHCTBE U BPEMEHM, T. €. hyHkius W 3aBUCUT TOIBKO OT PA3HOCTH
E=x—xz9g u 0 =t —ty, To kO>ppuumenTer A u B He 3aBUCAT OT T
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1 t U SBJSIOTCS NOCTOAHHBIMU. Y paBHeHue (8) B 5TOM Cilyuae sSBJISeTCs
YPaBHEHUEM C MOCTOSHHBIMU KO3GhPuuneHTaMm

ow ow *wW

—=—-A—+B——-.

ot ox 0z?
Ecinn ¢yskuus 3aBucut TOIBKO OT |z — €|, T. €. BEPOSTHOCTU CMELLEHUs
HAIIPaBO U HAJEBO HA, ONUHAKOBBIE PACCTOSHUSI OT TOUKA & PABHBI, TO
OueBUOHO, YTO A MOIKHO OLITH PABHO HYIIO. AHAIUTUYECKU STO CHEAYET
u3 popmydnsl (5) B Cusly TOrO, 4TO MONLIHTErpajibHAs QYHKIUSI HEUETHA.

B srom ciyuae ypaBaenue (8) sABiIsSeTCs OPOCTEHIINM yPaBHEHUEM

TEIJIONPOBOTHOCTH

(10)

ow *wW

VI. §-®yukuus

1. Ompenenenne -pyuxmuu. Hapsany ¢ HenpepeIBHO pacnpenenes-
HBIMU BenuvHAME (MacCa, 3apsil, TENJOBbe UCTOYHUKU, MEXQHUICCKUI
UMIYIbC U T. II.) YaCTO IPUXOAUTCI UMETH HENO C COCPENOTOYEHHBIMU
BENMUYMHAME (TOYEUHAS MACCA, TOYEUHBIN 3aps, TOUCUHLIA UCTOYHIK Te-
1A, COCPENOTOYEHHBI UMITYJILC U T. A.). He cienyer 3abblBaTh, 4TO 5TU
MOHATHSA SABIAIOTCS <IPENEILHLIMEA 00Pa3saMms 1 MOTYT OBITH OXapakTe-
PU30BAHEI IIPY TTOMOLIM MOHSTHS «OGOOIEHHEIX QYHKIM> 1) .

Vmes BBUOy QU3MYIECKWMIT CMBICI 330894, PACCMOTPUM IOTEHIMAN B
touke M (cm. ri. IV, § 5) equnumanOll Macchl, COCPENOTOYEHHON BHYTPU
HEeKOTOpOro o6beMa T' B okpecTHOCTU TOouku M. Bo3sbmem kakyio-mubo
[OCIIENOBATENBHOCTD GyHKIWL { oy, } (pn = 0), Kaxnas 13 KOTOPHIX PABHA
HYJIIO BHE ITIapa S?ZO panmyca €, € meHTpoM B Touke My, rme €, — 0
oIpu 7 — 00, W JJISI KOTOPBIX, HAYMHAS C HEKOTOPOTO 7,

[[[ @y = [[[ o0 Prame =1. 1)
T S%O

PaccmaTpuBas nocnenoBaTeIbHOCTE GQYHKIIANR

un:///p_nd»r’
r
T

SIBJISIFOLIINXCST MMOTEHINAIAMI MAaCC, PACIPENENeHHBIX C INIOTHOCTSIMU Py,
¥ COBepIIIas IIPeNeIbHBIN Iepexo IPpKu 1 — 00, IOoJIydaeM

. 1
lim w, = ——.
n—oo TMOM

(2)

1 ITonpo6uee cm.: KypauT P. ¥YpaBuenus ¢ wacTabiMu nponsBomueiMu. M.,

1964; Teavdbaung U. M., Hlunos E.T'. O6o6iwenusie GyHKIuu 1 neicTBUL
man Humm. M., 1959. (O606wennse Gysxmny; Bem. 1).
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OTOT pesysbTaT, OYEBUIHO HE 3ABUCUT OT BHIOODPA MOCIENOBATEIBHOCTH
{ pn }. Xorsa nocnenosarenvrocts {u, } u cxomurcsa x 1/r, omHako mo-
CIIEIOBATENBHOCTL { p,, } He MMeeT mpenerna B KIIacce PacCMaTPUBAEMBIX
kycouno-nuddepennupyemerx dyukunii. «IIpenenbusit 06pasy», coorser-
CTBYIOLIMI nocienoBaTensuoctu { p,, }, HaspBaioT Gyuxuueir 6 (M, My).

OCHOBHBIM CBOICTBOM, OMPENENSIOMNAM O-QYHKIWIO, ABIISETC CIIEMY-
toree (hOPMAIILHOE OIEPATOPHOE COOTHOIICHYE:

Jff sn o sy {1 SRS
T

roe f (M)— npousBonbHas HenpepeiBHas Gyukuus touku M. Umes B Bu-
Iy, 9TO IpUA 1 — 00 MYHKIIUU P, PABHOMEPHO CTPEMSTCS K HYJIIO BO BCS-
KO 005acTu, He comepxkaiteil Touku My, U HEOrpAHMUIEHHO BO3PACTAIOT
B OKPECTHOCTH Sé\:{o Touku My, WMHOTOA OmpPenensoT JO-QyHKIu0 Gop-
MaJIbHO IIPU IOMOIIY COOTHOLIEHWH

0 mpu M # My,

0 (M, My) =
(M, Mo) oo mpu M = M,

(4)

1 opu My €T
5 (M, Mo)dray =4 -0 ’ (5)
0 mpu My ¢ T.
T
Pagencrro (5) aBusercs oueBunHbM ciencrsueM dopmyisl (3) npu f = 1.
[Tpu paccMoTpeHUN MOCIENOBATENLHOCTEN GYHKIINYA B PA3TUIHBIX 3a-
MAaYax TPUXOMUTCS UMETH JEJI0 C PA3HBEIME OINPENEICHISAME CXOMUMOCTH.
ToBOPAT, UTO MOCIENOBATENLHOCTE (DyHKITHIA

{un (2)} =u1(z), uz(2), ..., un(2), ... (6)
CXOOUTCs pPaBHOMEeDHO Ha uHTepBase (a, b), eciuu mus noboro € >
> 0 MoxHO ykazaTb Takoe N, uto mpu n, m > N nmg moboro r u3
(a, b) GymeT BHIIONHATHLCS yCIOBUE
|un () —um ()| <e mpm n, m > N.

ToBopst, uTo nocinenoBaTenbHOCTD (6) CXOOUTCSA B CpPeLHEM Ha
unTepsane (a, b), ecmu mis moboro € > 0 MOXHO yKasaTh Takoe N, 4To
mpu n, m > N

b
[ @) = @ i < e

ToBopat, uTo nocienoBaTenbHOCTL (6) cxomuTcs cnabo Ha WH-
repBasie (a, b), ecim nuist 060 HENPepBLIBHON (GyHKUuM f CyIIeCTByeT
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Ipenern
b
lim [ f(z)u,(z)dz.

n—oo
a

IIpn pacCMOTPEHMN CXOMALIMXCS MOCTIENOBATENBHOCTEN OGBITHO BBO-
OAT TpeneNnbHBIE HIEeMEHTH MNOCIeNoBaTenbHOCTen. PaccMoTpum
KJIACC HEIpEpBLIBHEIX (yHKIWl Ha uHTepBate (a, b). B cioywae pasmo-
MEPHOI CXOOUMOCTY MPENETbHBIA HJIEMEHT MPUHALIEXUT TOMY XKe KITacCy
GbyHKOUA, 9TO He BCErOa MMEET MECTO IJIS CXOAUMOCTU B CPELHEM U Clla-
6011 cxonuMOCTH. Eciu mpenenbHbIN 3leMeHT He MPUHAIIEXKUT PACCMATPU-
BaEMOMY KJ1accy GOYHKIMI, TO BBOLAT IPENENbHBIE DIEMEHTHI, DACIIUPIL
ucxonueli kinacc. [Ipy 5ToM nox paciupeHueM MOHNMAETCS COBOKYIIHOCTD
UCXONHBIX M TIPENeTbHBLIX 5eMeHTOB. C MOHATHEM PaCIIUpeHus BCTPeda-
IOTCSI B TEOPUU NEHCTBUTENLHOIO UUCIA, KOIIA UPPAIMOHAJIBHEIE YUCIIA
BBOZSITCSI KAK IPEEbHBIE 5JIEMEHTHI, ONPENEeNsieMble KITACCOM YKBUBAJIEHT-
HBIX MTOCIIEOOBATENHHOCTEN.

PaccmaTpuBas npenenbHbIe 3JIEMEHTHL B CMBICIIE CIIA00I CXONUMOCTH,
MBI 6y IeM TOBOPUTD, ITO ABE IOCIENOBATEILHOCTH, { Uy } U { Uy }, UMeIOT
ONUH ¥ TOT XK€ IPENEIbHBI JIEMEHT, €CI OH 5KBUBAJIEHTHBLI, T. €.
[OCIIENOBATENLHOCTE { Uy — Uy } CHA060 CXOOUTCS K HYJIIO:

b
lim f(x) [un () — vy (z)]dz = 0.

n—oo
a

Bynem Ha3BEIBATH HOCIENOBATEILHOCTH HEOTPULATENBHBIX (OYHKIIANA
{6} HOPMUDPOBAHHON NMOKAIBLHON MOCIENOBATEINbBHOCTHIO
TOUKU Tg, eciu GyHKUus 0, DaBHA HYJIO BHE UHTEPBAIA (To — Ep, To +
+én), Toe €, > 0 mpu n — 00, u

/bén (z)dz = 1.

OueBraHO, 4TO MOCIEROBATENBHOCTD { ) } cxomures ciaabo. Ilpenensubit
SIEMEHT MOCIeNOBATENLHOCTH { §p, } OOBIYHO HA3HIBAIOT 0-(QyHKIIUE I
TOYKHU ZIg.

B Tom cmyuae, ecnu nmpenesbHLIA B CMBICTIE CIIA00M CXOMUMOCTH HJie-
MEHT U TOCIENOBATENILHOCTH] { Uy } BBIXOLUT U3 Kiacca QYHKIUA Uy, TO
MHTErpaJjl OT IIPOU3BENEHNI HEKOTOPOU (GyHKIMKM [ Ha DJIEMEHT U OIpe-
IEIIAETCS KaK MPEIeNt
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OueBumHO, 4TO M O-PYHKIIUKM TOUKUA Ly UMEET MECTO PABEHCTBO

b
/ £ ()6 (z, 20) dz = [ (o).

OTO COOTHOIIEHNE YACTO MPUHUMAIOT 33 OnpenesieHue d-¢yHKInun.

2. Pasznoxenne §-pyukimu B psam @ypbe. §-OyHKIUIO MOXKHO
OIIPENeNINTh TAK XKe, KAK IPEeNelIbHBIA 00pa3 OPYTuX MNOCIeNOBATEILHO-
CTel, SKBUBAJIEHTHBIX B CMBICJIE CJIIA00N CXONMMOCTY MPUBENEHHOW BHIIIIE
[OCIIEOBATEILHOCTH Oy, () JIOKAJIBHBIX HOPMUPOBAHHBLIX (DYHKIAN TOYKK
Zo-

PaccMmoTpuM mocnenoBaTenbHOCTD DY HKITIT

- 1 1 &
On (z, xo):ﬂ+7 Z (cos?m-cos?wo+sin¢x-sin?mo) =
m=1

1 1 — mm
—a—“jmz::l(IOST(x—xo), (7)
U, B KOMIJIEKCHOU hopMme,
_ 1 -
5u (@, m0) = 5 3 e T o), (7"

omnpeneneHHbx Ha uarepsaie (—I, [).
Ouesunuo, uto mis mobon Gyukunu ¢ (z), pasmaraemon B psam Dy-
pbe, IMEeeT MECTO CJIEAYIOIIee IPenebHOe PABEHCTBO:

!
lim [ 6, (z, z0) g (z) dz = g (o), (8)

n—00
—1

KOTOpOe IIOKA3bIBaeT, 4TO B kiacce Gyukuuit { g (z)}, pasmaraeMbx B
pansl Pyphe, NPUBENEHHAS BBIIIE MOCIENOBATEILHOCTE O (T, To) SKBU-

BAJIEHTHA B CMBICIE CITabON CXOLMMOCTHU TOCIENOBATENBHOCTH Oy (I, o),
T. €. 9TO

1

6 (‘/I;7 ‘ro) = 21

1 «— mm
—|—7 ZCOST(Z’—LL’O), 9)

€CJTI 5TO PABEHCTBO MOHUMATH C TOUKU 3PEHUS CIAOON CXOMUMOCTH.
C sTOll Ke TOYKM 3PEHUs UMEeeT MECTO PABEHCTBO

d (CL‘, ZL’()) = Z Pn (:L’) Pn (1‘0), (10)

19 A. H. Tuxonos, A. A. Camapckuit



290 MMPUWIIOZKEHUY K I''TABE 111

roe {¢p (x) } —mosHAS OPTOrOHATIBEHAS U HOPMUPOBAHHAS CUCTEMA (DYHK-
1umit, ONpeNesIeHHBIX Ha HEKOTOPOM MHTepBaiie (a, b), a Takke PABEHCTBO

17 17
) = et (@ ””Odk——/ k(z — o) dk. 11
(z, zo) 271_/ - [ cos (z — zp) (11)
— 00 0

IMokaxeMm, 4TO TPU BBIYUCIEHUN UHTETPAJIOB, COOEPKAIIMX O-(DyHKIUIO,
MOXHO HOJIB30BATHLCS pAnoM (9), TpOW3BONs MOUNEHHOE MHTErPUPOBAHME
TMONBIHTErPAILHON (QYHKITAN.

Paccmorpum mHekoTopyo GyHkuuio ¢ (z), pasmoxumymo B psan Dypoe,
U UHTErpail

!
/ g9 (z)d (z, xo) dz.
]

Moncrasnas cioga BMecTo hyukuuu J (x, To) ee BbIpaxeHue u3 GOPMYIILL
(9), BBIDONHUM MOWIEHHOE MHTETPUPOBAHUE Psila, CTOSLIErO IO 3HAKOM
rHTerpasa. B pesynbraTe nosydum

_ o0
g(iﬂ):g—;+n;(gmcos$$+§msin?x), (11"
roe
l \
_ 1
go = 7 g (o) dzxo,
1
. !
Jm = 7 /g(l‘O)COS#Z’O dzo, (12)
1
. !
- .omm
Im = 7 /g(x())SlIlTxode.
_l )

Comnocrasnenue hopmynst (11) ¢ paBercTBOM

/6 (z, 2o) g () dz = g (x0) (=l <zo <)

MIOKA3LIBAET, UTO BHIMOJIHEHHOE BBIIIE MOYJIEHHOE WHTErPUPOBAHUE DA
Tt §-PYHKIMY TPUBOAUT K IPABUILHOMY DE3YJILTATY.

Taxum obpasom, B kiacce QYHKIWHA, pa3IoXUMBIX B psan Pypbe, mo-
CIIEIOBATEIBHOCT YACTUUHBIX cyMM

21 Z el 1t (2=a)
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SKBUBAJIEHTHA HOPMUPOBAHHOM JIOKAIBHON TOCIENOBATENBHOCTH { Oy, }.
HOpyrue ¢hopmul npencrasieHns 0-QyHKINM TAKXKE OCHOBAHLI HA, MC-
IOJIB30BAHUN HEKOTOPBIX (byHKHI/IOHaJ'IBHBIX HOCHeﬂOBaTeJ’IBHOCTeﬁ, 9KBU-
BaJIEHTHBIX B CMBICJIE CIIA00N CXOAUMOCTY IOCIIENOBATENHHOCT { dp, }.
3. IIpumenenne 6-pyHKOUN K MOCTPOeHMIO GYHKINUN MCTOY-
HUKa. PacCMOTpUM CICOYIOUIYIO 3a0aMdy:

Up = 0Py, (13)
u(z, 0) = ¢ (z), (14)
u(0,t) =u(l,t) =0. (15)

Sanannoil pyHKIMu @ (Z) COOTBETCTBYET EAMHCTBEHHOE DELICHNE 320291

u(z, ) = Lp ()]

Honyctum, aTo oneparop L MOXHO IPEACTABUTDL B BUIE

l
u(z, 1) = / G (z, € 1) (€) de, (16)
0

roe G (z, &, t) — anpo omeparopa L.
s Toro urober Hasitu sapo G (z, &, t), monoxum

¢ (z) =0 (z — o). (14')
3amenss B opmyie (16) ¢ (z) J-dbyHxumeit, momydum
’U/(CE, t) :G(CE, $07t)a (17)
T. e. G(z, zg, t) aBuserca peutenueM 3anadu (13) npu HAYAIBHOM yCIIO-
Buu (14').
IIpencrasum 0-pyukimo B Bume paga Dypne:
(x — o) = 2_: - s1n—xs1n n;r Zo-
dnpo G, o4eBMIHO, HANO UCKATH B BUOE CyMMEI
G (z, zo, t Z A, s1n x, (18)

KaXJIOe CJIaraeMoe KOTOPOW MNOJKHO YIOBIETBOPSATH YPABHEHUIO TEIIIO-
npoBonuocTu. OTCIOmA CenyeT, YTO

_ (n_ﬂ') 2 a2t
A, (t) =B, e \'1 .
W3 HAYAIBLHOrO YyCIOBUS CPa3y XKe MOIydaeM

2 . nmw
B, = - sin — xg.

l l
19*
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Takum 06pa3oM, MBI GOPMANTBLHO TOTY UMK IS Anpa (G BEIpaKCHIE
2 & (mr)2 2 nm nmw
G(z, zo, t) = = e~ VT ) 2%t gin == 1 sin — 1m0 19
w00 =1 3 T e, (19)

COBIAaOIIee C IPeICTaBICHIeM LI (yHKIINNA NCTOYHNKA, KOTOPOe OBLIO
uccrenosaso B § 3. Pemenue sanaun (13) —(15) maercs dopmymoir (16),
roe G (z, zo, t) — dyukuus, onpenensemas dbopmyioir (19).

[Tono6HEIM 2xKe 06pa30M MOXKHO HAWTW BEIPAXKCHUE Ui (PYHKINN HC-
TOYHMKA, HA, HeOTpaHmUeHHOM npamoit. dyukmusa G B 5ToM ciaydae OyaeT
OIPENeIATHCS yCIOBUAMMI

U — a2 Upy =0 (=00 < T < 00), (20)
u(z, 0) =p(z) = (x — zo). (21)

Nwmes B Bumy pasmoxenue 0-pyukiuu B uaTerpait Gypne

0 (z — zo) :%/cos)\(:v—xg)d/\,
0

6ynem uckars G (z, To, t) B BUOe

1 oo
G(z, xo, t) = — /A)\ (t) cos A (z — zo) dA. (22)
T
0
W3 ypasrerus (20) maxonum
Ay (1) = AD e, (23)
Monaras t =0 u cpaBauBas dopmyusl (23) u (21), monyuaem
0
AP = 1.
Taxum ob6pasom,

1 2,2
G(:L’,l‘o,t):; e" ¥ Nt cos X (z — x0) dA.
0
Beraucnienne 5Toro uHTErpaia naer
1 _ (a—zg)?
= —&¢@ 4a2t
2Vra?t

Orcroma cilenyeT, 4TO PelleHne 3a0a491 O PACIPOCTPAHEHNN TEILIa Ha Oec-
KOHEYHOU TIPSIMOU NOJIKHO BBIPAXKATHCS (HOPMYIIOn

G (z, o, t)

umﬂz/G@£W¢©%- (24)
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Brrsicuenue rpaHUIbl TpUMEHEMOCTH GOPMYII, TOTYyIEHHBIX METOIOM
0-byukuum, TpebyeT CIennaabHOrO UCCIIeIOBAHMUS.
B kauecTBe npumepa pacCMOTPUM TENEph HEOMHOPOMHOE YPABHEHUE
F (z,t)
2 9
Ut = QG Ugpy + —— ) (25)
cp
roe F (x, t) — IJIOTHOCTH PACIPENENEHHBIX TEIIOBLIX UCTOUYHOKOB. Ecmu
B Touke & = & B MOMEHT t = t IIOMEIIIEH MTHOBEHHBIA MCTOYHUK TEILIa
MOILITHOCTHA (g, TO

F(z,t)=Qod(x—&)d(t—ty). (26)
Haiimem perrienue HEOMHOPOIHOTO YPABHEHUS
U = 6> Ugy + % d(x—&)d(t—to) (to > 0) (27)

OpU HyJIeBOM HAYAILHOM yCIIOBAM
u (z, 0) = 0.
YuuThBas HHTErpaIbHOE TPENCTABICHIE

o0

/cos)\ (z — &) dA,

0

5@ -6 =

3|~

OymeM uckarh GyHKIuo u (1, t) B BALE

u(z, t) =

3=

/uA (t)cos A (z — &) dA.

MoncTasisas 5T BHIpaxXeHus B ypapHeHU (27), HONydYaeM ypaABHEHUE IS
uy (t):

iy (1) + a®Nuy (t) = Cg_;; S (t —to)

C HaYaJIBHBIM YCJIOBIEM
U\ (0) =0.
Kak usBecTHO, pelenne HEOMHOPOMHOTO YPABHEHMS
i+ ou=f(t), u(0)=0

MEET BUL

u(t) = / e~ (=7 £ (1) dr. (28)
0
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B mamem cnyuaae

t
0 npu t < to,
uy () = 20 /e*aw’ (t=7) § (1 — to) dr =
&
P Qo e— "N (t=t0) oy ¢ > .
cp
(29)
Taxum ob6paszom,
1 o0
wp =21 /e*“W’ (t10) cos M (z — £) dr = 22 G (z, £, £ — to),
cp T cp
rmoe
1 =g
G (z, & t—to) e 4a?(t—tp)

2 /ma? (t— to)

— (YHKIUS BAUSHAS MTHOBEHHOI'O TOYEYHOI'O MCTOYHUKA.
[Tomo6uEIT MeTOR TOCTPOEHUS QYHKITNU BIUSHUS YACTO UCIOIIB3YETCS

B TEOPETUUECKON (usuke V).

D Cm. monpobHoe u3itoxeHue Teopun J-GyHKIAN 1 MHOTOYUCIIEHHBIE IPUMEDPEL

ee npumenenus B kaure: Usanenko . II., Cokxomos A. A. Knaccuueckas
reopus nosst. (Hoseie mpo6nemer). M.; JI., 1951. T'n. L.



FIABA IV
YPABHEHUWA SJININIITUYECKOI'O TUITA

[Tpu mccnemoBaHmy CTAIMOHAPHBIX MPOIECCOB PA3IIMIHON (PU3MICCKON
upuponsl (Koine6GaHus, TeIONPOBOAHOCT, nuddy3us u ap.) OOLIYHO IpU-
XOmSIT K yPaBHEHUSIM DIITUOTAUYECKOro Tuma. Hawmbomee pacmpocTpaHeH-
HBIM yPaBHEHKEM 3TOrO TUIIA SBISETCI ypaBHeHwue Jlammaca

Au = 0.

@DyHKIUS ¥ HA3LIBAETCSI TAPpMOHUYeCKOW B obmactu 1', ecnu
OHA HENPEPLIBHA B 3TOH OOJIACTA BMECTE CO CBOMMU IIPDOM3BONHBEIMU IO
2-ro mopsmka M yIOOBJIETBODPSET ypaBHeHm:o Jlammaca.

[Tpu m3yueHun cBOMCTB rapMOHNYECKUX QYHKINA ObLIN Pa3spaboTaHbI
pa3IUYHbIE MATEMATUYECKIE METONBL, OKA3aBIINECS IJIONOTBOPHLIMU U B
NIPUMEHEHNNU K YPAaBHEHUSM T'UNepOOIMIecKOro 1 napaboIndecKOro TUMIOB.

§ 1. 3agaun, npuBonsamue k ypasuenuio Jlanaca

1. Craumonapuoe TermoBoe mosie. IlocTaHoBka kpaeBbIx 3a-
mad. Paccmorpum cranuonapuoe remmosoe node. B ri. 111 6u1mo mokasamo,
YTO TEMIEPATypa HECTAIMOHAPHOIO TEIJIOBOTO MOJIS YAOBIIETBOPSIET Aud-
(hepPEHINAIBLHOMY YPABHEHUIO TEIIIOIPOBOLHOCTH

k
ur = a’Au <a2 = _> .
cp

Ecnu mpormecc cTamumoHapeH, TO yCTAHABIMBAETCS PACIPENeIeHne TeMIIe-
parypsl u (z, Y, Z), He MEHSIOLIEECs C TEYEHINEM BDEMEHU U, CIEIOBATEIIb-
HO, yIOBJIETBOPSIIOIIee ypaBHeHuo Jlammaca

Au = 0. (1)
[Ipr HATMUYMY MCTOYHMKOB TEILTA MOIYYIAEM YPABHEHUE
F
Au = _f7 f = Z; (2)

roe F'—ImioTHOCTE TEmIOBBIX MCTOYHUKOB, & k — KOD(DPUIIMEHT Terio-
nposonuocTu. Heomuopomsoe ypasuenue Jlammaca (2) 4acTo Ha3LIBAIOT
ypaBHenueM [lyaccona.
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PaccmoTpum HEeKOTOPEIE 06BeM T, OrpaHUYEHHBIM TOBEPXHOCTHIO 2.
3anada 0 CTanMOHAPHOM PACIPEeNeleHIN TeMIEPATYPLL ¢ (T, Y, Z) BHyTpU
Tena 1T GopMynIupyeTcs CIenyoImM 06pas3oM.

Haimu gywkyuro u(z,y, z), ydosaemsopmowyio enwympu T ypas-
HEHUIO

Au=—f(z,y, 2) (2)
U 2PAHUUHOMY YCAOBUIO, KOMOPOE MONHCEM ObIMb 634MO 6 00HOM U3 CAe-
dyrowur 8udos:

a) u=f; wma X (mepBas KkpaeBas 3amLadva),
ou
6) n =fo wa X (BTopas kpaeBas 3amaua),
n
ou
B) n +h(u—f3)=0 Ha X (TperTbs KpaeBas 3amava),
n

ede f1, f2, f3, h —3adannvie gynxyuu, Ou/dn —npouzeodnad no sneus-

neti nopmaau K noseprrocmu L.

dusnuecKuil CMBICI STUX FPAHUYHBLIX yCioBuid oueBuneH (cm. ri. ITT,
§ 1). Ilepmyio kpaeByio 3amady mis ypaBHeHHs Jlamiaca 4acToO Ha3bl-
BaloT 3amaudenn lupuxie, a BTOPyIO KpaeBylo 3amady — 3amadent
Heiimaua.

Ecnn umercs perenue B obnactu Ty, BHyTpeHHel (Uiiy BHEIIHE) 110
OTHOIIIEHWIO K [TOBEPXHOCTH Y, TO COOTBETCTBYIOUIYIO 330a4Uy HA3LIBAIOT
BHyTpeHHeHl (Wiu BHEIIHEeN) KPaeBol 3aLadeil.

2. ITorenmuanbHOe TeueHMe Xunkocru. I[lorennuan crammo-
HAapPHOI0 TOKA M IEKTPOCTATUYECKOTrO MMoJisA. B xauecTBe BTOPOrO
IprMepa PACCMOTPUM [OTEHIIMAJILHOE TEUEHUEe XKUAKOCTH 0e3 MCToIHU-
kxoB. IlycTe BHyTpH HekoTOpOro obbema 1’ c rpaHHUIEd Y NMeeT MeCTO
CTALUOHAPHOE TEUEHKE HECKUMAEMOU KUAKOCTY (INIOTHOCTL p = const),
XapaKTepU3yeMoe CKOPOCThio V (z, ¥, z). Eciu Tedenue xunkoctu He Bu-
XPeBOe, TO CKOPOCTDb V SIBIISIETCS MOTEHINAILHEIM BEKTOPOM, T. €.

v = —grad ¢, (3)

roe -— CKaisgpHas (QYyHKIWSA, Ha3blBaeMas MHOTEHIXAJIOM CKOpPOC-
Tu. Eciu oTCyTCTBYIOT UCTOUHUKY, TO

divv = 0. (4)

b OueBHUIHO, YTO CTAIMOHAPHOE PACIPENEJICHNE TEMIIEPATYPHI MOXET yCTa-
HOBUTBCS JIMIIG IPU YCIIOBIM PABEHCTBA HYJII0 CYMMAPHOTO IIOTOKA TEILNIa Jepe3
rpanuny obnactu. OTcioga cienyer, 4To GyHKIUsS fo OIXKHA yIOBIETBOPSITH
IIOTIOTHUTEILHOMY TDPeOOBAHUIO

/ fodo =0.

=
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IMoncTaBmsas ciona BeIpaXkeHue (3) ons v, MOIyduM
divgrade =0,
Wi
Ap =0, (5)
T. €. IOTEHINAII CKOPOCTH yIOOBIETBOPSET ypaBHeHuIo Jlammaca.
IIycThs B ODHOPOMHON IPOBOMSIIIEH CPENe MMEETCs CTAIMOHAPHBIA TOK

¢ o0beMHOl WIOTHOCTLIO j (, ¥, z). Eciau B cpene HeT 06bEMHBIX UCTOY-
HUKOB TOKa, TO

divj = 0. (6)

OsmekTpuueckoe mone E onpenensercs yepes mIOTHOCTE TOKA, U3 OU(-
dhepernmaibHOro 3akona Oma

J
roe A —IpoBOOUMOCTEL cpembl. IIOCKONIbKY IpOIecC CTAMOHAPHBINA, TO

5JIEKTPUUECKOE TIONIE SBISETCS GE3BUXPEBBIM, MM MO TEH I MATbHEIM Y,
T. €. CYLIeCTBYeT Takas CKaJisipHas bysakuus ¢ (z, Yy, z), LI KOTOPOIL

E=—gradyp (j=—-XAgradyp). (8)
Orcrona Ha ocHoBanuu Gopmyi (6) u (7) 3akiouaeM, I4TO
Ap =0, (9)
T. €. HOTEHIVAI HIEKTPUIECKOrO OIS CTAMOHAPHOIO TOKA, Y IOBIIETBOPSI-
eT ypaBHeHuro Jlammaca.

PaccmorpuMm siexTpuieckoe nosie CTanroHapHbIX 3apsinos. U3 cramnu-
OHAPHOCTH IIPOIECCA CIIEAYET, YTO

rot E =0, (10)
T. €. TIOJIe SIBJIAETCS MOTEHITNATEHLIM 1
E = —gradp. (8"

IIycte p(z, y, 2) — 06BEMHASL INIOTHOCTH 3aPSI0B, UMEIOLIUXCS B CPe-
Ile, XapaKTepu3yeMon Ou3JIeKTpuIecKon mocrtosiuaon € = 1. Ucxoms u3
OCHOBHOT'O 3aKOHA, 3JIEKTPONNHAMUKY

//EndS:4ﬂ'Zei:4ﬂ'///pdT (11)

S T

(rme T —mekoropsill 00beM, S— NOBEPXHOCTb, €r0 OrPAHUIMBAIOLIAL,
> e;—cymMma Bcex 3apsamos BHyTpu T') um momb3ysick Teopemoit OcTpo-

rpamnckoro— ["aycca
//EndS:///divEdT, (12)

S T

U s BTOpOro ypasaenus Maxkcseiuta P = rotE crenyet, ato rot E = 0.
c
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oIy 9aem
divE = 47p.
Moncrasus ciopa Beipaxenue (8) mis E, 6ynem umers
Ap = —4mp, (13)

T. €. 5JIEKTPOCTATUIECKUI IOTEHIIUATI  YIOBIETBOPsET ypaBHeHuo [Tyac-
coa. Eciu o6vemubix 3apsnoB Her (p = 0), TO HOTEHIHANL ¢ HDOILKEH
VIOOBIETBOPATH ypaBHeHMIO Jlammaca

Ap =0.

OcHOBHBIE KpaeBLIe 330a4l I PACCMOTPEHHLIX [IPOLIECCOB OTHOCT-
Cd XK TpeM TUMNaM, NPUBENEHHBIM BhIMie. Mbl He OymeM 3mech OCTaHA-
BIIMBATBCI HA HEKOTOPBIX OPYrUX Kpae-
BBIX 3allavyax, XapaKTEPHBIX OJIsI Pa3iInd-
D ‘0 HBIX (u3mueckux mporeccoB. HekoTopbie
73 3TUX 33034 OyOyT MPUBENEHLI B IPU-
Hasdgs JIOXKECHUAX.

3. YpaBHeHue Jlamiaca B KpuBoO-
JIMHENHON cucTeMe KOOpAWMHAT. BbI-

A Hidg B BeIeM BhIpaXkeHue sl orepaTopa Jlamma-
ca B OPTOTOHAJILHON KPUBOJIMHENHON CU-
Puc. 44 cteMe koopnuHaT. [IycTh B mpocTpancTse

BMECTO IOEKAPTOBBIX KOODAWHAT T, Y, 2 BBENEHBI KPUBOJIMHEWHBIE KOOD-
IOUHATEL q1, (2, 3 C IOMOIIBIO COOTHOIIECHUHN

q1 :fl (CL‘, Y, Z), q2:f2 (CL‘, Y, Z), q3:f3 (LL’, Y, Z), (14)

pa3peniag KOTOpble OTHOCUTENIBHO T, Y, Z, MOXHO HallUCAThb

r=01(q, 2, @), y=w2(q1, G2, 43), z=3(q, ¢, q3). (15)

MMomaras g1 = C1, g2 = Cs, q3 = C3, roe Cp, Cy, C3—mOCTOSHHLIE,
TOJTyYMM TPHU CEMENCTBA KOOPAWMHATHHIX TTOBEPXHOCTEI:

fi (.Z', Y, Z):Cla f2 ((E, Y, Z)2027 f3 ((E, Y, Z):C3' (16)

Paccmorpum snemenT 06beMa B HOBBIX KOOPAUHATAX, OrDAHNIEHHEBI
TpeMs mapamMu KOOPAWHATHLIX moBepxHocTell (puc. 44). Bmons peGpa AB
g2 = const, ¢q3 = const, Bmons AD ¢ = const, ¢y = const, Bmons AC
q1 = const, q3 = const. Hampapmnsrolie KOCUHYCHI KaCaTeIbHON K pebpam
AB, AC u AD muponopurOHAJILHBI COOTBETCTBEHHO

Opr  Ops  Ops. Opr Opr Ops. Opr Opr s
3Q1’ 3Q1’ (9Q17 3QZ’ 3QZ’ 3QZ’ 3%’ 3%’ 3Q3-

Y cnoBue opTOroHaILHOCTY pebep OyneT MMeTh BUI

Op1 Op1  Opz Ops  Ops Ops .
LA TP e TP TS k). 17
0q; Oqr  Ogq; Oqr  O0gq; Ogy (i # k) (17)
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Breruucnoum siemenT OJIMHBI B HOBBIX KOOPDOMHATAX:

d o d ?
ds® = da® + dy? + d2° = <ﬂ dg + 7o dgs + ﬂdq3> +
oq 0q2 dgs
8<p2 8(p2 8<p2 2
—d —d —d
+<3q 1T 0 T Bg ) T
Ops O3 Ops ) 2
+ | =—dgp + —dg + =—d . 18
<3Q1 n 0q2 © dq3 % ( )
PackpriBas CKOOKY U yUUTHIBAs YCIIOBUS OpTOroHasbHoCTH (17), momyuaem
ds®> = H? dgi + H3 dg5 + HZ dg3, (19)
roe
) ~(Ge) + (5) ]
=) +(=) +(=2) ,
1 ( 8q1 a(h 5111
8<p1 > 2 (8(p2 ) 2 8<p3 2
H} = (— o) 5 ) (20)
2 g2 0q2 02
C{)(,Dl > 2 <8(,02 ) 2 8(103 2
H? = (— +{=) +|=]) .
3 dqs Jqs 0qs J

Bmons kaxmoro m3 pebep »3iIeMEHTApHOrO 00OBbEeMa MEHSeTCS TOJIBKO Ofi-
Ha KOODAWMHATA, IOYTOMY IJlsl IJIUHEL 5TuX pebep corsiacHo dopmyie (19)
OynmeMm mMeThb

dsy = Hidq,, dsy =Hadgz, ds3 = Hsdgs, (21)
TaK 4TO HJIEMEHT 00beMa paBeH
dv = dSl d82 ng = Hl H2 H3 dql qu dQ3 (22)

Paccmorpum Temepb HEKOTOpOE BekTOpHOE mose A (z, y, z). Borum-
caum div A, ompemenseMyo M3BECTHON (POPMYIIOA BEKTOPHOTO AHAIIM3A,

//AndS’

divA = lim *—— (23)
vpr—0 Um
rme S — MOBEPXHOCTH, OIPAHUUMBAOIIAS HEKOTOPHIN O0BEM V)7, CONEPKa-
it paccmarpuBaemyo Touky M. Ilpumenum 5Ty GOPMyILy K SIEMEHTY
obbema dv, nsobpaxkeHHoMy Ha, puc. 44.
IToneaysce TeopeMolt O cCpemHeM, MOXKHO IPENCTABUTD PA3HOCTh IIOTO-
KOB BeKTOpa A depe3 NPOTUBOMOJIOXKHBIE TPAHN, HAIIPUMED Yepe3 IPABYIO
u JIeBYIO, B BUOE

Ql = Al d52 d33|q1+dq1 — Al d52 ng |q1 .
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puarmas Bo BHUMaHUE dhopMyisl (21), nomyuanm

Q1= | Hy H3 A1|g;+dq, — H2 Hs A1|q, | dg2 dgs =

0
= 8_ (H2 H3 A]_) dq1 qu d(I3 (24)
a1

AHanornyHO BHIYUCISIOTCS ABE APYTUE PASHOCTH HOTOKOB Yepes IMIPOTUBO-
TIOJIOXHBIE TDAHNU:

0

Q2 = D0 (H3 Hy Ay) dqy dg» dgs, (25)
q2
0
Q3 = o6 (Hy Hy A3) dgy dg> dgs. (26)
3

Moncrasiss B popmyiny (23) suauenne [[ A, dS = Q1 + Q2> + Q3 u moms-
s

3ysack hopmydion (22), mosmyuaeM BEIPAKEHUE MUBEPIEHIUNA B KPUBOIIXHEN-
HBIX OPTOTOHAJIBHBIX KOOPAMHATAX:

1 0 0 0
divA = ———— | — (HsH3A — (H3H.{ A — (H1H5A
v L0, 3(]1( 2113 1)+8q2( 311y 2)+8q3( 1H2As3)
(27)
[Ipenmonoxum, 9To mose A MOTEHIMAILHOE, T. €.
A = gradu. (28)
Torna
ou 1 Ou 1 Ou 1 Ou
L - ')
0s1 Hy 0qx Hy 0¢> Hjs 0gs

Moncrasus B (27) Beipaxenus (29) mus Ay, As, As, mOLy4rM BEIpaKEHUE
s oneparopa Jlamnaca:

divgradu— L [0 (HaHs 0u
Ay = divgradu = T, 1, [8(]1 < I, 8q1> +
8 H3H1 8u> 8 (Hl H2 8u>]
— — | + = — . 30
3Q2< Hy, O0g¢o g3 Hs Ogs ( )

Takum o6paszom, ypasuenue Jlammaca Au = 0 B OPTOrOHAIBHBIX KPUBOJIM-
HEWHBIX KOOPAUHATAX (1, (2 U (3 3aIUCBIBAETCS CIIEAYIOIIIM 0O0pa30M:

[ (s ey
H1H2H3 BQ1 Hl 6ql

0 H3H1 8u> 0 <H1H2 ou >:|
+ — — |+ -— =0. 31
0q> ( Hy Oqo Ogs \ Hz Ogs (51)
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PaccMOTpuM IBa 9ACTHBIX CIIydas.
1. Cboepuueckue koopnuuaTh. Barom ciywae ¢1 =r, g2 =0,
g3 = ¢ u dhopmyinsl npeobpasosanus (15) IpuHEMAIOT BUL

z = rsinf cos p, y = rsinfsin p, z =rcosf.
Brrancmum ds?:
ds® = (sin @ cos @ dr + r cos 8 cos ¢ df — r sin 6 sin @ dip)? +
+ (sin B sin @ dr + r cos § sin ¢ df + r sin @ cos p dp)* +
+ (cos @ dr — rsin § df)?;
[IOCJIE PACKPBLITHS CKOOOK ¥ YIIPOITIEHWI HAXOMMM
ds® = dr® + r? d§® + r? sin® 0 dy?,

lel, H2:7', Hg:rsinﬁ.

Honcrasus 3uavenus Hy, Hy, Hs B dopmyy (31), nonyuum ypaBHEHEE
Jlannaca B chepuyeckux KOOpAUHATAX:

# g rzsinO@ _|_3 SiHO% +2 1 @ -0
r2sind | Or or 00 00 dp \sinf dp )| 7’

NN OKOHYATEJIIBHO

A u—ig Tz@ +#3 sint‘)@ +#@—0
r6et T 2 gy or r2sinf 00 06 r2sin? 9 0p2
(32)

2. Hunuuanpuueckue KkoopauHaATH. B sTOoM ciyuae q; = p,
Q2=¢, 3=2z1

T =pcosy, y=psing, z=2z,
TaK 9TO
Hy =1, Hy=p, H3=1.
Ypasuerue Jlamnaca B IUIMHAPAYECKIX KOOPOWUHATAX MPUHUMAELT BUI
10 ou 1 0%u  0%u
T dp (p 6_p> 7o 0zt

Eciu uckomas dyHKIMsS U HE 3aBUCHT OT z, TO ypaBHeHue (33) ymporma-

eTcs:
10 Ou 1 0%u
Ap7¢u:—a— pa— +—2W:0 (34)
p op p p= op

4. HekoTopsie uacTHbBIE perneHns ypaBuenus Jlamaca. bBomb-
IO/ MHTEPeC MPENCTABIISIOT pelrenns ypapuenus Jlammaca, obmamaomime
chepmueckor N MUIUHAPUIECKON CUMMETPUEH, T. €. 3aBUCSIIINE TOJIHKO

OT ONHOU IEPEMEHHON T WU p.

= 0. (33)

pp,z U
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Pemenue ypasuenus Jlamnaca u = U (r), obnanaroiiee chepruaeckon
cUMMeTpuel, 6yneT OmpenessiThCs n3 OOBIKHOBEHHOTO qudhepeHnnaIbHOTO

YPaBHEHU
d [ ,dU
ar ( W) =0

WuTerpupys 5T0 ypaBHEHNE, HAXOMUM

C
U:—l-l-Cz,
r

roe C7; u Co —npoussonbubie noctosuuwie. [lonaras, sanpumep, C; = 1,
C> = 0, nomyuaeMm GyHKIIIO

U(): — (35)
r
KOTOPYIO 9aCTO HA3BIBAIOT G YHOAMEHTAJIbHBIM PEII€HUEM yPaB-
menus Jlanmmaca B mpocTpaHCTBE.
Ananornuno, nonaras

u="U (p)

1 nonb3ysach ypasuenueMm (33) wimu (34), Halimem perenue, o0IanaroIIee
LUINHIPUYECKON WK KPYTOBOU CUMMeTpuell (B Cilydae IBYX HE3aBIUCUMbIX
[IEPEMEHHEBIX ), B BULIE

U(p)=Cilnp+ Cs.
Beibupas C; = —1 u Cy = 0, 6Gynem umeTh

1
Up=1n-—. 36
0 P (36)

®yukuuio Up (p) wacro HaszbBaioOT GyHLAMEHTAJNbLHBIM DeIleHU-
eM ypaBHeHus Jlangaca Ha TIOCKOCTHU (i ABYX HE3ABUCUMBIX
[IEPEMEHHEIX).

®dyukuusa Uy = 1/r ynosnersopsier ypasraenuto Au = 0 Bciomy, Kpo-
Me Touku r = 0, rme oHa obpartaeTcs B 6eckoHedHOCTh. C TOYHOCTBIO IO
MHOXUTEJIS IPONOPIUOHAIILHOCTH OHA COBIAMAET C MOJEM TOUEYHOTO 3a-
psina e, MOMEIIEHHOIO B HAUAJle KOOPAWHAT; TOTEHIIA YTOTO MOJIsl PABEH

u=—.
r

Anamornusno dyukiwms In(1/p) ymosmerBopsier ypasHenuto Jlammaca BCio-

my, kpome Touku p = 0, Tme OHa 06paIiaeTcsa B (TOMOXUTEIBHYI0) GECKO-

HEYHOCTD, W ¢ TOYHOCTBIO 10 MHOXKUTEIS COBIANAELT C TIOIEM 3aPSKEHHON

suauE (cM. nompobHee § 5, 1. 2), IOTEHIUAI KOTOPOrO PaBeH

1
u = 2e;ln—,
p



§ 1] 3AOAYN, TPUBOOAJAINVE K YPABHEHUIO JIATIJTACA 303

e e; —IUIOTHOCTH 3apsifa, PACCUMTAHHAS HA ENWHWUIY [IJIUHBI. OTU
dyHKINN UMEOT GOJIBIIOE 3HAYEHNE B TEOPUU TAPMOHUIECKUX (QYHKITUNA.
5. 'apMoHnUueckre QyHKIINN 1 aHATIATAYECKNE GYyHKIINN KOM-
IJIEKCHOT'O IepeMeHHoro. Becbma o0IumM MeTOmOM pelleHus OBYMep-
HBIX 33[a4Y IS ypaBHEHuWs Jlammaca sBIISE€TCS METOI, WCIIONIB3YOIINit
(yHKIIIN KOMIIJIEKCHOTO TIEPEMEHHOTO.
ycte

w=f(2) =u(z,y)+iv(z,y)

— HEKOTOpasg QPYHKINMA KOMIUIEKCHOTO IEPEMEHHOrO 2 = I + iy, IpUIeM
U M U ABIAIOTCS BEIIECTBEHHLIMU (QYHKIUSAMHU IIEPEMEHHLIX - 1 Y. Ham-
OOJIBIINI MHTEPEC MPEOCTABIAIOT TAaK HA3LIBAEMBLIE aHAJUTUIECKUE
(DYHKINHU, IS KOTOPBEIX CYIIECTBYET MIPOU3BOMHAS

dw . Aw . f+Az) - f(2)

— = lim — = lim .

dz Az>0 Az Az50 Az

IIpupamenne Az = Az + i Ay, OYEBUOHO, MOXKET CTPEMUTLCSA K HYJIIO

MHOTUMU criocobamu. i1t Kaxmoro u3 cmoco6oB cTpeMiieHns Az K HyJTIO,

BOOOLLIE TOBOPSI, MOXKET MOJyYUTHCS CBOE 3HaueHwue mpeneina. Omuako, ecian

Gbyukimusg w = f (z) aHAIUTUIECKASA, TO MPEIE Alig0 Af/Az = f'(z) me
r4

3aBUCUT OT BBIOOpA Iy TH.
HeobxonmuMEIMU 1 TOCTATOYHBIMUI YCIOBUSIMU AHAJIUTUIHOCTH DYHK-
LU SIBJISIOTCS TaK HasdbiBaeMble ycnoBus Komu—Pumana

Uz = Uy, (37)

Uy = —Vg.

OTu yCcmoBus MOXHO IOIYYNTH, HAIPUMED, CIELYIOIIM 00Pa3oM.
Mycte w = u + v = f(z) —anamutuyeckas GyHKus. Beraucmss
IIPOU3BONHEBIE

) ow (z) dw
W =g +ive = =5 = 2 =
. ow (2) . dw
wy:’U,y‘i—'L’Uy:TZy:'LE

u Tpebysi paBeHCTBA 3HaueHUR dw/dz, ONpENEeNseMBbIX U3 >TUX OBYX CO-
OTHOIIIEHUH, TIOJTy4aeM

dw
dz’
oTkyzna u crnenyiotT ycnoBus Komm — Pumana. Ha nokasarenscTBe mocra-
TOYHOCTU 3TUX yCJ'IOBI/Iﬁ MBI HE 6yneM OCTAaHABJINBATHCA.

B Teopunm QyHKIMI KOMILIEKCHOTO MEPEMEHHOrO HOKA3LIBAETCS, UTO
(DYHKIUS, aHAJIUTUIECKAs B HEKOTOPOR obmactu (G WIOCKOCTH 2z = & +
+ 1y, UMeeT B 3TON OOJIACTHU MPOU3BOMHBIE BCEX MOPSIAKOB U PA3JIaraeTcs

Uy + 1V = Vy — LUy =
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B CTEMEHHOU psan. B uacthocTu, nms takoir yukuun u(z, y) u v (z, y)
UMEIOT HEeIPEepPBhIBHLIE IIPOM3BOAHBIE 2-TO MOPSOKA IO T U Y.

HNuddepeHimpy s mepBoe paBeHcTBO GopMydisl (37) MO Z, a BTOPOE Mo
Y, MOJIydaeM

Upy + Uyy =0, mim  Asu = 0.
[ono6HEIM ke 06pa30oM, MeHsSI IOPsnoK AuddepeHIIPOBAHNST, HAXOLIM
Uga +Uyy =0, mmm Ay =0.

Takum 06pa3oM, MEACTBUTENbHAS U MHUMAS YaCTU AHAIUTUIECCKON
(OYHKIIUU yIOOBIETBOPAIOT ypapHenuto Jlamiaca. OOLIYHO TOBOPST, 4TO 1
u v, ymoBaerBopsmomnme ycinoBuio Ko — Pumana, SBISIOTCS COTIIP s-
KEHHBIMU F'apMOHUYECKUMU QYHKIIUSIMU.

Paccmorpum npeobpasoBanme

=z (u, v), Z:u(:v, Y), (38)

=Y (U,, ’U),
B3aMMHO ONHO3HAYHO OTOOpaXKarliee HeKOTOPYIo obnacts (G IIIOCKOCTH
(z, y) wa obmacts G' mwnockocTu (4, v), TaK YTO KAKIOU TOUKE OOIACTH
G cooTBeTcTByeT ompenenenHas Touka obmactu G’ um, 06paTHO, Kaxmon
Touke obiactu G’ COOTBETCTBYET OnpenesieHHas Touka obmactu G.
IIycts
U=Ul(z,y)

— HEKOTOpas BEIIECTBEHHAS MBAXXILl HEMPEPLIBHO MuddepeHnupyeMas
(dyHKIMS, OMpemeNieHHas BHyTpu obmactu (. BeracHWM, Kak W3MeHsIET-
cst mpu mpeobpasosanuu (38) oneparop Jlamnaca yskurn

U=U(z(u ),y v)=U(u,0v).
Brruucium npousBonubie yukuum U:
U, = ffumE + a,vm, U, = ffuuy + 0va,
Uzz = ~uuufg + qvvvg + 2quvuzv:t + l]uuzz + qvvzm;
Uyy = Uuuuz + vavz + 2Uypuyvy + Uytyy + Uyvyy-

Ucnmonws3ys nx mpu mpeobpas3oBaHuu oneparopa Jlammaca, momydaeMm
Use + Uyy = Uy (uf +03) + Upy (2 +0}) +
+ 200 (g0 + tyvy) + Uy (U + tyy) + Uy (Ve + vyy). (39)

Ecnn v n v gBIISIOTCS CONPSIKEHHBIMU FADMOHUYIECKUME DYHKIASIMY,
TO npeobpasoBanue (38) SKBUBAIIEHTHO IPEOOPA3OBAHMIO, OCYIIIECTBIISIEMO-
My QHAJIUTHUIECKON QyHKIUEHR

w=f(z)=u+iv (z =z +1y). (40)
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B sTom cnyuae B cuny ycnosuit Ko — Pumana (37) mns dyukuuit
U U VU OOIDKHBI BEIIONHATHCS COOTHOLICHUS

up +uy =g +vp = vy +0p =1 (2)

UyUz + Uyvy = 0.

CrnemoBaTenbHO, C yU€TOM TapMOHUYHOCTH U U v dopmyia (39) npunu-
MaeT BUL

Usa + Uyy = (Uuu + Uso) If' (2)I?, (41)
i
1

Aqu = W Ax7yU (41’)

Taxkum o6pasom, B pesynbrare npeobpasosanus (40) rapMoHuueckas B

obnactu G dpyukuus U (z, y) nepexomut B byukuuo U = U (u, v), rap-
Moumdeckyio B obnactu G', ecmu Tomsko |f' ()2 # 0.

6. IIpeoGpa3oBaHue oOpaTHBIX pamnycoB-BeKTOpoB. Ilpu usy-
YEHNU TaPMOHUYECKHX (QYHKIWA YaCTO MOJIL3YIOTCS IPeobpa3oBaHueM
0OpaTHBIX PAOUyCcOB-BeKTOPOB. IIpeobpaszoBaHueM OOpPATHEIX Da-
OIUYyCOB-BEKTOPOB B chepe panuyca a HA3BLIBAETCS TAKOE IPeobpaso-
BaHUE, MPU KOTOPOM BCSKON TOuke M CTABUTCSI B COOTBETCTBUE TOUKA
M', nexamas Ha TOM Xe JIyde U3 Hadalla KOOPAMHAT, 9YTO ¥ Touka M,
pPamuyCc-BeKTOp KOTOPOU 1’ CBsI3aH C PamLyCOM-BEKTOPOM T TOukm M
COOTHOIIICHUEM

r'r=a?, wm r' = e, (42)
r

B manpmeitiiem 6ymeM cumTaTh o = 1, 4€ro MOXHO BCErna HOOUTHCS
U3MEHEHNEM MAacCIITada MIIMHEL.

IMokaxem, uT0O rapMOHMUECKAsT QYHKITNS IBYX HE3ABUCUMBIX TEDEMEH-
HBIX U (p, @) mpeobpaszoBaHueM 0OPATHBIX DALMY COB-BEKTOPOB IEPEBOLUT-
Cs B TAPMOHUYIECKYIO DYHKITUIO

1
v(p',p)=ulp,p), rme p= ra (43)
B camom nene, dyukmms u (p, @), a TeM cambiM u dyukmms v(1/p, ),
KakX (QDYHKIUM IEPEMEHHEIX p U (0 YIOOBJIETBOPSIOT yPABHEHUAM

0 ou 0%u
2A = —_— —_— _— =
P et =Py (p 3p> i
n
0 Ov 0%v
2 = —_ —_ —_— =
PBeet =p dp <p 3ﬂ> g2

20 A. H. Tuxonos, A. A. Camapckuit
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ITepexons x IepeMeHHLIM p' U (0, NOIYIaAeM

o a0

orkyna u cienyer, 9o v (p', ) ynoBnerBopser ypasHeHuio A, ,v =0,
TakK Kak

2 0 aU 32’0
pl Apl7w1):p,8—p, <p, 8—p,> + 8—902 =0.

ITepexons k ciyualo Tpex HE3aBUCUMBIX [I€PEMEHHBIX, [IOKAXKEM, UTO
dyHKIIASA

v(r, 0, Q) = rulr, 0, 9), e =, (4
ymosierBopser ypasaenmio Jlammaca A g ,v =0, ecmm u(r, 6, @) —
TapMOHMYECKAsl (PYHKIIMS CBOUX IepeMeHHBIX: A, g ,u = 0.

[Ipeobpasosanue (44) wacTto Ha3pBaloT HOpeobpa3OBaHUEM
KenvBuna.

Jlerko ybemuThCs HEMOCPEACTBEHHBIM mud(epeHnnpPOBAHUEM, [YTO
nepsoe ciiaraemoe B oneparope Jlamnaca (32) npeoGpasyercs k Bumy

10 (,0u\ &u 20u 10°(ru)
pg@gﬁ—af;a—;mZ’ (45)
TaK 49TO
(ru) 1[ 1 8 (.  Ou 1 %u
T A0, oU = o + r [sinﬁ a0 (an%) * sin” ¢ 3—<Pz} -0
NI

& + i 1 3 sin @ @ + L & =0
ar2 ' r2 |sin6 06 99)  sin®f 0p2|
3ameuast, 9TO

dv _ Ov ar' o 0v

or o or | o

HaXOIMUM, YTO ¥ YIOBIETBOPAET ypaBHeHWIO A, g ,v = 0, Tak Kak

2 0 2 ov 12 1 0 . ov 1 32’0
r't— | r'"— r — [ sinf — —— —| =0
aw( m)+ {maw 26) T snZe 92| —

4
’I"I Ar17074‘0’l} =0.

niim
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§ 2. O6ume cpoiicTBa rapMoHMYECKNX GyHKIIUIT

B macrosmem maparpade maeTcs MHTErpajbHOe IPENCTABIIEHNE Tap-
MOHUYECKUX (GYHKIUN, SBISIONIEECS OCHOBHBIM AIMIAPATOM IS U3YUECHUS
ux o6ux cBorcTB. OMHUM U3 BAXHENIINX CIEACTBUN HHTErPAILHOR Hop-
MYJIBI SIBJISIETCS IPUHITUATT MAKCUMAJIBHOTO 3HAUEHU I, MHOTOKPATHO MUCIOIThH-
3yeMblil HAMW B HAJbHEHIIEM KaK I[IPU HOKA3aTEeIbLCTBE TEOPEMBI €IMuH-
CTBEHHOCTY, TaK U IIPU DPEIIEHUN KPAEBBIX 330a4. 3IECh TAKXKE HAETCs
MaTeMaTUIecKas IOCTAHOBKA BHY TPEHHUX U BHEIITHUX KPAEBBIX 3314 TSI
ypasuenus Jlamiaca u 1OKa3bIBA€TCS €MUHCTBEHHOCTD U YCTONYNBOCTE Pe-
IIIEHUS HTUX 330a4.

1. ®opmyasl I'puaa. MHTerpasibHOoe mpeacTaBlieHHEe pelie-
Husa. [lpy m3yueHunm ypaBHEHWH HITANTIYECKOTO TUIA MBI YaCTO OymeM
ONB30BAThCSI dopMmynamu ['puHa, SBISIOIIIMUCS NOPSIMBIM CIEOCTBUEM
dopmyner Ocrporpanckoro— [aycca.

®opmyna Ocrporpamnckoro— ['aycca B mpoCTeRIIeM CIydae NMeeT

B )
// 8—Rd$dydzz//RCOS’ydU, (1)
0z
T b

roe T — HeKOTOpLIA 00BEM, OTPAHMYEHHBIA HOCTATOYHO TIIAMKON MTOBEPX-
HOCTBIO X, R (%, y, 2) — mpousBosbHAs GYHKIWs, HEIPEPHIBHASL B 00a-
cru T + ¥ u nubdepennupyemas BHyTpu 1, Y— yroi MexXIy BHELIHEN
HOPMAJIBIO K X U OCBhIO z. B crnpaBemimBOCTH 3TOM (GOPMYIIBI HETPYIHO
yOeMUTHCS, BBIMOHSSI MHTEMPUPOBAHLE 110 Z.

®opmyny Ocrporpanckoro— aycca 0OBIYHO 3aIUCHIBAIOT B BULIE

/T// (?)_I;+?9_§+%> dT:/E/(PCOSOé+Qcosﬂ+Rcos'y)da, (2)

roe dr = dz dy dz— smement obbema, a = (nz), B = (ny), v= (nz) —
YIJIBI BHEIIIHEN HOPMAaJIM N K IOBEPXHOCTU Y C KOOPAWHATHBIMU OCSIMU,
P, @, R— upousBosnbubie quddepeHiumpyemMbie HyHKIIT 2),

Ecmu P, ), R paccMaTprBaTh KaK KOMIIOHEHTHI HEKOTOPOT'O BEKTODA,
A =Pi+Qj+ Rk, Tto dopmyny Ocrporpanckoro— aycca (2) moxHO
3aIIACATH CIEAYIOMIUIM 00pPa30oM:
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b Bynmaxk B. M., ®omur C. B. Kparuse uarerpanst u psasr. M., 1967.
2)

B nambreiimem MBI GyIeM IPENIoNaraTh, 9TO K TeM 06IacTaM, ¢ KOTOPBIMEI
MBI 6yzmeM uMeTh meno, npumernMa hopmyita Ocrporpamckoro — Faycca. Taxu-
MU TIOBEPXHOCTSIMHU ABIIAIOTCS, HAIIPUMED, TOBEPXHOCTHU C KYCOYHO-HEIPEPLIBHOM
KPUBU3HOI, 8 Takxke noBepxaoctu Jlamynosa (cm. § 5).
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An, = Pcosa+ Qcosf3+ Rcosvy

— COCTAaBIISIIOIIAS BEKTOPa A BIOJIL BHEITHEH HOPMAJIH.

[Tepeiimem Teneps K BeiBOMy dopmyn ['puna.

Oycts v =u(z,y,2) u v=v(z,y, 2)— OYHKINA, HEOPEPHIBHLIE
BMECTE CO CBOMMM MEPBEIMU MPOM3BONHBEIMEU BHyTpu 1 + Y u mMeromme
HETPEPLIBHLIE BTOPBIE MPOU3BOAHBIE BHYTpU T
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u monb3ysck dopmyioir Ocrporpanckoro— [Maycca (2'), mpuxonum x Tax
Ha3bpIBaeMoil mepBoir Gpopmyne ['puuma:
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